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To all students who dare to ask “why?”

and who find beauty in patterns and structure.



Preface

Welcome to the fascinating world of linear algebra! This textbook is designed specifically
for high school students who have completed AP Calculus and are ready to explore one of
the most powerful and beautiful branches of mathematics.

Why Linear Algebra?

Linear algebra is everywhere. When you search on Google, the PageRank algorithm uses
eigenvalues. When you watch a Pixar movie, linear transformations animate every char-
acter. When Netflix recommends a show, matrix factorization analyzes your viewing
patterns. From quantum mechanics to machine learning, from computer graphics to eco-
nomics, linear algebra is the mathematical language of the modern world.

But beyond its applications, linear algebra offers something profound: it teaches us to
think abstractly about structure and patterns. You’ll learn to see connections between
seemingly different problems—to recognize that solving systems of equations, understand-
ing geometric transformations, and finding patterns in data are all manifestations of the
same underlying mathematical principles.

How to Use This Book

This textbook takes a visual, application-driven approach. Each chapter includes:

« Blue boxes for definitions and key theorems

« Green boxes for insights, connections, and geometric interpretations

« Red boxes for common mistakes and important warnings

« Worked examples that show techniques step-by-step

» Practice problems at three levels: Basic, Intermediate, and Challenge

« Applications connecting abstract concepts to real-world uses
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Prerequisites

This book assumes you have completed:

o Algebra I and II
o Geometry
e Precalculus

e AP Calculus AB or BC

We'll review key concepts as needed, but familiarity with functions, trigonometry, and
basic calculus will help you focus on the new ideas.

A Note on Proofs

Mathematics is not just about computation—it’s about understanding why things are true.
Throughout this book, you’ll encounter proofs that explain the reasoning behind results.
Don’t skip them! Reading and understanding proofs develops your mathematical maturity
and deepens your understanding. Appendix B provides guidance on proof techniques.

Computational Tools

While we emphasize understanding concepts, computation is important too. Appendix D
introduces tools like Python/NumPy, MATLAB, and graphing calculators that can handle
large-scale computations and help you visualize abstract ideas.

Getting Help

o Work through examples carefully before attempting problems

e Form study groups—explaining concepts to others deepens your understanding
o Use the appendices for notation, proof techniques, and prerequisite review

o Consult the companion Solutions Manual to check your work

o Don’t be afraid to struggle with difficult problems—persistence builds mathematical
thinking
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Introduction to Vectors

“‘In mathematics, you don’t understand things. You just get used
to them.”

— John von Neumann

Vectors are one of the most fundamental concepts in mathematics, physics, and en-
gineering. Unlike the numbers you’ve worked with throughout your mathematical
education, vectors carry both magnitude (size) and direction. In this chapter, we’ll
explore what vectors are, how to work with them, and why they’re incredibly useful for
modeling the world around us—from the motion of objects to the rendering of video

game graphics.

1.1 What Are Vectors?

1.1.1 Introducing Vectors

Imagine you’re giving directions to a friend. Simply saying “walk 5 blocks” isn’t enough—
your friend needs to know which direction to walk! This is the essence of a vector: infor-

mation that includes both how much (magnitude) and which way (direction).

Definition: Vector
A vector is a mathematical object that has both magnitude (length or size) and direc-

tion. Vectors are often represented by arrows, where the length of the arrow represents

the magnitude and the arrow points in the direction of the vector.

In contrast, a scalar is just a number—it has magnitude but no direction. Examples in-
clude temperature (75°F), mass (50 kg), or time (3 hours).

1
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vertical component

Originhorizontal component

Figure 1.1: A vector ¥ represented as an arrow

1.1.2 Notation and Representation

We denote vectors in several ways:

+ Boldface: v or u
e Arrow notation: U or @

o Component form: (vy,vs) or (vy,vs) in 2D

Throughout this textbook, we’ll primarily use arrow notation (%) for handwritten work
and boldface (v) in typed text.

Insight: Vectors vs. Points

It’s important to distinguish between vectors and points. A point represents a location

in space, while a vector represents a displacement or movement. However, we often

represent vectors using the coordinates of their “tip” when their “tail” is at the origin.

1.1.3 Real-World Examples

Vectors appear everywhere in the real world:

o Physics: Velocity (speed + direction), force, acceleration, momentum

o Navigation: “Travel 50 miles northeast”

o Computer Graphics: Position of objects, movement in games

o Engineering: Stress and strain in materials, electric and magnetic fields

« Economics: Multi-dimensional data (price, quantity, time)

Example 1.1.1. Hurricane Wind Velocity A hurricane has winds blowing at 120 mph

toward the northwest. This is naturally described by a vector: the magnitude is 120 mph

and the direction is northwest (typically 315° or %’r radians from east).
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1.2 Vector Notation and Representation

1.2.1 Component Form

In two dimensions, we can describe any vector by how far it moves in the horizontal (x)
direction and vertical (y) direction. This is called component form.

Definition: Component Form (2D)

A vector U in two dimensions can be written as:
U = (v1,v2) = V1t + Vo)

where v; is the z-component, vy is the y-component, and ¢z and j are unit vectors in the

x and y directions.
N

Figure 1.2: Vector ¢ = (3,2) in component form

1.2.2 Column Vector Notation

Another common way to write vectors is as a column:

- U1
v =
V2

This notation becomes especially useful when we study matrices and linear transforma-

3
tions later. For now, know that (3,2) and [2] represent the same vector.

1.2.3 Vectors in Three Dimensions

Everything we’ve discussed extends naturally to three dimensions:
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Definition: Component Form (3D)

A vector ¥ in three dimensions can be written as:
U1
T = (v1,V2,v3) = V10 + V2] + vk = |y
U3
where vq, vy, and v3 are the z, y, and z components.
N b,

Example 1.2.1. 3D Vector The vector & = (2,—1,3) moves 2 units in the positive x
direction, 1 unit in the negative y direction, and 3 units in the positive z direction.

1.2.4 Magnitude of a Vector

The magnitude (or length) of a vector is the distance from its tail to its tip. We denote
the magnitude of ¥ as ||0]] or |7].

Formula: Magnitude
For a vector ¥ = (vq, v9) in 2D:
7] = /v + 3

For a vector ¥ = (v1, v, v3) in 3D:

1]l = /o2 + 3 + v3

- J

This formula comes directly from the Pythagorean theorem!

Example 1.2.2. Finding Magnitude Find the magnitude of U = (3, —4).

Solution:

5]l = /3 + (<2
BV E T

The vector U has magnitude 5.

1.2.5 Direction of a Vector

In 2D, the direction of a vector is often specified by the angle it makes with the positive
T-axis.



ot

1.2 Vector Notation and Representation

Formula: Direction Angle

For a vector ¥ = (vy, vg):

v
6 = arctan (2)
U1

(Be careful with quadrants when using this formulal)
_ J

Common Mistake: Arctan and Quadrants

The arctan function only gives values between —% and §, which means it can’t distin-

guish between all four quadrants. Always check the signs of v; and vy to determine
the correct quadrant. Many calculators have an atan2(y,x) function that handles this
automatically.

-

&

1.2.6 Unit Vectors

A unit vector is a vector with magnitude 1. Unit vectors are useful for indicating direc-
tion without specifying magnitude.

Definition: Unit Vector

A vector @ is a unit vector if ||a|| = 1. We often denote unit vectors with a “hat” sym-
bol: .

The standard unit vectors in 2D and 3D are:

A

e 1

(1,0) (points in the positive x direction)

>

o 7=10,1) (points in the positive y direction)

« k=1(0,0,1) (points in the positive z direction in 3D)

To convert any non-zero vector into a unit vector pointing in the same direction, we nor-
malize it:

Formula: Normalization

The unit vector in the direction of ¥ is:

Example 1.2.3. Finding a Unit Vector Find the unit vector in the direction of ¥ = (3,4).
Solution: First, find the magnitude:

|7]] = V32 +42 =9+ 16 =5
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Now normalize: . . 34
U
A:—»:374:<7>
== s =453

We can verify: ||0]] =1/ (%)2 + (%)2 = /50 = \/% =1V

1.3 Vector Operations

Now that we understand what vectors are, let’s explore how to perform operations with

them.

1.3.1 Vector Addition

When we add two vectors, we combine their effects. Geometrically, we place the tail of the
second vector at the tip of the first vector; the sum is the vector from the tail of the first

to the tip of the second.

Definition: Vector Addition

For vectors @ = (uy,us) and ¥ = (vy, vg):

U+ T = (uy + vy, ug + v)

Simply add corresponding components.
(&

Tip-to-tail method Parallelogram method

Figure 1.3: Two geometric interpretations of vector addition

Example 1.3.1. Adding Vectors Let i = (2,3) and v = (—1,4). Find 4+ v.

Solution:
u+v=2+(-1),3+4)=(1,7)

Physical Interpretation

If you walk 2 miles east and 3 miles north (vector ), then walk 1 mile west and 4 miles

north (vector ¥), your net displacement is 1 mile east and 7 miles north (o + ¢/)
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1.3.2 Vector Subtraction

Vector subtraction can be thought of as adding the opposite vector.

Definition: Vector Subtraction

For vectors @ = (uy,us) and v = (v1,vs):

=

'J—’U: <U1—Ul,UQ—U2> :’J“—(—

Geometrically, @ — ¥ is the vector from the tip of ¥ to the tip of @ (when both start at the

origin).

Figure 1.4: Geometric interpretation of & — ¢/

1.3.3 Scalar Multiplication

Multiplying a vector by a scalar changes its magnitude and possibly its direction.

Definition: Scalar Multiplication

For a scalar ¢ and vector ¥ = (vy, vg):

cv = (cvy, cv)

Effects of scalar multiplication:

o If ¢ > 1: stretches the vector (makes it longer)
o If 0 < ¢ < 1: shrinks the vector (makes it shorter)
o If ¢ < 0: reverses the direction and scales by |c|

e If ¢ = 0: produces the zero vector 0 = (0, 0)

Example 1.3.2. Scalar Multiplication Let ¥ = (3, —2). Find —20 and 7.
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2U

v,

) 12

/’ 2 v

—U
Figure 1.5: Scalar multiplication effects
Solution:

1.3.4 Properties of Vector Operations

Vector addition and scalar multiplication satisfy several important properties:

Properties of Vector Addition

For vectors u, v, and w:
1. Commutativity: @+ ¢ =0+ u
2. Associativity: (4 + ¥) + @ = @+ (0 + @)

3. Identity: @+ 0 = @ (where 0 is the zero vector)

4. Inverse: 7+ (—7) =0
- J

Properties of Scalar Multiplication

For scalars ¢ and d, and vectors @ and -

1. Associativity: c(dv) = (ed)v
2. Identity: 17 =17

3. Distributivity over vector addition: c(d + ) = cti + ¢V

4. Distributivity over scalar addition: (¢ + d)t = ¢t/ + dv
.

-

These properties might seem obvious, but they form the foundation for vector spaces,
which we’ll study in Chapter 5.

Example 1.3.3. Using Vector Properties Simplify: 3(d — 2v) + 40
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Solution:

3(1 — 20) + 40 = 3 — 67 + 47
= 3uU + (—67 + 47)

=3u— 20U

1.4 The Dot Product

The dot product (also called the scalar product or inner product) is our first way of
multiplying two vectors. Unlike addition, the dot product produces a scalar, not a vector.

1.4.1 Definition and Computation
Definition: Dot Product

For vectors @ = (uy,us) and ¥ = (vy,vq):

‘U= UIV1 + UVg

£

In three dimensions, for @ = (uy, ug, uz) and ¥ = (v, vy, v3):

U - U= upvy + Uz + ugvs

Example 1.4.1. Computing Dot Products Let i = (2,—3) and ¥ = (4,1). Find @ - .

Solution:
w-v=(2)4)+(-3)(1)=8-3=5

1.4.2 Geometric Interpretation

The dot product has a beautiful geometric meaning;:

Geometric Formula for Dot Product

—

u - U= ||ul|||v]| cos @

where 0 is the angle between the vectors.

This formula connects algebra (component multiplication) with geometry (angles)!
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u

Figure 1.6: The angle 6 between vectors 4 and o

1.4.3 Finding Angles Between Vectors

We can rearrange the geometric formula to find angles:

Formula: Angle Between Vectors

- =

u-v
Il l]]

u-U
6 = arccos <_,_,>
(o fi kg

- J

cosf =

Therefore:

Example 1.4.2. Finding the Angle Find the angle between 4 = (1,2) and v = (3, 1).

Solution: First, compute the dot product:
u-v=(1)3)+(2)(1)=5

Next, find the magnitudes:

i = V12 +22 =5
17 = V32 + 12 = V10

Now find the angle:

) ) ) 1

VBV VA0 5V2 V2
1
0 = arccos (\/§> = 457 = % radians

cosf =

1.4.4 Orthogonality

Two vectors are orthogonal (perpendicular) if the angle between them is 90°.
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Test for Orthogonality

Vectors « and ¢ are orthogonal if and only if:

u-v=0

This follows from the geometric formula: if § = 90%, then cos 90F = 0, so @ - v = ||]|||0]|(0) =
0.

Example 1.4.3. Testing for Orthogonality Are @ = (2,3) and U = (—3,2) orthogonal?
Solution:

i7=2)(=3)+3)2) =—6+6=0

Yes! Since the dot product is zero, the vectors are orthogonal.

Insight: Why This Matters

Orthogonality is fundamental in linear algebra. Perpendicular directions are
independent—moving in one direction doesn’t affect your position in the perpendic-
ular direction. This idea generalizes to higher dimensions and becomes crucial for

understanding coordinate systems, projections, and decompositions.

1.4.5 Properties of the Dot Product

Properties of the Dot Product

For vectors u, ¥, w and scalar c:

£y

1. Commutativity: @ -v=v-

g

2. Distributivity: 4 - (V+ W) =u- v+ u -

3. Scalar multiplication: (cu) - v = ¢(u - V) = u - (cv)

4. Positive definiteness: 7- 7 = ||7]|*> > 0, with equality only when 7@ = 0

1.4.6 Projections

One of the most important applications of the dot product is computing projections.
The projection of ¥ onto « is the vector that represents the "shadow" of ' in the direction
of .
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-

projgv v

Figure 1.7: Projection of ¢ onto

Formula: Vector Projection

The projection of ¢ onto  is:

., v-u, U-u
proj;v = ”ﬁHQUZ il

The scalar projection (the length of the projection) is:

— : ’L_I;
compzU = ———

<y

Example 1.4.4. Computing a Projection Find the projection of U = (3,4) onto @ = (1,0).

Solution: First, compute the necessary values:

U= (3)(1) + (4)(0) =3
1

Now find the projection:
3
p?”Ojﬁﬁ = I<]—7 0> = <37 0>

This makes sense: we’re projecting onto the x-axis, so we just keep the x-component!

1.4.7 Applications of the Dot Product

1. Work in Physics

In physics, if a constant force F moves an object through a displacement cf, the work done

1S:

W=F.d

Example 1.4.5. Calculating Work A force ofﬁ = (10,5) Newtons moves an object from
the origin to point (3,2) meters. How much work is done?
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Solution: The displacement is d = (3,2). The work is:

W =F-d=(10)(3) + (5)(2) = 30 + 10 = 40 Joules

2. Computer Graphics

In 3D graphics, the dot product is used for lighting calculations. The brightness of a sur-
face depends on the angle between the surface normal (perpendicular vector) and the light
direction.

3. Machine Learning

In data science, the dot product measures similarity between data vectors. Larger dot
products indicate more similar data points.

1.5 The Cross Product

The cross product is defined only in three dimensions and produces a vector (unlike the
dot product, which produces a scalar).

1.5.1 Definition
Definition: Cross Product

For vectors @ = (uq, ug, uz) and 0 = (vq, va, v3):
i 5k
UXT=|uy uy ug|= (Ugls — Ugla, U3V — U V3, UV — UgV1)

V1 Uy U3

Important Note
The cross product is only defined in three dimensions! It doesn’t exist for 2D vectors.

1.5.2 Computing Cross Products

e
g

The determinant formula might look intimidating, but it’s systematic:

Example 1.5.1. Computing a Cross Product Find i x ¥ where @ = (1,2,3) and ¥ = (4,5,6).



14 Introduction to Vectors

Solution: Using the formula:

— —

u Xv

UgV3 — UV, U3V — U V3, UV2 — UgV1)

{
((2)(6) = (3)(5), 3)(4) = (1)(6), ()(5) = (2)(4))
{
(=

12— 15,12 — 6,5 — 8)
3,6, —3)

1.5.3 Geometric Interpretation
The cross product @ x ¢ has three important geometric properties:
1. Direction: @ x ¥ is perpendicular to both @ and v

2. Magnitude: ||d x 9| = ||u]|||7]| sin @ where 6 is the angle between the vectors

3. Orientation: The direction follows the right-hand rule

Right-Hand Rule

Point your right hand’s fingers in the direction of #, curl them toward ¢, and your
thumb points in the direction of @ x v.

1.5.4 Area of a Parallelogram

The magnitude of the cross product gives the area of the parallelogram formed by the two
vectors!

Formula: Area via Cross Product

The area of the parallelogram with adjacent sides @ and v is:

= [la > 7

Example 1.5.2. Finding Area Find the area of the parallelogram with adjacent sides
u=(1,0,1) and v = (0,1,1).

Solution: First, compute the cross product:

UXU

—~
—
(=)
~—
—~
—_
~—
|
—~
[S—y
~—
—~
—_
~—
—~
—_
~—
—~
(@)
~
|
—~
—
~—
—~
—_
~—
—~
—_
~—
—~
—
~—
|
—~
(=]
~—
—
(=)
~—
~

Now find the magnitude:
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The area is \/3 square units.

1.5.5 Properties of the Cross Product
Properties of the Cross Product
1. Anti-commutativity: @ x 0 = —(U X 1)

2. Distributivity: 4 x (04 @) =4 X ¥+ 4 X @

= (U x V) = U X (cv)

=1

3. Scalar multiplication: (c) x
4. Parallel vectors: @ x ¥ = 0 if and only if @ and @ are parallel

5. Not associative: @ x (U x @) # (¢ x ¥/) X @ in general

(& J
Common Mistake
Unlike the dot product, the cross product is NOT commutative. In fact, @ x ¢ = — (¥ X ).

Order matters!
g J

1.5.6 Applications of the Cross Product

1. Torque in Physics

Torque 7T (rotational force) is given by:
F=7xF

where 7 is the position vector and F'is the applied force.
2. Normal Vectors

In computer graphics, we need to find vectors perpendicular to surfaces. If two vectors lie
in a plane, their cross product gives a normal vector to that plane.

3. Angular Momentum

In physics, angular momentum is:

i
I
=
X
)

where p'is linear momentum.

1.6 Applications of Vectors

Let’s explore some real-world applications that showcase the power of vectors.



16 Introduction to Vectors

1.6.1 Physics: Projectile Motion

When an object is launched, its position, velocity, and acceleration can all be described
using vectors.

Example 1.6.1. Projectile Motion A ball is thrown with initial velocity vy = (20,30) m/s
(20 m/s horizontally, 30 m/s vertically). Gravity causes an acceleration of @ = (0, —9.8)
m/s®. Find the velocity after 2 seconds.

Solution: Using the kinematic equation vU(t) = Uy + at:

v(2)

(20,30) + 2(0, —9.8)
(20,30) + (0, —19.6)
(20,10.4) m/s

The ball is still moving horizontally at 20 m/s but has slowed vertically to 10.4 m/s.

1.6.2 Navigation and GPS

GPS systems use vectors to calculate positions and directions. If you're at point A and
want to reach point B, the displacement vector is AB = B — A.

Example 1.6.2. Navigation You’'re at position A = (3,5) km on a map and need to reach
B = (8,1) km. Find the displacement vector and the distance.

Solution: The displacement vector is:

AB=(8—3,1—5) = (5,—4) km

The distance 1s:

|AB|| = /52 + (—4)2 = /25 + 16 = V41 ~ 6.4 km

You need to travel 5 km east and 4 km south.

1.6.3 Computer Graphics: Transformations

In video games and animation, objects are represented by collections of vectors (vertices).
Moving, rotating, or scaling objects involves vector operations.

Connection to Later Chapters

In Chapter 6, we’ll see how matrices can represent complex geometric transformations

like rotations and reflections, making it easy to manipulate 3D objects in games and
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| films. ]

1.6.4 Engineering: Force Analysis

Engineers use vectors to analyze forces on structures. When multiple forces act on an
object, the net force is the vector sum of all individual forces.

Example 1.6.3. Force Equilibrium A sign is held by two cables. Cable 1 exerts force
Fy = (30,40) N and cable 2 exerts Fy = (—20,50) N. Find the total force on the sign.

Solution:
Frota = Fy 4+ Fy = (30,40) + (—20,50) = (10,90) N

The net force is 10 N horizontally and 90 N vertically upward.

1.7 Chapter Summary

In this chapter, we’'ve explored the fundamental concepts of vectors:

e Vectors have both magnitude and direction, unlike scalars which have only magni-
tude

« Vectors can be represented in component form: v = (v, vy, v3)

e Vector addition combines vectors tip-to-tail; scalar multiplication scales vectors
o The dot product - v produces a scalar and relates to angles and projections

e The cross product @ x ¥ (3D only) produces a perpendicular vector

» Vectors are essential in physics, engineering, computer graphics, and many other
fields

Looking Ahead

Vectors are the building blocks of linear algebra. In the next chapter, we’ll see how sys-

tems of linear equations can be solved using vectors and matrices—powerful tools that

extend the ideas we’ve learned here to solve complex problems with many variables.
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1.8 Practice Problems

1.8.1 Basic Problems

1.

Find the magnitude and direction (angle with positive x-axis) of ¥ = (3, 3).

Let 4 = (2, —5) and ¥ = (—3,1). Compute:

(a) u+7
(b) 3u —2v
(c) [l

Find a unit vector in the direction of @ = (—4, 3).

. Determine if @ = (1,2) and b = (4, —2) are orthogonal.

Compute i - ¥ where 4 = (5, —2,3) and ¥ = (1,4, —1).
Find the angle between @ = (1,1) and v = (0, 1).

Calculate 4 x ¥ where 4 = (2,0,1) and ¢ = (1, 3,0).

. Find the area of the parallelogram with adjacent sides @ = (1,2, 3) and b= (2,1,1).

1.8.2 Intermediate Problems

9.

10.

11.

12.

13.

14.

Find the projection of ¥ = (4,2) onto @ = (3,4).

A force F = (10,20, —5) N acts on an object that moves from point A = (1,2,3) to
point B = (4,1,5) (distances in meters). How much work is done?

Show that @ = (1,2,2), ¥ = (2,1, —2), and @ = (—2,2, —1) are mutually orthogonal
(each pair is orthogonal).

Find a vector perpendicular to both @ = (1,0,1) and ¢ = (0, 1, 1).

An airplane flies with velocity v, = (200,0) mph (east). A wind blows with velocity
Uy = (—30,40) mph. What is the airplane’s actual velocity relative to the ground?

Prove that ||@ + 9]|? = ||@|* + 2(@ - ©) + ||7])*.
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1.8.3 Challenge Problems

15.

16.

17.

18.

19.

20.

Prove the triangle inequality: ||@ + || < ||@]|| + ||7|| for any vectors @ and .
Find all vectors ¥ that are orthogonal to both @ = (1,2,1) and @y = (2,1, 0).

Prove that @ - (U x ) represents the volume of the parallelepiped formed by #, ¥, and

—

w.
Show that (¢ x ¥)-w = (¥ x W) - @ = (W x @) - 0. This is called the scalar triple product.

The angle between « and ¢ is §. If ||@]| = 4 and [|¢]| = 3, find || — ¥/]|.

Prove the Cauchy-Schwarz inequality: | - ] < ||]|||7|| for any vectors @ and v
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Systems of Linear Equations

“‘Pure mathematics is, in its way, the poetry of logical ideas.”
— Albert Finstein

In the real world, we rarely deal with just one equation at a time. Whether you're
balancing chemical equations, analyzing electrical circuits, or optimizing a business
strategy, you’ll encounter multiple equations that must be satisfied simultaneously. In
this chapter, we’ll develop systematic methods for solving systems of linear equations—
methods that are not only theoretically elegant but also computationally powerful.
These techniques form the backbone of modern computational mathematics and have

applications ranging from computer graphics to machine learning.

2.1 Introduction to Linear Systems

2.1.1 What is a Linear Equation?

Before we can solve systems of equations, we need to understand what makes an equation

linear.
Definition: Linear Equation
A linear equation in variables 1, x», ..., z, is an equation that can be written in the
form:
a1x1 + agxs + -+ -+ apx, =0
where ay, as, ...,a, and b are constants (called coefficients and the constant term,
respectively).
(& J

Key characteristics of linear equations:

« Each variable appears to the first power only (no 2%, \/z, sin(z), etc.)

20
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« Variables are not multiplied together (no zy, ziz,, etc.)
« Variables do not appear in denominators, exponents, or inside functions

Example 2.1.1. Identifying Linear Equations Which of the following are linear equations?
(a)3x+2y—2=T7 (b)z*+y=5 (c)2r—3y+4z—w=0 (d)zry+z=1

Solution:

(a) Linear v (all variables to first power, no products)
(b) Not linear (contains x*)
(¢) Linear v (standard form with four variables)

(d) Not linear (contains product xy)

2.1.2 Systems of Linear Equations

A system of linear equations is a collection of linear equations involving the same
variables.

Definition: System of Linear Equations

A system of m linear equations in n variables has the form:
a;1xr1 + a2 + -+ + ATy = bl

A21T1 + Q22T + *++ + AopTy = b2

Am1T1 + A2l + - - - + App Ty = bm
. /

A solution to a system is an ordered set of values for the variables that satisfies all equa-

tions simultaneously.
Example 2.1.2. Verifying Solutions Verify that x = 2, y = —1 is a solution to the system:

r+2y=0
3 —y=1717

Solution: Substitute into the first equation:

(2) +2(-1)=2—-2=0v
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Substitute into the second equation:
32)—(-1)=6+1=17/

Both equations are satisfied, so (2,—1) is indeed a solution.

2.1.3 Geometric Interpretation

Linear systems have beautiful geometric interpretations:

Two variables (2D):

o Each linear equation represents a line in the plane

e A solution is a point where the lines intersect

Yy y Y
\\ j / 3r—y="7 \\\ \\ same line
5/ ; (2,-1) 1 \pa\miallel \\

/

N
OON, ), I,
K N F oy = ~_ 7 N

One solution No solution Infinite solutions
Figure 2.1: Geometric possibilities for 2x2 systems

Three variables (3D):

o Each linear equation represents a plane in 3D space

e A solution is a point where all planes intersect

Insight: Types of Solutions

A system of linear equations can have:
1. Exactly one solution (consistent and independent)
2. No solution (inconsistent) - equations contradict each other

3. Infinitely many solutions (consistent and dependent) - equations are redun-
dant
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2.1.4 Systems in Two and Three Variables

Let’s start with familiar small systems before developing general methods.

Example 2.1.3. Solving a 2x2 System by Substitution Solve the system:

r+y=>5
r—y=1

Solution: From the first equation: xt =5 —y

Substitute into the second equation:

G-y -—y=1
5—2y=1

—2y=—4
y=2

Now find x: xr=5—-—y=5—2=3
Solution: (x,y) = (3,2)

For larger systems, substitution becomes cumbersome. We need a more systematic ap-
proach!

2.2 Solving Systems by Elimination

The method of elimination (also called Gaussian elimination) is a systematic proce-
dure for solving any system of linear equations.

2.2.1 Elementary Row Operations

The key insight is that certain operations on equations preserve solutions:

Elementary Row Operations

The following operations transform a system into an equivalent system (same solution
set):

1. Swap two equations (interchange)

2. Multiply an equation by a nonzero constant (scaling)
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L 3. Add a multiple of one equation to another (replacement) J

Why These Operations Work

These operations preserve solutions because:
o Swapping equations just reorders them

o Multiplying by a nonzero constant doesn’t change the solution set

o If x satisfies both equations, it also satisfies their sum
. _/

2.2.2 The Gaussian Elimination Algorithm

The strategy is to use row operations to systematically eliminate variables, creating a
triangular system that’s easy to solve.

Example 2.2.1. Gaussian Elimination for a 3x3 System Solve the system:

r+2y+2=9
20+ 4y + 32 =121
3r+2y—2=8

Solution:
Step 1: Eliminate x from equations 2 and 3.

Replace equation 2 with (equation 2) - 2(equation 1):

(2r+4y+3z) —2(x +2y + 2z) =21 —2(9)
20+ 4y + 3z — 20 — 4y — 22 =21 — 18
z=3

Replace equation 3 with (equation 3) - 3(equation 1):

Br+2y—2)—3(x+2y+2)=8-3(9)
3x+2y—2—3x—6y—3z2=8—-27
—4y — 4z = —19
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Our system is now:

r+2y+2=9
z=3
-4y — 4z =—-19

Step 2: From equation 2, we have z = 3.

Substitute into equation 3:

—4y —4(3) = —19

Ay —12=—19
—4y = -7
_7
Y74

Step 3: Substitute y = % and z = 3 into equation 1:

x+2<7>+3:9

4
7
-—+3=9
x+2+
13
T _9
x+2
x—§
2

Solution: (x,y,z) = (

N |t
=T
w
N—

2.2.3 Consistent, Inconsistent, and Dependent Systems

As we solve systems, we may encounter special cases:

Classification of Systems

« Consistent: Has at least one solution
» Inconsistent: Has no solution (leads to a contradiction like 0 = 5)

o Independent: Has exactly one solution

« Dependent: Has infinitely many solutions (contains redundant equations)
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Example 2.2.2. Inconsistent System Solve:

r+y=3
rT+y=>5

Solution: Subtract the first equation from the second:

(z+y)—(r+y)=5—-3 = 0=2

This is a contradiction! The system has no solution.

Geometric interpretation: These are parallel lines that never intersect.

Example 2.2.3. Dependent System Solve:

r+2y=4
20+ 4y =8

Solution: The second equation is just 2 times the first equation, so they represent the
same line.

From the first equation: v =4 — 2y

The solutions are all points of the form (4 — 2y,y) where y can be any real number.
We can write this as: (x,y) = (4 — 2t,t) fort € R

Answer: Infinitely many solutions: (4 — 2t,t) for any t € R

Common Mistake: Missing Infinite Solutions

When an equation reduces to 0 = 0 during elimination, don’t assume there’s no so-

lution! This means the equation was redundant, and the system has infinitely many

solutions. You must express the solution in terms of free variables.

2.3 Matrix Representation of Systems

Writing out full equations with variables becomes tedious for large systems. Matrices pro-
vide a compact, efficient representation.
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2.3.1 Coefficient Matrices and Augmented Matrices

Definition: Coefficient Matrix and Augmented Matrix

For the system:

a11T1 -+ 129 qF oo g ATy — b1

a21T1 + Q22X + * ++ + Aop Ty = b2

Am1T1 + AmaTs + -+ + QG Ty = bm

The coefficient matrix is:

@11 Q12 - Qin

Q21 Q22 -  Q2p
A=

Am1 Am2 - Amn

The augmented matrix includes the constants:

a1 @iz - Qi | b
a1 Gz -+ Qg | by
[A[b] =
Am1 Am2 - Amn bm
_ Y,

Example 2.3.1. Writing an Augmented Matriz Write the augmented matrix for:

20 —y+32=28
r+2y—z=1
3r+y+2z=95

Solution:
2 -1 3 1|8
[Apj =11 2 —1|1
3 1 2 |5

FEach row represents one equation; each column (except the last) represents one variable.

2.3.2 Row Operations on Matrices

The elementary row operations from before translate directly to matrices:
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Elementary Row Operations (Matrix Form)

1. Row interchange: Swap rows ¢ and j (notation: R; <+ R;)

2. Row scaling: Multiply row ¢ by nonzero constant ¢ (notation: cR;)

3. Row replacement: Add ¢ times row j to row i (notation: R; + cR;)
- J

Example 2.3.2. Performing Row Operations Given the matriz:

1 215
3 411

Perform the operation Ry — 3Ry:

Solution:

Ry—3R;=[3 4 11]-3[1 2 3
=3 4 1]-[3 6 15]
=0 —2 -]

The resulting matrix is:

2.4 Row Echelon and Reduced Row Echelon Form

To solve systems systematically, we transform matrices to special forms.

2.4.1 Row Echelon Form
Definition: Row Echelon Form (REF)
A matrix is in row echelon form if:
1. All nonzero rows are above rows of all zeros

2. The first nonzero entry in each nonzero row (called a leading entry or pivot) is
1

3. Each leading entry is to the right of the leading entry in the row above it
\ y
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Example 2.4.1. Examples of Row Echelon Form These matrices are in row echelon form:

1
0
0

S = N
— o W

1
0
0

S O Ot
S = O
S W N

1
0
0

S = N

This matriz is NOT in row echelon form:

S = O

1 2
0 3 (first entry should be 1, not 0)
0 1

2.4.2 Reduced Row Echelon Form

Definition: Reduced Row Echelon Form (RREF)
A matrix is in reduced row echelon form if:

1. It is in row echelon form

2. Each leading entry is 1 (automatically satisfied by REF definition)

3. Each leading 1 is the only nonzero entry in its column
- J

Example 2.4.2. Examples of RREF These matrices are in reduced row echelon form:

100 1030 120
010 0120 0 01
0 01 0001 000

Insight: Uniqueness of RREF

Every matrix has a unique reduced row echelon form! This means different sequences of

row operations will always lead to the same RREF. However, there are many possible

row echelon forms for the same matrix.

2.4.3 Gauss-Jordan Elimination

Gauss-Jordan elimination is the process of transforming a matrix to reduced row eche-
lon form.
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Example 2.4.3. Complete Gauss-Jordan Elimination Solve the system by transforming the
augmented matrix to RREF:

r+2y+z2z=4
20 +3y+32=7
T+y+2z=3
Solution:
Start with the augmented matrix:
1 2 114
2 3 3|7
1 1 2|3

Step 1: Create zeros below the first pivot.

Ry — 2Ry ] ]
1 2 1] 4

-1 1]-1
11 2|3
R3—R1.’ _ _
1 2 1| 4

0 -1 1|-1
0 -1 1|-1

—Ry:
1 2 1] 4
0 1 —-1|1
0 -1 1 |—-1

Step 3: Create zeros below the second pivot.

R3+R2.'
1 2 1|4
01 —-1|1
00 010

Step 4: Create zeros above pivots (back substitution).
R1 — 2R2 N

w

o o
o~ o
C)l
—_
o =
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This is in RREF!

Reading the solution: The system is now:

r+3z2=2
y—z=1

Variable z is free (no pivot in its column). Let z =t where t € R.

Then:
r=2-—3t
y=14+1¢
z=1

Answer: (v,y,z) = (2 —3t, 1 +t,t) for any t € R (infinitely many solutions)

2.4.4 Leading Variables and Free Variables

Definition: Leading and Free Variables
» A leading variable (or basic variable) corresponds to a column with a pivot

e A free variable corresponds to a column without a pivot

o Free variables can take any value; leading variables are determined by the free

variables

J
Insight: Counting Solutions

For a system in RREF with n variables:

o If there are n pivots: exactly one solution

o If there are fewer than n pivots and no contradiction: infinitely many solutions

o If there’s a pivot in the augmented column (row like [0 0 --- 0 | 1]): no solution
- J

Example 2.4.4. Identifying Free Variables Given the RREF matrix:

1200 3 |4
0010 1|2
0001 =25
000O0 O0]O0
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Identify leading and free variables.

Solution: Pivots are in columns 1, 3, and 4.

o Leading variables: xq, x3, T4

e Free variables: xo, x5

The solution is:

r1 =4 — 219 — 315
T3 =2 — XI5

Ty =5+ 275

xo =35 (free)

x5 =1t (free)

where s,t € R can be any real numbers.

2.5 Applications of Linear Systems

Linear systems appear throughout science, engineering, and everyday life. Let’s explore
some applications.

2.5.1 Network Flow Problems

In network flow problems, we track how quantities (traffic, water, data) move through a
network.

Example 2.5.1. Traffic Flow Consider the intersection shown below, where the arrows
indicate traffic flow (vehicles per hour):

Ty = 150

Ty = 200 T3

Intersection

v

Ty
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If traffic flow is conserved (cars in = cars out), find x3 and x4.

Solution: By conservation of flow:
T+ X9 = T3+ X4
200 4 150 = 23 + 24
x3 + x4 = 350
Without additional information, we have infinitely many solutions. For example:
o If x3 =200, then x4 = 150
o If x3 =180, then x4 = 170

In general: x3 =1t and x4 = 350 — t where 0 < t < 350.

2.5.2 Chemical Equation Balancing

Balancing chemical equations is really solving a system of linear equations!

Example 2.5.2. Balancing a Chemical Equation Balance the equation for the combustion
of propane:

CgHg + 02 — COQ + HQO
Solution: Let x1,x9, 13,14 be the coefficients:

$103H8 + SL’QOQ — $3COQ + SL’4HQO

Balance each element:
e Carbon: 3z, = x3
e Hydrogen: 8r1 = 2x,
o Oxygen: 2xy = 2x3 + 14

From the first equation: xr3 = 31,
From the second equation: x4 = 4,

Substitute into the third:

2%2 = 2(31’1) + 433'1
2$2 = 10[171

To — 5ZB1
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Let x1 = 1 (we want the smallest whole numbers):

ry =1
Tog =05
r3 =3
Ty =4

Balanced equation: C3Hg + 505 — 3C 05 + 4H50

2.5.3 Economics: Supply and Demand

Example 2.5.3. Market Equilibrium The supply and demand for a product are given by:

Supply: S =2p — 100
Demand: D = —3p + 400

where p is the price in dollars. Find the equilibrium price and quantity.

Solution: At equilibrium, supply equals demand:

2p — 100 = —3p + 400
5p = 500
p =100

The equilibrium quantity is:

S =2(100) — 100 = 100 units

Answer: Equilibrium price: 3100, Equilibrium quantity: 100 units

2.5.4 Circuit Analysis

Kirchhoff’s laws in electrical engineering lead to systems of linear equations.

Example 2.5.4. Simple Circuit Consider a circuit with three resistors. Using Kirchhoff’s
voltage law (KVL) and current law (KCL), we might get:

I+ 1, =13 (current conservation)
51 + 101, = 12 (woltage loop 1)
1015 + 1513 = 18  (woltage loop 2)
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where Iy, Is, I3 are currents in amperes.

Set up the augmented matriz:

11 =110
5 10 0 |12
0 10 15|18

(We would then use Gaussian elimination to solve for the currents.)

Real-World Connection

Modern circuit simulators (like SPICE) solve systems with thousands or millions of

equations to analyze complex electronic circuits. The same Gaussian elimination algo-
rithm you’re learning scales up to handle these massive systems!

2.6 Chapter Summary

In this chapter, we developed powerful tools for solving systems of linear equations:

« Linear equations involve variables to the first power with no products

« Systems can have one solution, no solution, or infinitely many solutions

o Gaussian elimination uses row operations to solve systems systematically
« Matrix representation provides compact notation for large systems

« Row echelon form (REF) and reduced row echelon form (RREF) are stan-
dard forms that make solutions apparent

» Free variables parameterize infinite solution sets

o Applications include network flows, chemical reactions, economics, and circuit analy-
sis

Looking Ahead

In Chapter 3, we’ll dive deeper into matrices themselves—how to add, multiply, and ma-
nipulate them. Matrices are not just bookkeeping tools; they’re powerful mathematical

objects with rich algebraic structure. We’ll see how matrix operations connect to linear

transformations and geometric ideas.
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2.7 Practice Problems

2.7.1 Basic Problems

1. Determine whether each equation is linear:

20 —3y+z2z="7

)

b) 2?2 +y =14
© 5-1-1
(d) zy+ 2=

2. Verify that (z,y) = (3,—1) is a solution to:

20+y =5
r—3y==~6
3. Solve by substitution:
r+y="7
20 —y =2

4. Write the augmented matrix for:

T—2y+32=29
20 +y—2=1

—x+3y+2z=4
5. Perform the row operation Ry — 3R; on:
1 214
3 5|7

6. Determine if each matrix is in row echelon form:

(a)

S = O O =
S W N = OUN
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7. Solve using Gaussian elimination:

r+y=3
rT—y=
8. Solve:
rT+2y+2=6
20+ 3y + 22 =10
r+y+z=4

2.7.2 Intermediate Problems

9. Transform to RREF and solve:

2 4 =216
1 3 115
3 5 —1|8

10. Determine whether the system is consistent and, if so, find all solutions:

r4+2y—z=3
20 +4y —22=1T7
3r+6y—32=9

11. Find all solutions (express free variables as parameters):

$1+2$2—$3+1’4:2
2.1’1+4.§L’2—373—25L’4I—1

—x1 — 229 + 223+ 5xy = 6

12. A traffic intersection has flows as shown. Find the relationship between = and y.
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100 1 ¥

80

13. Balance the chemical equation:

F€+02—>F€203

14. Find the equilibrium price and quantity if:
Supply: S =3p—>50
Demand: D = —2p + 200
15. Solve the system and interpret geometrically:

r+y+z=1
r+y+z=2

2.7.3 Challenge Problems

16. Prove that if a system of linear equations has more than one solution, it must have
infinitely many solutions.

17. Find all values of k for which the system has: (a) no solution, (b) exactly one solu-
tion, (c) infinitely many solutions.
r+2y=3
20 +4y =k
18. For what value(s) of h does the system have infinitely many solutions?

r—3y =2
—2x+6y=nh
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19. Solve the system with four variables:

T1+ 20+ 13 —24=3
201 +4xo+ 33+ 24 =7
:1:1—|—2:v2—|—2:v3+2:174:4

20. A company produces three products A, B, and C. Each unit of A requires 2 hours of

21.

labor and 1 unit of raw material. Each unit of B requires 1 hour of labor and 2 units
of raw material. Each unit of C requires 3 hours of labor and 2 units of raw material.
If 100 hours of labor and 80 units of raw material are available, and the company
wants to use all resources, set up and solve the system to find all possible production
combinations.

Show that if the augmented matrix [A|b] can be transformed to RREF [I|c] where I
is the identity matrix, then the system has the unique solution x = c.
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Matrices

“‘Mathematics is the art of giving the same name to different
things.”

— Henri Poincaré

In Chapter 2, we used matrices as convenient bookkeeping tools for solving systems of
linear equations. But matrices are far more than notation—they’re powerful mathemati-
cal objects in their own right. In this chapter, we’ll explore the algebra of matrices: how
to add them, multiply them, and work with special types of matrices. We’ll discover
that matrix multiplication, though initially strange, perfectly captures the composition
of linear transformations. From computer graphics to cryptography, from quantum
mechanics to Google’s PageRank algorithm, matrices are the language in which much of

modern science and technology is written.

3.1 Introduction to Matrices

3.1.1 Matrix Notation and Terminology

Definition: Matrix

A matrix is a rectangular array of numbers arranged in rows and columns. A matrix
with m rows and n columns is called an m x n matrix (read “m by n”).

General form:

@11 Q12 -+ Qin

Q21 Q22 -  Q2p
A=

Am1 Am2 - Amn

The number a;; is the entry (or element) in row 7 and column j.
- J

40
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Important terminology:

o The size (or dimension) of the matrix is m x n

« A matrix with equal numbers of rows and columns (m = n) is called a square
matrix

o The entries a1, as, ass, ... form the main diagonal
o We often denote matrices by uppercase letters: A, B,C, ...
« The (7, j)-entry of matrix A can be written as a;; or (A);; or A;;

Example 3.1.1. Matriz Notation Consider the matrix:

A:F -1 3]
0 5 -2

This is a 2 x 3 matriz with:
* 11 = 2, 19 = —1, a1z = 3

o ag =0, axp =5, agg = —2

3.1.2 Types of Matrices

Special Types of Matrices

« Row vector: A 1 x n matrix, e.g., {1 2 3}

o Column vector: An m x 1 matrix, e.g., |2
3

e Zero matrix: All entries are zero, denoted O or 0
» Square matrix: Number of rows equals number of columns (n x n)
« Diagonal matrix: Square matrix with all off-diagonal entries equal to zero

o Identity matrix: Diagonal matrix with all diagonal entries equal to 1, denoted

I, or just I
g J

Example 3.1.2. Special Matrices Examples of special matrices:
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Zero matriz (2 x 3):

000
O —
lO 0 O]
Diagonal matrix:
5 0 0
D=0 -2 0
0 0 3
Identity matriz (3 x 3):
100
Is=10 1 0
0 01

Insight: Why Identity Matrix Matters

The identity matrix I plays the same role in matrix algebra that the number 1 plays in

regular arithmetic: multiplying any matrix by I leaves it unchanged. This makes I the

multiplicative identity for matrices.

3.1.3 Matrix Equality

Definition: Matrix Equality

Two matrices A and B are equal if:

1. They have the same dimensions

2. All corresponding entries are equal: a;; = b;; for all 4, j
\ y

Example 3.1.3. Testing Matrixz Equality Are these matrices equal?
1 2 1 2 1
A == 5 B = s C — 3
3 4 3 4 2 4

Solution: A = B (same dimensions, all entries match)

A # C (even though they contain the same numbers, the arrangement is different)

3.1.4 Real-World Contexts for Matrices

Matrices naturally represent many types of data:
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1. Data tables
85 92 78| Alice

Test Scores = |90 88 95| Bob
76 84 88| Carol

Columns: Math, English, Science

2. Images

Digital images are matrices where each entry represents a pixel’s brightness or color value.
3. Networks and graphs

An adjacency matrix represents connections in a network:

O V) = O

1
0
1
1

o O = O

1
1
0
0

where a;; = 1 if node ¢ connects to node j, and a;; = 0 otherwise.
4. Transformations

Matrices represent geometric transformations like rotations, reflections, and scaling (more
on this in Chapter 6!).

3.2 Matrix Operations

Just as we can add and multiply numbers, we can add and multiply matrices—though
with some important differences!

3.2.1 Matrix Addition and Subtraction

Definition: Matrix Addition
If A and B are both m x n matrices, their sum A + B is the m x n matrix obtained by
adding corresponding entries:

(A+ B)ij = aij + by

Important Restriction

You can only add or subtract matrices of the same dimensions. Adding a 2 x 3 matrix

to a 3 X 2 matrix is undefined!

2

1
Example 3.2.1. Matrix Addition Let A = [3 4

] and B = [? S] Find A+ B.



44 Matrices

1 2 5 6 145 2+6 6 8
3 4 7 8 3+7 448 10 12

Matrix subtraction works the same way:

Solution:

(A—=DB)y = ai; — by

3.2.2 Scalar Multiplication

Definition: Scalar Multiplication

If Ais an m X n matrix and c is a scalar (number), then cA is the m x n matrix obtained

by multiplying every entry of A by c:

(cA)ij = c- ay

2 —1
Example 3.2.2. Scalar Multiplication Let A = [3 0 ] Find 3A and —%A.

Solution:

e
2 203 0 -3
3.2.3 Properties of Matrix Addition and Scalar Multipli-

cation

These operations satisfy familiar algebraic properties:

For matrices A, B, C (of the same size) and scalars ¢, d:
1. Commutativity: A+ B=B+ A
2. Associativity: (A+B)+C=A+ (B+C)
3. Additive identity: A+ O = A (where O is the zero matrix)
4. Additive inverse: A+ (—A) =0

5. Distributivity: ¢(A+ B) = cA+cB
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Ut

6. Distributivity: (c+ d)A = cA +dA

7. Associativity: ¢(dA) = (c¢d)A

8. Identity: 1A= A

s
g

Connection to Vectors

Notice that these properties are identical to the properties of vector addition and scalar
multiplication from Chapter 1! In fact, an m x n matrix can be viewed as a vector in
R™". This deep connection is why we study vector spaces in Chapter 5.

Vs
&

3.2.4 Matrix Multiplication

Matrix multiplication is more complex than addition. The definition might seem strange
at first, but it’s perfectly designed for composing linear transformations.

Definition: Matrix Multiplication

Let A be an m X n matrix and B be an n X p matrix. The product AB is the m X p ma-
trix where:

(AB)ij = Z aikbkj = Cbubu + ai2b2j SFoco ainbnj
k=1

In words: The (i, 7)-entry of AB is the dot product of row ¢ of A with column j of B.

-
.

Critical Dimension Requirement

To multiply A x B:
e The number of columns of A must equal the number of rows of B

e If Aism xn and Bisn X p, then AB is m X p

Mnemonic: (m x n)(n X p) = (m x p) — the inner dimensions must match!

Vs
-

1 2
Example 3.2.3. Matriz Multiplication (Small Example) Let A = [3 41 and B = [? g]
Find AB.

Solution:
Both are 2 x 2, so the product is defined and will be 2 X 2.
Entry (1,1): Row 1 of A - Column 1 of B

(H(5)+ (2)(7) =5+14=19
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Entry (1,2): Row 1 of A - Column 2 of B

(1)(6) + (2)(8) =6+ 16 = 22
Entry (2,1): Row 2 of A - Column 1 of B

(3)(5) + (4)(7) = 15 + 28 = 43
Entry (2,2): Row 2 of A - Column 2 of B

(3)(6) + (4)(8) = 18 + 32 = 50
Therefore:

5=l

Example 3.2.4. Matriz Multiplication with Different Dimensions Let A = [ ] (2x3)

and B =

— o

Solution:

0
1| (3% 2). Find AB.
1

Ais2x3 and B is 3 X 2, so AB will be 2 x 2.

Entry (1,1): [12 3]-

Entry (1,2): [12 3] -

Entry (2,1): [45 6] -

Entry (2,2): [45 6] -

=1(1)+2(0)+3(1) =4

=1(0)+2(1)+3(1)=5

=4(1) +5(0) +6(1) =10

=4(0)+5(1)+6(1) =11

as -

4

10 11

5

|
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Visual Understanding

Think of matrix multiplication as a systematic way to combine rows of the first matrix
with columns of the second. Each entry in the result summarizes how one row interacts

with one column through the dot product.

3.2.5 Why Matrix Multiplication Works This Way

The definition of matrix multiplication isn’t arbitrary—it perfectly captures composition of
linear transformations!

Consider composing two transformations in R?:
o First, transform & by A: iy = A%¥
e Then, transform ¢ by B: 7= By
Combining these: = B(A¥) = (BA)¥

The matrix BA represents the composition of the two transformations. The way we de-

fined multiplication ensures this works correctly! We’ll explore this more deeply in Chap-
ter 6.

3.2.6 Properties of Matrix Multiplication

Matrix multiplication has some familiar properties—and some surprises!

Properties of Matrix Multiplication

For appropriately sized matrices A, B, C' and scalar c:
1. Associativity: (AB)C = A(BC)
2. Left distributivity: A(B+ C) = AB + AC
3. Right distributivity: (A + B)C = AC + BC
4. Scalar compatibility: ¢(AB) = (cA)B = A(cB)

5. Identity: /A = A and Al = A (where [ is the identity matrix)

Important: Matrix Multiplication is NOT Commutative!
In general, AB # BA. In fact:

o Sometimes AB is defined but BA is not (different dimensions)

o Even when both are defined, they usually give different results
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L o Sometimes AB = BA, but this is special, not typical J
. 1 2 10

Example 3.2.5. Non-Commutativity Let A = [O 11 and B = [3 11. Compare AB and

BA.

Solution:

g [ 2o [
13 1 [31
aa [P O[22
3100 1] [3 7

Clearly AB # BA!

Example 3.2.6. When Order Matters in Real Life Consider transformations: "rotate by
90°" then "reflect across z-axis" gives a different result than doing them in the opposite
order. The non-commutativity of matriz multiplication captures this reality!

3.2.7 Powers of Matrices

For square matrices, we can define powers:

Definition: Matrix Powers

For a square matrix A and positive integer n:

A"=A-A-A-.. A
—_———

n times

By convention: A% = I (the identity matrix)
& J

2 1
Example 3.2.7. Computing Matriz Powers Let A = [O 1] . Find A? and A3.

Solution:
) [2 1] [2 1] l4 3]
0 1/]0 1 0 1

T o | R



3.3 Matrix Transpose 49

3.3 Matrix Transpose

The transpose operation flips a matrix across its main diagonal.

3.3.1 Definition and Properties

Definition: Transpose

The transpose of an m x n matrix A, denoted A7, is the n x m matrix obtained by in-
terchanging rows and columns:

(AT)y; = Ajq

In other words, row i of AT is column i of A.

.

.

1 2
Example 3.3.1. Computing a Transpose Find the transpose of A = [ 3].

4 5 6
Solution:

Ais2x3, s0 AT is 3 x 2:

AT =

|
W N =
SIS N

Notice that:

e Row 1 of A became column 1 of AT

o Row 2 of A became column 2 of AT
For matrices A and B (appropriately sized) and scalar c:

1. (AT)T = A (transpose of transpose is original)

2. (A+B)T =AT+ BT

3. (cA)T = cAT

4. (AB)T = BT AT (order reverses!)

- J

Common Mistake: Transpose of Product

The transpose of a product reverses the order: (AB)T = BT AT, NOT AT BT. This is be-

cause of how row-column multiplication works.
\ y
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Example 3.3.2. Verifying (AB)T = BTAT Let A = Ll)) ﬂ and B = [(1] é] Verify that
(AB)T = BT AT
Solution:

First compute AB:
AB — 1 2{(0 1 _ 2 1
3 411 0 4 3

So:

Now compute BT A” :

g 0] _[13
10| 2 4

prar_ [0 1L 3] _[2 4
{1 0|2 4 |1 3
Indeed, (AB)T = BTAT v

3.3.2 Symmetric Matrices

Definition: Symmetric Matrix

A square matrix A is symmetric if AT = A.
Equivalently: a;; = aj; for all 7, 7 (the matrix is symmetric across its main diagonal).

Example 3.3.3. Symmetric Matriz The matriz A =

W N =
[S2 0NN V]

3

5| s symmetric.
6

Notice: 19 = A9 = 2, 13 = az1 = 3, 93 = A32 — 5.

Symmetric matrices have special properties that make them particularly important in

applications:
o All eigenvalues are real (we'll see this in Chapter 7)
e They can always be orthogonally diagonalized

o They naturally arise in physics (inertia tensors, covariance matrices)
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3.4 Special Matrices

Certain types of matrices appear frequently and have special properties.

3.4.1 Identity Matrix (Revisited)

The identity matrix acts like the number 1:

Properties of Identity Matrix

For an n x n identity matrix [,,:
e I[,A= A for any n x k matrix A
o Al, = A for any k X n matrix A

o IT =], (identity is symmetric)

o I¥ =1, for any positive integer k

-~
-

3.4.2 Diagonal Matrices

Definition: Diagonal Matrix

A square matrix D is diagonal if all off-diagonal entries are zero:

d 0 - 0
0 dy -~ 0
0 0 --- d,

Notation: D = diag(dy, ds, ..., d,)

&

g

Diagonal matrices are easy to work with:
o Multiplying diagonal matrices: just multiply corresponding diagonal entries
« Powers are easy: D¥ = diag(d¥,dt, ... d~)
o Transpose leaves them unchanged: DT = D (all diagonal matrices are symmetric)

0
0| and Dy =
-1

Example 3.4.1. Working with Diagonal Matrices Let Dy =

S O N
S W O
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1
0
0

S N O

0
0f.
4
Find DDy and D3.

Solution:

2.1 0 0 2 0 0
DiDy=1] 0 3-2 0 =10 6 0
0 0 (=1)-4 00 —4

220 0 8 0 0

DP=10 3 0 | =10 27 0

0 0 (-1 0 0 -1

3.4.3 Upper and Lower Triangular Matrices
Definition: Triangular Matrices

e An upper triangular matrix has all entries below the main diagonal equal to
Zero

o A lower triangular matrix has all entries above the main diagonal equal to zero

U1 Uiz U3 iy 0 O
Upper: U= | 0 w9y u93|, Lower: L= [l lys 0
0 0 us3 l31 l3o 33
_ y,

Triangular matrices are useful because:

 Systems with triangular coefficient matrices are easy to solve (back substitution)
o The product of upper (lower) triangular matrices is upper (lower) triangular

o The transpose of an upper triangular matrix is lower triangular and vice versa

3.4.4 Introduction to Matrix Inverse

Just as division is the inverse of multiplication for numbers, we have matrix inverses—but
not every matrix has one!
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Definition: Matrix Inverse

An n x n matrix A is invertible (or nonsingular) if there exists an n x n matrix B such
that:

AB=BA=1,

The matrix B is called the inverse of A, denoted A~

If no such matrix exists, A is called singular or noninvertible.
- J

Key Facts About Inverses

e Only square matrices can have inverses

o If A is invertible, its inverse is unique

o If A has an inverse, then AA™' = A"1A=1

Not all square matrices are invertible
- J

2
Example 3.4.2. Verifying an Inverse Verify that B = [ 5

2 1
3 2|
Solution:

Compute AB:

-1
5 ] is the inverse of A =

AB:[Q 1“2 —1]:l4—3 —2+2]:l1 0]21
3 2/|-3 2 6-6 —3+4 0 1
Compute BA:
BA:[Q —1“2 1]:[4—3 2—2]:[1 O]II
-3 2113 2 —6+6 —3+4 0 1
Since AB=BA=1, B=A"1'¢
3.5 Matrix Inverse

The matrix inverse is one of the most important concepts in linear algebra.

3.5.1 Computing 2 x 2 Inverses

For 2 x 2 matrices, there’s a simple formula:
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Formula: Inverse of a 2x2 Matrix

a

For A = [ Z}, if det(A) = ad — bc # 0, then:

1 d —b
Al =
ad — be [—c a ]

If ad — bc = 0, the matrix is not invertible.
(. J

€

1
Example 3.5.1. Finding a 2 x 2 Inverse Find the inverse of A = E 2] :

Solution:

First, check if it’s invertible:

det(A) = (3)(2) — (1)(5) =6—5=1#0

So A is invertible. Apply the formula:
o L2 -1 _[2 -
1]-5 3 -5 3

3 1172 —11 [1 0
e AA-T — _
Verify l5 2] l—5 3] lo 1] v

3.5.2 Computing Inverses Using Row Operations

For larger matrices, we use row operations. The method: row-reduce [A|I] to [I|A™].

Algorithm: Finding the Inverse Using Row Reduction

To find A~
1. Form the augmented matrix [A|[]

2. Use row operations to transform it to [/|B]

3. If successful, B = A~!

4. If you get a row of zeros on the left side, A is not invertible
- J

O = N
— = O

1
Example 3.5.2. Finding Inverse by Row Reduction Find the inverse of A = |0
1
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|

-1 0 1

1 2 0{1 00
01 1{0 10

|

Solution
Form [A|I]:

1 0 1{0 0 1

Rg - R1 J

-2 1

Rg + 2R2 N

-1 2 1

00 3

1 .
LRy:

R2 - Rg N

™
(@] _ —m

O HlmN;m

|
— ™M _
o o -
N —~ O
— O O
|

Rl — 2R2 N

1

—le
[a\llae] [ —

N
_ —lmam

|
—ln—Hl™ _

oS O

oS — O

— O O
 — |

Therefore:

|
—
[a\llan) _ —ln
™
_ A
—m
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3.5.3 Properties of Matrix Inverses

For invertible matrices A and B:
1. (A71)~t = A (inverse of inverse is original)
2. (AB)™' = B7'A™! (order reverses, like transpose!)
3. (AT t=(AHT

4. (cA)t=1A"1forc#£0

T ¢

5. If A is invertible, so is A7

3.5.4 When Does an Inverse Exist?

Not all square matrices have inverses. We’ll explore this more in Chapter 4, but here are
some key facts:

Conditions for Invertibility

An n x n matrix A is invertible if and only if:

e The determinant of A is nonzero (Chapter 4)

The columns of A are linearly independent (Chapter 5)

The rows of A are linearly independent

A can be row-reduced to the identity matrix

The equation AZ = 0 has only the trivial solution Z = 0

e The equation A7 = b has a unique solution for every b

All these conditions are equivalent!
(. J

3.5.5 Solving Systems Using Inverses

If A is invertible, we can solve Ax = b easily:
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Solving a Linear System Using the Inverse

If A is invertible:

Example 3.5.3. Solving a System Using Inverse Solve the system using the inverse from
our previous example:

rT+2y=>5
y+z=3
r+z=4
Solution:
1 2 0] 5
The system is AT =b where A= |0 1 1| andb= |3|.
1 0 1_ 4
We found A™1 earlier, so:
1 2 2
-17 ? _15 g1 i
s 3 3]
5 8
5—2—1—% 3
— §5+1_§4 — |2
—2+2+3 1

Answer: (v,y,z) = (3,2,1)

Important Computational Note

While solving systems using A~! is theoretically elegant, it’s actually less efficient than
Gaussian elimination for large systems. Computing A™! takes more operations than just

row-reducing [A|b]. Use inverses for theory and small systems; use elimination for large

computations.

3.6 Applications of Matrices

Matrices are everywhere in modern science and technology. Let’s explore some applica-
tions.
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3.6.1 Image Processing and Filters

Digital images are matrices of pixel values. We can apply filters by matrix operations.

Example 3.6.1. Image Brightness Adjustment To increase brightness by 20%, multiply the
image matrix by 1.2:

]magebright =12 ]mageoriginal

To invert an image (like a photo negative):

Image = 255 -1 — Image

inverted original

where 1 is a matrix of all ones.

3.6.2 Graph Theory and Adjacency Matrices

Networks (social networks, web pages, transportation systems) are represented by adja-
cency matrices.

Example 3.6.2. Powers of Adjacency Matrices Consider a graph with adjacency matrix:

O = O =
O = O O

1
1
0
1

O = = O

The entry (A?);; counts the number of paths of length 2 from node i to node j!

A2 =

— o= =N

1
2
1
1

—_ O = =

1
1
3
0
For example, (A%)13 = 1 means there’s 1 path of length 2 from node 1 to node 3.

3.6.3 Markov Chains and Probability

Markov chains model systems that transition between states.

Example 3.6.3. Weather Model Suppose tomorrow’s weather depends only on today’s
weather:

o If sunny today: 70% chance sunny tomorrow, 30% chance rainy
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o If rainy today: 40% chance sunny tomorrow, 60% chance rainy

The transition matriz is:

0.7 0.3] from sunny
{04 06

from rainy

1
If today’s state is Uy = [Ol (sunny), then:
e Tomorrow: v, = Pty = 0.7
0.4
e Day after: v, = Pt = P?u

o After n days: v, = P"t

3.6.4 Leslie Matrices in Population Models

Leslie matrices model age-structured populations.

Example 3.6.4. Population Dynamics Consider a population divided into three age groups.
The Leslie matriz:

0 15 038
L=107 0 O
0 06 0

represents:

e Row 1: birth rates from each age group

o Below diagonal: survival rates to next age group

100
If the current population is py = | 80 |, next generation is:
40

0 1.5 0.8] {100 152

pr=Lpp=107 0 O 80| =170
0 06 0 40 48

3.6.5 Cryptography

Matrices can encode messages for secure communication.
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Example 3.6.5. Hill Cipher (Simplified) To encode a message, represent letters as numbers

(A=0, B=1, ..., 7=25).

2
Use an encoding matriz, say E = E’ 7].

To encode "HI" (H=7, I=8):

E ﬂ m - Bﬂ - Egj (mod 26)

Encrypted: "LN"
To decode, use E~' (computed modulo 26).

3.7 Chapter Summary

In this chapter, we've explored matrices as mathematical objects:

o Matrix addition and scalar multiplication work entry-by-entry

o Matrix multiplication uses row-column dot products and is NOT commutative

e The transpose AT flips a matrix across its main diagonal

o Special matrices: identity, diagonal, triangular, symmetric

e Matrix inverse A~! satisfies AA™1 = A" 1A=1

o Not all square matrices have inverses; invertibility has many equivalent conditions

» Applications span image processing, networks, probability, population models, and

cryptography

Looking Ahead

In Chapter 4, we’ll introduce the determinant—a single number that encodes crucial

information about a matrix. The determinant determines invertibility, gives geometric

meaning (area/volume scaling), and is essential for eigenvalue calculations in Chapter 7.
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3.8 Practice Problems
3.8.1 Basic Problems

1. Given A = 2 -1 and B = L2 , compute:
3 4 -1 3

(a) A+ B
(b) 34
(¢c) 2A—B

2. Compute the products AB and BA where:
a2 g PO
3 4 1 3
Are they equal?

3. Find the transpose of:
1 2
A= s
4 5 6
4. Determine if the following matrix is symmetric:

A=

W N =
(G2 SN )
S Ot W

2
5. Find the inverse of A = L g] using the 2 x 2 formula.

6. Verify that B = l L _31] is the inverse of A = [3 11.

21

7. Compute A% and A% where A = Ll) ﬂ

8. Which of the following matrices are invertible? (Use the 2 x 2 determinant test)
1 2
@y

CNH
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3.8.2 Intermediate Problems

9.

10.

11.

12.

13.

14.

15.

16.

2

Let A = L2 and B =
3 4 1

;] . Verify that (AB)" = BT AT,

1 01
Find the inverse of A= |0 2 1| using row reduction.
110

Solve the system A7 = b using A~! where:

Let D = diag(2,3,—1). Compute D*.
1 2 e
If A= [0 1] , find a formula for A™ for any positive integer n.

Prove that if A and B are both invertible n x n matrices, then (AB)™! = B~1A~1.

0.8 0.3

. If the initial state is vy = L ,
0.2 0.7 0

A Markov chain has transition matrix P = [

find the state after 2 steps.

Show that if A is symmetric, then A? is also symmetric.

3.8.3 Challenge Problems

17.

18.

19.

20.

21.

22.

23.

Prove that if A is invertible and AB = AC, then B = C. Does this hold if A is not
invertible?

Find all 2 x 2 matrices A such that A? = I.

Prove that the transpose of an upper triangular matrix is lower triangular.

Let A be an n x n matrix. Prove that A 4+ AT is always symmetric.

Find a 3 x 3 matrix A (other than I) such that A*> = A (called an idempotent matrix).

Prove that if A is an invertible matrix, then (A")~! = (A~!)" for any positive integer
n.

A matrix A is called skew-symmetric if AT = —A.
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(a) Show that the diagonal entries of a skew-symmetric matrix must be zero.
(b) Prove that any square matrix A can be written as the sum of a symmetric ma-

trix and a skew-symmetric matrix.

24. Consider the adjacency matrix of a graph A. Prove that (A*);; equals the number of
paths of length k& from vertex ¢ to vertex j.
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Determinants

“‘In mathematics, the art of proposing a question must be held of
higher value than solving it.”

— Georg Cantor

Every square matrix has associated with it a single number called its determinant.
This seemingly simple number encodes remarkable information: whether the matrix is
invertible, how it scales areas and volumes, and what its eigenvalues are. The determi-
nant is one of the most elegant concepts in linear algebra, connecting geometry, algebra,
and computation. From solving systems of equations (Cramer’s rule) to understanding
how transformations distort space, determinants provide both theoretical insights and
practical tools. In this chapter, we’ll explore what determinants are, how to compute
them efficiently, and why they matter.

4.1 Introduction to Determinants

4.1.1 Determinants of 2 x 2 Matrices

We begin with the simplest non-trivial case: 2 x 2 matrices.

Definition: Determinant of a 2x2 Matrix

For a 2 x 2 matrix A = la 5

d]’ the determinant of A is:
c

det(A) = |A| = ad — be

We use the notation det(A) or |A| or it
¢

- J

ab’

64
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31
Example 4.1.1. Computing 2 x 2 Determinants Compute the determinant of A = [2 4}.

Solution:
det(A) = (3)(4) — (1)(2) =12—-2=10

4.1.2 Geometric Interpretation in 2D

The determinant has a beautiful geometric meaning!

Geometric Meaning (2D)

For a 2 x 2 matrix A = [a b]:
c d

| det(A)| equals the area of the parallelogram formed by the column vectors [a] and
c
b
4l
The sign of det(A) indicates orientation:
o det(A) > 0: vectors maintain orientation (counterclockwise)

o det(A) < 0: vectors reverse orientation (clockwise)

o det(A) = 0: vectors are collinear (parallelogram is flat)

red=[3-2—1-1]=5

L [3]

_ | z
oy

Figure 4.1: Determinant as area of parallelogram

Example 4.1.2. Area Calculation Find the area of the parallelogram with adjacent sides

. 3 . 1
U] = L] and Uy = l2]

Solution:
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Form the matriz with these vectors as columns:
Ao l3 1]
1 2
Area = |det(A)] =|(3)(2) — (1)(1)|=1[6 -1 =5

4.1.3 Connection to Invertibility

The determinant immediately tells us whether a matrix is invertible!

Invertibility Test

A square matrix A is invertible if and only if det(A) # 0.

Why? If det(A) = 0, the columns are linearly dependent (geometrically: they’re collinear
or coplanar), so the matrix maps all of space onto a lower-dimensional subspace. This
transformation cannot be reversed.

2
Example 4.1.3. Testing Invertibility Determine if A = L

;l] 1s invertible.

Solution:
det(A) =(2)(2) —(4)(1)=4—-4=0

Since det(A) = 0, the matriz is not invertible (singular).

Notice: the second column is exactly twice the first column, confirming linear dependence.

4.2 Computing Determinants

For matrices larger than 2 x 2, we need systematic methods.

4.2.1 Determinant of 3 x 3 Matrices
Formula: 3x3 Determinant

a1; Qa2 i3
For A = A91 Q22 A23|:

azyp asz g3

Q22 A23 a21 A23 Q21 Q22

det(A) = a1y — a2 + a13

32 Aa33 @31 ass a3; a3z
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LThis is called cofactor expansion along the first row. J

The pattern: multiply each entry in the first row by the determinant of the 2 x 2 matrix
that remains after deleting that entry’s row and column, alternating signs.

Example 4.2.1. Computing a 3 x 3 Determinant Compute det(A) where A =

Tt O N
(NI
—_ = W

Solution:

FExpand along the first row:

2 1 o 1

4 1 1 4
det(A):2| |—1|O |+3|g 2'

Compute each 2 x 2 determinant:

OO Ot O N o

[ I N e

Therefore:
det(A) =2(2) — 1(=5) +3(—20) =4+ 5 — 60 = =51

4.2.2 Cofactor Expansion (Laplace Expansion)

We can expand along any row or column, not just the first row!

Definition: Minor and Cofactor

For an n x n matrix A:

Minor M;;: The determinant of the (n — 1) x (n — 1) matrix obtained by deleting row 4
and column j.

Cofactor Cj;: The signed minor: Cj; = (—1)"7 M;;
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The sign pattern for cofactors follows a checkerboard:

Cofactor Expansion Formula

The determinant of A can be computed by expanding along row :
det(A) =Y a;;Cij = aiaCit + a2Cia + - - - + 4inCiny
j=1

Or by expanding along column j:

det(A) = Z CLZ']'CU = ale’lj + (lngQj S oo Sk anjC'nj

i=1

Strategy: Choose Wisely!

Expand along the row or column with the most zeros to minimize computation. Each
zero entry contributes nothing to the sum!

Example 4.2.2. Strategic Cofactor Expansion Compute det(A) where A =

Tl
o o o
S TN

Solution:

Notice column 2 has two zeros! Fxpand along column 2:

det(A) = a12C12 + a2 Cax + a32Cs)
Since a1 = 0 and ag = 0:
det(A) =0- 012 +0- 022 +6- 032 = 6032

Compute Czy = (—1)372 M3y

M= )= 00 - 2 = -2
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Oy = (—1)’(=2) = —(-2) =2

Therefore:
det(A) =6(2) =12

Much faster than expanding along the first row!

4.2.3 Determinants of Triangular Matrices

Triangular matrices have a wonderful property:

Determinant of Triangular Matrix

If A is upper triangular or lower triangular, then:

det(A) = Q11 * A2 - A33 " * " Qpp

The determinant is simply the product of the diagonal entries!
-

2 3 15

. . . 0 -1 4 2

Example 4.2.3. Triangular Matriz Determinant Compute det(A) where A = 000 37
0 0 0 2

Solution:

A is upper triangular, so:

det(4) = (2)(~1)(3)(2) = 12

That’s it! No cofactor expansion needed.

Special Case: Diagonal Matrices

For a diagonal matrix D = diag(dy,ds, ..., d,):

det(D) = d1 o dgdn

In particular, det(I) = 1 (identity matrix).
g J

4.2.4 Row Operations and Determinants

Row operations affect determinants in predictable ways:
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Effect of Row Operations on Determinants

Let A’ be the matrix obtained from A by a row operation:

1. Row interchange: det(A’) = —det(A)
2. Row scaling: If row ¢ is multiplied by ¢, then det(A’) = ¢ - det(A)

3. Row replacement: If a multiple of one row is added to another, then det(A’) =
det(A)

-
.

This gives us an efficient algorithm for computing determinants!

Algorithm: Determinant by Row Reduction

To compute det(A):
1. Use row operations to reduce A to row echelon form (or triangular form)
2. Track how each operation affects the determinant
3. The determinant of the triangular form is the product of diagonal entries

4. Adjust for the row operations used

. J
1 2 3
Example 4.2.4. Determinant by Row Reduction Compute det(A) where A= |2 5 7
3 5 3

Solution:

Perform Ry — 2Ry

12 3
A1 =101 1 s det(A1> = det(A)
35 3
Perform Rs — 3Ry
1 2 3
Ay=10 1 1|, det(Ay)=det(A)
0 -1 —6

Perform R3 + Ry:

1|, det(As)=det(A)
-5

S =N
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Now Az is upper triangular:
det(As) = (1)(1)(=5) = =5

Therefore, det(A) = —5.

4.3 Properties and Applications of Determinants

Determinants satisfy many elegant algebraic properties.

4.3.1 Fundamental Properties

Key Properties of Determinants

For n x n matrices A and B:
1. Identity: det(/) =1
2. Transpose: det(AT) = det(A)
3. Product: det(AB) = det(A) - det(B)
4. Inverse: If A is invertible, det(A™') = m

5. Scalar multiple: det(cA) = ¢" det(A) for n x n matrix A

6. Zero row/column: If A has a row or column of zeros, det(A) =0

7. Identical rows/columns: If two rows (or columns) are identical, det(A) = 0
. _/

Example 4.3.1. Using Properties Let A be a 3 X 3 matriz with det(A) = 5. Find:
(a) det(2A)
(b) det(A™1)
(c) det(AT)
(d) det(A?)
Solution:

(a) det(2A) = 23 det(A) =8 -5 = 40

(b) det(A™") = 5y = 5
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(c) det(AT) = det(A) =5
(d) det(A?) = det(A - A) = det(A) - det(A) =55 =25

Common Mistake: Sum of Determinants
In general, det(A + B) # det(A) + det(B)!

The determinant is not linear in this sense. Only the product property holds.

4.3.2 Determinant Product Rule: Proof Sketch

Why does det(AB) = det(A) - det(B)?

Geometric intuition:
o A scales volumes by factor | det(A)|
B scales volumes by factor | det(B)]
« Applying both transformations scales volumes by |det(A)| - | det(B)|

o Therefore, det(AB) = det(A) - det(B)

This property is crucial: it means determinants respect composition of linear transforma-
tions!

4.3.3 Determinant and Volume in Higher Dimensions

The geometric interpretation extends to higher dimensions:

Geometric Meaning (General)

For an n x n matrix A:
| det(A)| equals the n-dimensional volume of the parallelepiped formed by the column
vectors.

e 2D: area of parallelogram

e 3D: volume of parallelepiped

e 4D and beyond: hypervolume
- J

Example 4.3.2. Volume in 3D Find the volume of the parallelepiped with edges:

— — —

1 1 1
v = 0, Vg = 2, V3 = 2
0 0 3
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Solution:

Form the matriz with these vectors as columns:

This is upper triangular!
det(A) = (1)(2)(3) =6

Volume = |det(A)| = 6 cubic units

4.3.4 Cramer’s Rule

Determinants give an explicit formula for solving systems—though it’s not computation-
ally efficient for large systems.

Cramer’s Rule

Consider the system Ax = b where A is n x n and invertible.

The solution is:

YT et (A)

where A; is the matrix obtained by replacing column 7 of A with b.
- J

Example 4.3.3. Solving with Cramer’s Rule Solve using Cramer’s rule:

20+y =5
r+3y="7

Solution:

The system is AT = b where:

Compute det(A):
det(4) = (2)(3) - (1

~—
—~
Ju—
~—
I
Ot

For x, replace column 1 with b:
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Computational Note

Cramer’s rule is elegant theoretically but inefficient computationally. For an n x n system,
it requires computing n + 1 determinants. Gaussian elimination is much faster for large
systems!

4.3.5 The Adjugate Matrix and Inverse Formula
Determinants provide an explicit formula for matrix inverses.

Definition: Adjugate Matrix

The adjugate (or classical adjoint) of A, denoted adj(A), is the transpose of the
cofactor matrix:

adj(A) = [Cy;]"

where Cj; are the cofactors of A.
N J

Inverse Formula Using Determinants

If A is invertible:

1 2
Example 4.3.4. Finding Inverse Using Adjugate Find the inverse of A = [3 41 using the

adjugate.
Solution:

First, det(A) = (1)(4) — (2)(3) = =2 # 0, so A is invertible.
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Compute cofactors:

Cp=(-1D)""4)=4
Cra = (=1)'"2(3) = =3
Co = (—1)**1(2) = -2
Copo = (—1)*2(1) =1
Cofactor matriz:
4 =3
=% ]
Adjugate:
4 =2
A)=CT =
adj(A) = C [_3 ) ]
Inverse:

Verify: AA™ = Ll)) ﬂ [_32 11] = ll O] v
2 2

4.4 Applications of Determinants

Determinants appear throughout mathematics and its applications.

4.4.1 Area and Volume Calculations

We've seen that determinants compute areas and volumes. This is useful in:
1. Calculus: Change of Variables

In multivariable calculus, when changing variables in integration, the Jacobian determi-
nant appears:

|| fayydwdy = [ flu(s.t),v(s. 1) det(J)] ds s

where J is the Jacobian matrix of partial derivatives.
2. Computer Graphics

Determinants help compute areas for:

o Culling back-facing polygons
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o Point-in-polygon tests

« Computing triangle areas for texture mapping

4.4.2 Linear Independence

Determinant Test for Linear Independence

Vectors vy, Us, ..., U, in R™ are linearly independent if and only if the determinant of
the matrix with these vectors as columns (or rows) is nonzero.

1 4 7
Example 4.4.1. Testing Linear Independence Are the vectors v7 = |2|, U5 = |5, U3 = |8
3 6 9

linearly independent?
Solution:

Form the matriz:

1 47
A=12 5 8
3 69
Compute det(A) by row reduction:
R2 — 2R1, R3 — 3R1
1 4 7
0 -3 —6
0 —6 —12
R3 - 2R2 N
1 4 7
0 -3 —6
0 0 0

The last row is all zeros, so det(A) = 0.
Therefore, the vectors are linearly dependent.

([77, fCLCt, 175 = 2’[72 — ?71)

4.4.3 Eigenvalues (Preview)

In Chapter 7, we’ll see that eigenvalues A\ of a matrix A satisfy:

det(A — AT) =0
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This is called the characteristic equation. The determinant is essential for finding eigen-
values!

4.4.4 Differential Equations

In systems of differential equations, the Wronskian determinant tests whether solutions are
linearly independent.

For functions fi(t), fa(t), ..., fu(t), the Wronskian is:

fi®) fa(t) - fu(D)
L) - f)

0@ 80 1w

If W(t) # 0 at some point, the functions are linearly independent.

4.5 Chapter Summary

In this chapter, we explored the determinant—a powerful scalar invariant of square matri-
ces:

« Geometric meaning: Determinants measure signed area/volume scaling

« Invertibility: A is invertible < det(A) # 0

o Computation: Cofactor expansion, or more efficiently, row reduction

+ Properties: det(AB) = det(A) det(B), det(AT) = det(A), det(A™!) = 1/det(A)
« Applications: Cramer’s rule, area/volume, linear independence, eigenvalues

« Row operations: Predictable effects on determinant values

Looking Ahead

In Chapter 5, we’ll formalize the concept of vector spaces—abstract structures that

generalize R". We'll study bases, dimensions, and subspaces, building the theoretical

framework that underlies all of linear algebra. The determinant will reappear when we
discuss bases and dimension!
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4.6 Practice Problems

4.6.1 Basic Problems

1. Compute the determinants:

4
2. Find the area of the parallelogram with adjacent sides v; = L] and U =

5

3. Determine if the matrix A = lz

1401 is invertible.

4. Compute det(A) using cofactor expansion along the first row:

1 2 3

A=10 4 5

0 06
2 0 0
5. Find det(A) where A= |0 -3 0].
0 0 5

6. Compute using cofactor expansion (choose strategically):

1
3
)

o =~ O
N O N

7. Let det(A) = 3 for a 3 x 3 matrix A. Find:
(a) det(2A4)
(b) det(A™1)
(c) det(AT)

)
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8.

Use row operations to compute:

— o =
W Ut N
o I -

4.6.2 Intermediate Problems

9.

10.

11.

12.

13.

14.

Solve using Cramer’s rule:

r+2y="7
r+4y =5

Compute the determinant:

S O O N
]

S W NN W

N Ot =

Find the volume of the parallelepiped with edges:

—

1 0
U1 2 ) Vg = 1 ) U3 = 0
0 3

If det(A) = 2 and det(B) = —3, find:

(a) det(AB)
(b) det(A?B~1)

(c) det(3A) (where A is 3 x 3)

Determine if the vectors are linearly independent:

1 2
SR
1 0 2

2 1
Find the inverse of A = [5 3] using the adjugate formula.
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15. For what value(s) of k is the matrix singular?
. k2
3 k
16. Prove that if A is a 2 x 2 matrix with det(A) = 1, then det(A!%) = 1.

4.6.3 Challenge Problems
17. Prove that det(AT) = det(A) for any square matrix A.
18. Show that if A has a row of zeros, then det(A) = 0.
19. Prove that det(AB) = det(A) det(B) for 2 x 2 matrices by direct calculation.

20. Compute the determinant:

=~ W N
i G V)
O~ R W
W N

21. A matrix A is called orthogonal if ATA = I. Prove that if A is orthogonal, then
det(A) = £1.

22. Find all 2 x 2 matrices A such that det(A + I) = det(A) + det(I).

23. The determinant can be defined recursively. Prove that for an n x n matrix:
det(A) = ZCLUOU
j=1

is independent of which row or column is chosen for expansion (this is non-trivial!).

24. Compute the determinant:

11 1 1
1 2 3 4
1 3 6 10
1 4 10 20
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Vector Spaces

“‘The essence of mathematics lies in its freedom.”

— Georg Cantor

So far, we’'ve worked primarily with vectors in R"—arrows with numerical components
that we can add and scale. But the algebraic properties of vectors are shared by many
other mathematical objects: polynomials, matrices, functions, and even solutions to
differential equations. In this chapter, we’ll abstract the essential properties of vectors
to define vector spaces—algebraic structures that capture the essence of "vector-like"
behavior. This abstraction is powerful: theorems we prove about abstract vector spaces
apply simultaneously to geometry, algebra, calculus, and beyond. We’ll explore sub-
spaces, linear independence, bases, and dimension—foundational concepts that unify

much of linear algebra.

5.1 Introduction to Vector Spaces

5.1.1 Motivation: Beyond R"

Consider these mathematical objects:

1. Polynomials: p(x) = 22? + 3z — 1 and ¢(x) = 2* — x + 4
We can add them: (p+ q)(z) = 32* + 2z + 3

We can scale them: (5p)(z) = 102% + 152 — 5

2. Matrices: A = L2 and B = > 0
3 4 7 8

o 1

We can add them: A+ B =
10 12

81
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We can scale them: 34 = [9 ]

3. Functions: f(z) = sin(x) and g(z) = cos(z)
We can add them: (f + g)(z) = sin(z) + cos(x)
We can scale them: (2f)(z) = 2 sm(:c)

All these objects behave like vectors! They satisfy the same algebraic rules. This observa-
tion leads us to the concept of a vector space.

5.1.2 Definition of a Vector Space
A vector space is a set V' together with two operations:
e Addition: ©u+v €V forall u,v €V
e Scalar multiplication: cv € V forallce R, v eV

that satisfy the following axioms for all «, ¥, W € V and scalars ¢, d € R:
Addition axioms:

1. Closure: i +v €V
2. Commutativity: @+ 7 =7+ 4

3. Associativity: (4 + ¢) + @ = 4 + (U + W)

4. Zero vector: There exists 0 € V such that 74+ 0 = ¢

Il
I

5. Additive inverse: For each ¢ € V, there exists — € V' such that v + (—7)
Scalar multiplication axioms:

6. Closure: cv € V

7. Distributivity: c¢(d + v) = ct + ¢V

8. Distributivity: (¢ + d)v = cv + dv

9. Associativity: ¢(dv) = (cd)v

10. Identity: 1v = v

Elements of V' are called vectors, even if they’re not geometric arrows!
- J
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The power of abstraction: Any theorem we prove using only these axioms applies to all

vector spaces—whether we’re working with arrows, polynomials, matrices, or functions.
We prove it once, use it everywhere!

5.1.3 Examples of Vector Spaces

Example 5.1.1. R The set of all n-tuples of real numbers with standard addition and
scalar multiplication:
U+ U= (ug + vy, Uy + Vo, ..., Up + Vp)

et = (cvy, cug, . .., Ccuy)
This is the prototypical vector space we’ve been using all along!

Example 5.1.2. M,,,: Matrices The set of all m x n matrices with matriz addition and
scalar multiplication is a vector space.

The zero vector is the m X n zero matriz.

Dimension: M, has dimension mn (we’ll formalize this soon).

Example 5.1.3. P,: Polynomials The set of all polynomials of degree at most n:

P, = {ag+ a1z + asx® + - + apz™ : a; € R}

Addition: (p + q)(z) = p(x) + q(z)
Scalar multiplication: (cp)(x) = ¢ - p(x)
Zero vector: The zero polynomial p(x) = 0

This is a vector space! (We’ll verify the azioms below.)

Example 5.1.4. Cla,b]: Continuous Functions The set of all continuous real-valued func-
tions on interval [a,b] with:

Addition: (f + g)(z) = f(z) + g(x)
Scalar multiplication: (cf)(x) =c- f(x)
Zero vector: The zero function f(x) =0 for all x

This is an infinite-dimensional vector space!

5.1.4 Verifying Vector Space Axioms

Let’s verify that P, (polynomials of degree < 2) is a vector space.
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Example 5.1.5. Verifying P; is a Vector Space Let p(z) = ag + a1x + axx?® and q(z) =
bo + bll’ + b2$2.

Addition:
(p + Q)@) = (ao + bo) + (CL1 + b1)$ + (CLQ + bQ):E2
This is still a polynomial of degree < 2, so closure holds. v

Commutativity:
(p+q)(x) = (a0+bo)+ (a1 +b1)x+ (az+bs)z” = (bo+ag) + (b1 +ar)z+ (bo+az)z” = (q+p)(z)

v
Zero vector: The zero polynomial 0(x) = 0 satisfies p(z) + 0(z) = p(z). v

Scalar multiplication:
(ep)(z) = c(ag + a1z + asx?) = cag + carx + casx?

Still degree < 2. v

The other axioms follow from properties of real numbers. Therefore, Py is a vector space.

5.1.5 Non-Examples

Not every set with addition and scaling is a vector space!

Example 5.1.6. Non-Ezxample: Positive Real Numbers Let V = {x € R : x > 0} with
standard addition and multiplication.

This is not a vector space because it fails closure under addition: If 4 =2 and v = 3, then
u+v=5¢eV Vv

But there’s no zero vector! We’d need 0 with ¥ + 0 = @, meaning 0 = 0. But 0 ¢ V (not
positive).

Fails axiom 4. x

Example 5.1.7. Non-Ezample: First Quadrant Let V = {(x,y) : x > 0,y > 0} in R

This is not a vector space because scalar multiplication can take us outside V :

Ifv=(1,1) €V and c = —1, then cv = (—1,—1) ¢ V.

Fails closure under scalar multiplication. X

5.2 Subspaces

Often we want to study vector spaces that live inside larger vector spaces.
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5.2.1 Definition and Examples

Definition: Subspace

A subset W of a vector space V is called a subspace of V if W is itself a vector space
under the same operations (addition and scalar multiplication inherited from V).
Equivalently, W is a subspace if:

1. 0 € W (contains the zero vector)

2. i+ ve W forall 4,0 € W (closed under addition)

3. cv e W for all c € R, ¥ € W (closed under scalar multiplication)
. J

Subspace Test

To verify W is a subspace, you only need to check these three conditions! The other
axioms are automatically inherited from V.

Example 5.2.1. Subspaces of R® 1. Lines through the origin:
W = {tv:t € R} for some fired T # 0

This is a subspace:

0=00eW v

[ ]
=
<)

1= tlﬁ and 712 = tgﬁ, then 171 +’LT2 = (tl +t2)’l7€ W v

o Ifu=1U, thenci= (ct)ve W v

2. Planes through the origin:

W = {st) + tth : s,t € R} for fized vy, Uy
This is a subspace (verification similar).
3. All of R? itself

Trivially a subspace.

4. The zero subspace {0}

Contains only the zero vector. This is the smallest subspace.

Geometric Insight

Subspaces of R3 are:

« {0} (the origin)

e Lines through the origin
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o Planes through the origin

o All of R3

Key: Subspaces must pass through the origin!
g J

Example 5.2.2. Subspace of Polynomials Let W = {p(z) € Ps : p(0) = 0} (polynomials
with no constant term).

Is W a subspace of P3?
Check:

1. Zero vector: The zero polynomial satisfies 0(0) =0, so 0 € W v

2. Closure under addition: If p(0) = 0 and q(0) = 0, then (p + ¢q)(0) = p(0) + ¢(0) =
0+0=0V

3. Closure under scaling: If p(0) =0, then (cp)(0) =c-p(0) =c-0=0 v

Yes, W is a subspace!

Explicitly: W = {a1x + as2® + aza® : a; € R}

Example 5.2.3. Non-Subspace Let W = {(z,y) € R? : x +y = 1} (a line not through the
origin,).

Is W a subspace of R??

Check: Does 0 = (0,0) € W ?

We’d need 0 + 0 = 1, which is false.

Therefore W is not a subspace. X

Geometric note: Lines not through the origin are never subspaces!

5.2.2 Operations on Subspaces

Definition: Intersection and Sum

If U and W are subspaces of V:

Intersection: UNW ={veV:ve€U and v € W}
Sum: U+ W ={u+d:ueUweW}

Theorem: Subspace Properties

o The intersection U N W is always a subspace

e The sum U + W is always a subspace
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L e The union U U W is generally not a subspace J

Example 5.2.4. Intersection of Subspaces Let U be the xy-plane in R3: U = {(z,y,0) :
z,y € R}

Let W be the xz-plane: W = {(z,0,z) : z,z € R}

Then UNW is the z-axis: UNW = {(z,0,0) : x € R}

This is a subspace (a line through the origin). v’

5.3 Linear Independence

Which vectors are "essential" for describing a vector space?

5.3.1 Definition and Intuition

Definition: Linear Independence

Vectors U7, s, . .., U} in a vector space V are linearly independent if the only solution
to
61271—|—62272+“‘+Ck17k:6

is the trivial solution ¢; = ¢y = --- =¢;, = 0.

If there exists a nontrivial solution (some ¢; # 0), the vectors are linearly dependent.
\ /

Intuition: Vectors are linearly independent if none can be expressed as a combination of
the others. They’re all "essential"—removing any one reduces what we can represent.

1 0 0
Example 5.3.1. Independent Vectors in R Are v, = |0, vo = |1|, T3 = |0]| linearly
0 0 1
independent?
Solution:

Consider c1U7 + caUs + ¢33 = 0:

1 0 0 0
C1 0 +02 1 +63 0l =10
0 0 1 0
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This gives:
&1

C3

So ¢1 = co = c3 = 0 is the only solution.
The vectors are linearly independent. v

These are the standard basis vectors!

1 2
Example 5.3.2. Dependent Vectors Are vy = [2] , Uy = LJ linearly independent?

e i) -}

Notice U5 = 27, so we can choose ¢ = 2,¢co = —1:

2l =]~ [}

Since there’s a nontrivial solution, the vectors are linearly dependent. x

Solution:

Consider ¢t + cotip = 0:

5.3.2 Testing for Linear Independence

For vectors in R", we can use matrices:

Matrix Method for Testing Independence

To test if vectors 7, ..., v, in R™ are linearly independent:

1. Form the matrix A = [0} ¥y --- U] with vectors as columns
2. Row-reduce to find solutions to AZ = 0

3. Linearly independent < only trivial solution < all variables are leading variables

If k = n (square matrix), can also check: independent < det(A) # 0
(& J
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1 4
Example 5.3.3. Testing Independence with Matrices Determine if v1 = |2, o = |5/,
3 6
7
v3 = |8| are linearly independent.
9
Solution:

Form the matriz:

A:

[SpRNNGL G

7
8
9

W N =

From Chapter 4, we know det(A) =0 (we computed this!).
Since the determinant is zero, the vectors are linearly dependent. x

In fact, ?73 = 2’172 — '171.

5.3.3 Properties of Linear Independence

Important Facts

1. A set containing the zero vector is always linearly dependent
2. A set with just one nonzero vector is linearly independent

3. Two vectors are linearly dependent if and only if one is a scalar multiple of the
other

4. Any subset of a linearly independent set is linearly independent

5. Any superset of a linearly dependent set is linearly dependent

6. In R™, any set of more than n vectors is linearly dependent

Common Mistake

Linear independence is about the set of vectors, not individual vectors. It’s a relation-
ship among all the vectors together. One vector alone can’t be "independent'—it’s the
set {7} that’s independent (if & # 0).
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5.4 Span and Basis

5.4.1 Span of a Set of Vectors

Definition: Span

The span of vectors 7, Vs, ..., U} is the set of all linear combinations:
Span{th, Uy, ..., Uk} = {10 + Vs + - - - + Uk : ¢; € R}

The span is the "space" generated by these vectors—everything you can reach by com-

bining them.
N

Key Theorem

Span{v, ..., U} is always a subspace of V.
1
Example 5.4.1. Span in R®* What is Span{ |0, [1] ¢ ?
0
Solution:
Any linear combination is:
1 0 C1
C1 o + Co 1| = Co
0 0 0

This is the xy-plane! Span{vy,va} = zy-plane.

Example 5.4.2. Span of Polynomials What is Span{1,z,z*} in the space of polynomials?
Solution:

Any linear combination is:

c1-l4co-x+es 22 =c + cox + c3x?

This is exactly P,, all polynomials of degree at most 2.

So Span{l,x,2?} = P;.
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5.4.2 Spanning Sets

Definition: Spanning Set

A set of vectors {t1,...,7)} spans a vector space V if every vector in V' can be written

as a linear combination of 1, ..., U.
That is: V = Span{vy,..., v}

1
Example 5.4.3. Spanning R? Does {L)] , [ﬂ} span R??
Solution:

Any vector [Z] can be written as:

Yes, these two vectors span R2. v

5.4.3 Basis

The most important spanning sets are those that are also linearly independent.

Definition: Basis

A basis for a vector space V is a set of vectors that:
1. Spans V' (every vector in V is a linear combination)

2. Is linearly independent (no redundancy)

A basis is a "minimal spanning set" or a "maximal independent set."
\ J

Why Bases Matter

A basis gives us a coordinate system for the vector space. Every vector can be
uniquely expressed in terms of the basis vectors. Bases are the vector space analog of
axes in geometry!

Example 5.4.4. Standard Basis for R The standard basis for R? is:
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a
Spans: Any |b| = a€y + béy + ce3 v
c
Independent: Only 0¢; + Oey + Oes = 0v
This is a basis!
Example 5.4.5. Standard Basis for P, The standard basis for Py is {1,x,x}.
Any p(z) = ag + a1z + asx®> = ag- 1 +ay - x + ay - 2
These are independent: if co-1+ci-x+co-2% =0 (the zero polynomial), then ¢y = ¢; = ¢y = 0.

1

1
Example 5.4.6. Alternative Basis for R? Is {L] , [ 11} a basis for R??

Check independence: c; [ﬂ + co [ 11] = [81

This gives: ¢1 +co =0 and ¢y —ca =0, so ¢; = ¢co = 0. Independent! v

1

Check spanning: Can we write [Z] =0 [1] + ¢ [ 111 ?

This gives: ¢ + co = a and ¢y — ¢y = b.

_ a+b Cy = a—b'

Solving: ¢, = 57, co = %5

For any a,b, we can find c¢1,cy. Spans! v

Yes, this is a basis for R%. It’s just a different coordinate system!

5.4.4 Coordinates Relative to a Basis

Definition: Coordinate Vector

If B={v,...,0,} is a basis for V, and
U=t + U+ + Uy

then the coordinate vector of ¢ relative to B is:

1
. C2
W= | .
Cn
The coefficients ¢y, . .., ¢, are the coordinates of ¥’ in basis B.
\ J/

1 1
Example 5.4.7. Finding Coordinates Let B = {L] , [ 1]} be a basis for R2.



5.5 Dimension 93

Find [V]g where U = 3].

Solution:
1

3 ] 1
We need: L] =0 L_ + ¢ l_J

This gives: ¢ +co =3 and ¢ — co = 1.

Solving: ¢; = 2, c3 = 1.

Therefore:
S 2

In the standard basis, v = [ﬂ In basis B, it’s ﬁ]

5.5 Dimension

5.5.1 The Dimension Theorem

A remarkable fact: all bases for a given vector space have the same number of vectors!

Theorem: Unique Dimension

If V is a vector space with a finite basis, then all bases for V' have the same number of
elements.

This number is called the dimension of V', denoted dim (V).
. J

Why This Matters

Dimension is an intrinsic property of the space itself, not dependent on which basis

we choose. It measures the "degrees of freedom" in the space—how many independent

L directions exist.

-

Example 5.5.1. Dimensions of Common Spaces

o dim(R"™) =n (basis: n standard vectors)

o dim(P,) =n+1 (basis: {1,z,2% ...,2"})

o dim(M,,,) = mn (basis: matrices with single 1, rest 0s)
o dim({0}) = 0 (empty set is basis)

o dim(C[a,b]) = oo (infinite-dimensional!)
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5.5.2 Finding a Basis and Dimension

Example 5.5.2. Basis for a Subspace Find a basis for W = {(z,y,z) € R®: 42y —2 = 0}.
Solution:

This is a plane through the origin (a subspace).

Solve for one variable: z = x + 2y

SO <x7y7 Z) = (ffay»ff + Qy) = 55(1,0, 1) +y<07 1a2)

1 0
FEvery vector in W is a combination of v; = |0| and v, = |1].
1 2
These are linearly independent (not scalar multiples).
1] 1|0
Basis: 0f, 11
1] |2

Dimension: dim(W) = 2

Geometric interpretation: W is a 2-dimensional plane in 3-dimensional space.

5.5.3 Dimension and Linear Independence/Spanning

Important Theorems

Let V be a vector space with dim(V') = n.

1. Any set of n linearly independent vectors in V' is a basis
2. Any set of n vectors that spans V' is a basis

3. Any linearly independent set can be extended to a basis
4. Any spanning set contains a basis

5. Any set of more than n vectors is linearly dependent

6. Any set of fewer than n vectors does not span V

- J
1 1 1

Example 5.5.3. Using Dimension In R3, is { |0|, |1, |1 a basis?
0 1

Solution:

Since dim(R3) = 3 and we have 3 vectors, we only need to check either independence or
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spanning (not both!).

Check independence using determinant:

det

o O =

11
1 1| =140
01

Independent! Since we have 3 independent vectors in a 3-dimensional space, this is auto-
matically a basis. v

5.6 Column Space, Row Space, and Null Space

For matrices, several important subspaces arise naturally.

5.6.1 Column Space

Definition: Column Space

For an m x n matrix A, the column space Col(A) is the span of the column vectors of

A.
Col(A) is a subspace of R™.
The rank of A is rank(A) = dim(Col(A)) = number of pivot columns.

S = DN
~N Ot W

1
Example 5.6.1. Finding Column Space Find a basis for the column space of A = |2
3

Solution:

Row reduce to identify pivot columns:

Pivots in columns 1 and 3.

A basis for Col(A) consists of the pivot columns from the original matriz:

1 3
Basis: 21,15
3 7
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rank(A) = 2

5.6.2 Null Space

Definition: Null Space

For an m x n matrix A, the null space Nul(A) is the set of all solutions to AZ = 0:
Nul(A) = {Z € R" : A7 = 0}

Nul(A) is a subspace of R".
The nullity of A is nullity(A) = dim(Nul(A)) = number of free variables.
.

1 2
Example 5.6.2. Finding Null Space Find a basis for the null space of A = l 3] .

2 46

Solution:

Solve AT = 0:

Row reduce:

1 2 3

0 0O
This gives: x1 + 2x9 + 3x3 =0, so 1 = —2x9 — 313

Free variables: xo, x3

General solution:

—2372 - 3ZE3 —2 -3
T = ) = X2 1 + x3 0
T3 0 1
-2 -3
Basis: 11,10
0 1

nullity(A) = 2
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5.6.3 Rank-Nullity Theorem

Rank-Nullity Theorem

For an m x n matrix A:
rank(A) + nullity(A) = n

That is: (number of pivot columns) + (number of free variables) = (total columns)

This is one of the fundamental theorems of linear algebral!

5.7 Chapter Summary

In this chapter, we developed the abstract theory of vector spaces:

» Vector spaces are sets with addition and scalar multiplication satisfying 10 axioms
« Subspaces are vector spaces within vector spaces (must contain 6)

e Linear independence: No vector is a combination of the others

e Span: All possible linear combinations of a set of vectors

o Basis: A linearly independent spanning set—a coordinate system

« Dimension: The number of vectors in any basis (intrinsic to the space)

o Column space, null space: Important subspaces associated with matrices

o Rank-Nullity Theorem: Relates dimensions of column space and null space

Looking Ahead

In Chapter 6, we’ll study linear transformations—functions between vector spaces that
preserve the vector space structure. We’ll see how matrices represent linear transforma-

tions and how bases affect this representation. The abstract theory we’ve developed will

become concrete and computational!

5.8 Practice Problems

5.8.1 Basic Problems

1. Determine if W = {(x,4,0) : z,y € R} is a subspace of R3.
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Vector Spaces

Is W= {(x,y) € R?: zy = 0} a subspace of R*?

Determine if the vectors are linearly independent:
1 3
217 |6
1

Find Span< |0|, [1| ¢ and describe it geometrically.
1

Determine if {1, z, 2%} is a basis for P;.

Find the dimension of Msy3 (the space of 2 X 3 matrices).

1 1
Is < [1],]0]|,|1] ¢ a basis for R3?
1

Find a basis for the null space of A = [1 2 3] .

000

5.8.2 Intermediate Problems

9.

10.

11.

12.

13.

14.

Find a basis for W = {(z,y,z,w) € R* 1 2 +y = 0,2 —w = 0}.

1 14 |71 |1
Determine if ¢ (2|, [5], [8]|, |0]| ¢ is linearly independent.
3 6] (9] |1

Let B = {El : 5 } be a basis for R?. Find [0]z where 7 = l71

5] 16

Find a basis for the column space of:

1
A= 12
1

W = N
D
oo

Verify the Rank-Nullity Theorem for A = Lll i 2] :

Find a basis for P, consisting of polynomials that all satisfy p(1) = 0.
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15. Extend ¢ |1], [1] ; to a basis for R3,

5.8.3 Challenge Problems

16. Prove that if {0}, Ui, U3} is linearly independent, then so is {¥}, 0; + U, U1 + Uy + U3}.
17. Let U and W be subspaces of a vector space V. Prove that U N W is also a subspace.
18. Prove that U U W is a subspace if and only if U C W or W C U.

19. If dim(V) = n and {0y, ..., 9,} spans V, prove that it’s a basis.

20. Let A be an m X n matrix. Prove that rank(A) = rank(A7T).

21. Find the dimension of the subspace of Mj3.3 consisting of all symmetric matrices.

22. Prove the Rank-Nullity Theorem: If A is m x n, then rank(A) + nullity(A) = n.

23. Let V' be the vector space of all polynomials. Show that V is infinite-dimensional.
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Linear Transformations

“‘Mathematics is the art of reducing any problem to linear alge-

”»

bra.
— William Stein

Functions are everywhere in mathematics—they describe how one quantity depends on
another. In linear algebra, we study a special class of functions called linear trans-
formations: functions between vector spaces that preserve the vector space structure.
These transformations include rotations, reflections, projections, and many other ge-
ometric operations. The remarkable connection: every linear transformation can be
represented by a matrix, and conversely, every matrix defines a linear transformation.
This chapter bridges abstract vector spaces with concrete matrix computations, showing
how geometry, algebra, and analysis unite in the theory of linear transformations.

6.1 Introduction to Linear Transformations

6.1.1 Functions Between Vector Spaces

Recall that a function 7' : V' — W assigns to each element v € V a unique element
T(v) e W.

e V is the domain

e W is the codomain

o T(7) is the image of ¢/

The set of all images is the range of T

100
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Example 6.1.1. Functions Between Vector Spaces 1. T : R? — R? defined by T ([J;D =
Y

Bﬂ (scaling)

2. T:P,— P, defined by T'(p(z)) = p'(x) (differentiation)

T
3. T:R?>—= R defined by T | |y| | =x +vy+ 2 (projection onto a line)
z

6.1.2 Definition of Linear Transformation

Not all functions between vector spaces are linear. What makes a transformation "linear"?

Definition: Linear Transformation

A function T : 'V — W between vector spaces is a linear transformation if for all
u,v € V and all scalars ¢ € R:

1. Additivity: T'(u + v) = T'(u) + T'(?)

2. Homogeneity: T'(cv) = ¢T'(v)

These can be combined into one condition: T'(c1u + c20) = ;T (1) 4 ¢ T'(V)

.

N\

Intuition: Linearity Preserves Structure

A linear transformation preserves:
 Lines remain lines (don’t curve)
« The origin stays fixed: T(0) = 0
o Parallel lines remain parallel

« Ratios of distances along lines are preserved

Linear transformations are the "nicest" kind of function for vector spaces.
.

-

Example 6.1.2. Verifying Linearity Is T : R*? — R? defined by T ([ﬂ) = r; y} linear?
Yy x

Solution:
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Check additivity:

(el = ()
(@ @)+ ( + y2)1

2(5(]1 + ZL‘Q)

_ (21 4+ Y1 + 20 + 1o
2$1+2.CL'2

_ (1 + 1 n To + Y2
L 2]31 ZZEQ

() () <
rel]) =7 ()

_ [cm + cy]

Check homogeneity:

[
o(f) -

Both conditions hold, so T is linear.

1
Example 6.1.3. Non-Linear Transformation Is T : R? — R? defined by T ([ﬂ) = [x + 1
Y )
linear?
Solution:

Check if T(0) = 0:

((of) =5 1=l b

Since T(0) # 0, this transformation is not linear. x

Geometric interpretation: This is a translation, which shifts everything by 1 unit right.
Translations (except by zero) are not linear.
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Common Mistake: Adding Constants

Any transformation with a constant term added (like 7'(z) = 2z + 3) is not linear. Linear

transformations must map zero to zero!

6.1.3 Properties of Linear Transformations

Important Properties

If T:V — W is linear, then:

1. T(0) = 0 (zero vector maps to zero vector)
2. T(—v) = =T(V) (negatives are preserved)
3. T(u—v)=T(u) — T (V) (differences are preserved)

4. T(eth + -+ ¢y0,) = T (V) +- -+ ¢, T(¥,) (all linear combinations are preserved)
\§ J

Property 4 is crucial: a linear transformation is completely determined by what it does to
a basis!

6.2 Matrix Representation of Linear Transfor-
mations

6.2.1 The Standard Matrix

Every linear transformation from R™ to R™ can be represented by a matrix.

Theorem: Standard Matrix Representation

Let T : R®" — R™ be a linear transformation.

There exists a unique m x n matrix A such that:
T(Z) = AZ for all ¥ € R"

The matrix A is called the standard matrix for 7', and its columns are:

where €1, ..., €, are the standard basis vectors of R".
N J
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To find the matrix for a linear transformation, just see what it does to the standard

basis vectors!

Example 6.2.1. Finding the Standard Matriz Find the standard matriz for T : R? — R3

defined by:
r—Yy
(-
y 3
Solution:
Compute T(é)) and T(€):
] 1-0 1
o ([1) = i o] - |
3(0) 0
0 0-11 [-1
o ([7) = o -
3(1) 3
The standard matriz is: )
1 -1
A=12 1
0 .
r—y
Verify: A r] =|2z+4+y| vV
Y 3
Y

6.2.2 Geometric Linear Transformations in R?

Let’s explore important geometric transformations.

Example 6.2.2. Rotation Rotation counterclockwise by angle 6 about the origin has matrix:

B cosf) —sind
7 lsin® cosf

Derivation: Where do the standard basis vectors go?

. 1 cos
e = 0 rotates to

sin 6
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R 0 —sinf
€y = 1 rotates to

cos 6

Example: Rotation by 90t

o ! 2011

Example 6.2.3. Reflection Refilection across the x-axis:

0 -1
Rgor = L 0]

10
_O _1_
Reflection across the y-axis:
—1 0]
10 1

Reflection across the line y = x:
0 1
10

Example 6.2.4. Scaling Scaling by factor k:

b i

ke, 0
0 k,

Example 6.2.5. Projection Projection onto the x-azis:

b o

This "flattens” the plane onto the x-axis by setting y = 0.

Different scaling in x and y directions:

Example 6.2.6. Shear Horizontal shear (shifts points horizontally by amount proportional

toy):
1k
b
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Transforms r] to [x—kky]
Y

Y

6.2.3 Composition of Transformations

Theorem: Composition and Matrix Multiplication

If 77 : R® — R™ has matrix A and 75 : R™ — RP has matrix B, then:
The composition Ty o 77 : R™ — RP (first apply 77, then T3) has matrix BA.
That is: (T3 0 T1)(Z) = B(AZ) = (BA)Z

Why Matrix Multiplication Works This Way

Matrix multiplication is defined precisely to make composition work! The formula AB
was designed so that composing transformations corresponds to multiplying matrices.

Example 6.2.7. Composition Example Let Ty be rotation by 45¢ and T, be reflection across

| B:ll 0]
0 —1

The composition Ty o Ty (rotate then reflect) has matriz:

1 0] 2 V2 V2
BA — 2 2 | | 2 2
B e R o

V2
2 2

the z-axis.

A—

_V2
2
V2
2

V2
2
V2
2

Note: Order matters! Ty o Ty (reflect then rotate) would give AB # BA.

6.3 Kernel and Range

Just as functions have domains and ranges, linear transformations have important associ-
ated subspaces.
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6.3.1 Kernel (Null Space)

The kernel (or null space) of a linear transformation 7" : V- — W is:

ker(T) = {7 €V :T(%) =0}

The kernel is the set of all vectors that map to zero.

N\

.

Theorem: Kernel is a Subspace

ker(T") is a subspace of the domain V.

Proof: 1. T(0) =0, so 0 € ker(T) v/
2. If 4,7 € ker(T), then T'(u + v) = T'(u) + T(V) =

+0=0,s0 @+ 7€ ker(T) v
3. If 7 € ker(T) and ¢ € R, then T(ct) = ¢T'(#) = c0 =0

0
0

Example 6.3.1. Finding a Kernel Find ker(T) where T : R® — R? is given by:

T | rt+2y—=2
917 2z + 4y — 2z
z

Solution:

The standard matriz is:
1 2 —1
A —
2 4 =2

Find ker(T) by solving AZ = 0:
1 2 -1
2 4 =2
Row reduce:
1 2 -1
00 0
This gives: © +2y —z2=0, sox = —2y+ =z

Free variables: vy, z
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x —2y+z —2 1
yl| = Y =y|l]|+z
z z 0 1
—2 1
ker(T) = Spang | 1 |, |0
0 1

This is a 2-dimensional plane through the origin in R3.

6.3.2 Range (Image)

Definition: Range

The range (or image) of a linear transformation 7: V' — W is:

range(T) = {T(V): v eV} ={w e W : w = T(v) for some v € V}

The range is the set of all possible outputs.
N

(.

Theorem: Range is a Subspace

range(7") is a subspace of the codomain W.

For T : R®* — R™ with matrix A:
range(7") = Col(A)

Example 6.3.2. Finding Range Find the range of T : R3 — R? with matriz:

A_llzﬂ
2 4 6

Solution:

The range is the column space of A.

1 2 3 1 2 3
2 46 000

Row reduce to find pivot columns:

Pivot in column 1 only.
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range(T) = Span{ m }

This is a line through the origin in R2.

6.3.3 Rank-Nullity Theorem (Revisited)

Rank-Nullity Theorem for Linear Transformations

If T:V — W is a linear transformation and V is finite-dimensional, then:
dim(ker(7")) + dim(range(7")) = dim(V)

Also written as: nullity(7") 4+ rank(7") = dim(V)

-~
(.

This is the same theorem we saw for matrices, now in the language of transformations!

6.4 One-to-One and Onto Transformations

6.4.1 One-to-One (Injective)

A linear transformation 7': V' — W is one-to-one (or injective) if different inputs pro-
duce different outputs:

If T(@) = T(V), then @ = v.

Equivalently: T is one-to-one if ker(T") = {0}.

Test for One-to-One

|
-

T is one-to-one < ker(T) = {0} < T(&) = 0 has only the trivial solution
For matrix A: one-to-one < columns are linearly independent

. J
1 01

Example 6.4.1. Testing One-to-One Is T : R? — R? with matrir A= [0 1 1| one-to-
0 00

one?

Solution:

Check if ker(T) = {0} by solving AZ = 0:

The matriz is already in row echelon form with pivot in columns 1 and 2.
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Column 3 is free, so there are nontrivial solutions to AZ = 0.

Therefore, ker(T) # {0}, and T is not one-to-one. x

6.4.2 Onto (Surjective)

A linear transformation 77 : V. — W is onto (or surjective) if every element of W is
the image of some element in V:
For every @ € W, there exists ¢ € V such that T'(v) = .

Equivalently: T is onto if range(7T") = W.
N J

Test for Onto

T : R* — R™ with matrix A is onto < range(7) = R™ < rank(A) = m < every row

has a pivot
G J/
1 0
Example 6.4.2. Testing Onto Is T : R* — R3 with matriv A= [0 1| onto?
00
Solution:
For T to be onto, we need range(T) = R3.
1 0
But range(T) = Col(A) = Span< 0], |1
0 0

This is the zy-plane in R, which is only 2-dimensional.
Since range(T) # R3, T is not onto. x

Observation: A transformation from a lower-dimensional space to a higher-dimensional
space can never be onto!

6.4.3 Isomorphisms

Definition: Isomorphism

A linear transformation 7' : V' — W is an isomorphism if it is both one-to-one and
onto.

Two vector spaces are isomorphic if there exists an isomorphism between them.

Isomorphic spaces are "essentially the same"—they have the same dimension and structure,
just different labels.
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Theorem: Isomorphism and Dimension

If V and W are finite-dimensional, then V' and W are isomorphic if and only if
dim(V) = dim(W).

Example 6.4.3. Isomorphic Spaces R® and P, are isomorphic!
Define T : Py, — R? by:
ap
T(ag + a17 + asx®) = |
a2
This is an isomorphism (verify: one-to-one and onto).

Both spaces are 3-dimensional, so they have the same structure.

6.5 Applications of Linear Transformations

6.5.1 Computer Graphics

Linear transformations are fundamental in computer graphics for rendering 3D scenes.

Typical pipeline: 1. Model transformation (place objects in scene) 2. View transfor-
mation (position camera) 3. Projection transformation (create 2D image) 4. Viewport
transformation (fit to screen)

Homogeneous coordinates: To handle translations (which aren’t linear), we use 4D
vectors:

R S

Then translation by (¢,,1,,t,) becomes multiplication by:

100 t,
010 t
001 ¢
000 1

6.5.2 Differential Equations

The derivative operator D : P, — P,_; defined by D(p) = p’ is a linear transformation!
Linearity: (af +bg) = af’ + by’
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This is why superposition works in differential equations: if y; and y, are solutions, so is
C1y1 + Cay2.

6.5.3 Data Transformations
In data science, linear transformations include:
 Standardization (centering and scaling data)
 Principal Component Analysis (PCA) for dimension reduction

e Feature transformations

6.6 Chapter Summary

In this chapter, we connected abstract vector spaces with concrete matrix operations:

« Linear transformations preserve vector space structure: T7'(d + ¢) = T'(&) + T(v)
and T'(cv) = ¢T'(V)

o Every linear transformation 7' : R — R™ has a standard matrix A
o Composition of transformations corresponds to matrix multiplication
« Kernel: vectors mapping to zero (generalizes null space)

« Range: all possible outputs (generalizes column space)

« One-to-one: ker(T) = {0} (no information lost)

e Onto: range(T) = W (all outputs achievable)

« Isomorphisms: one-to-one and onto (spaces are "the same")

» Applications in graphics, differential equations, and data science

Looking Ahead

In Chapter 7, we’ll study eigenvalues and eigenvectors—special vectors that linear trans-

formations simply scale rather than rotate. These provide insight into the fundamental
behavior of transformations and have applications from Google’s PageRank to quantum
mechanics!
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6.7 Practice Problems

6.7.1 Basic Problems

—_

8.

1 2
. Find the range of T': R? — R? with matrix A = l ] .

20 +vy

Determine if 7' : R? — R? defined by T ([ﬂ) - [
Y r—y

] is linear.

. Find the standard matrix for 7 : R? — R? where:

(- [+

Find the matrix for rotation by 180f in R2.

2 0
. What transformation does the matrix [O 2] represent?

Find ker(T') where T': R* — R is defined by:

Tyl | =2+2y—=
z

2 4

8

Is T : R? — R? defined by T (lﬂ) = |y| one-to-one? Onto?
)
0

If T: R3 — R? with dim(ker(T)) = 1, find dim(range(T)).

6.7.2 Intermediate Problems

9.

10.

Let T} : R? — R? be rotation by 45f and 715 : R? — R? be reflection across the z-axis.
Find the matrix for 77 o Ty and T, o T}.

Find a basis for ker(7T") and range(T") where:

Tyl |=1]2x+2y
z rT+y—z
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11. Prove that T : P, — P, defined by T'(p(z)) = p(x) + p/(x) is linear.
12. Show that the derivative operator D : Py — P, defined by D(p) = p’ is onto but not
one-to-one.
. . . 2 2 1 2
13. Find all linear transformations 7' : R* — R such that T 0 = 3 and
o([)-14)
1 4
1 2 3
14. Let T : R?* — R? have matrix A= [0 1 4|. Is T an isomorphism?
00 1
15. Find the matrix for projection onto the line y = 2z in R2.

6.7.3 Challenge Problems

16.

17.

18.

19.

20.

21.

22.

23.

Prove that if T': V' — W is linear and one-to-one, then 7" maps linearly independent
sets to linearly independent sets.

Let T : V — W be linear. Prove that T is one-to-one if and only if the only solution
to T(7) = 0 is 7 = 0.

Prove the Rank-Nullity Theorem: If 7': V' — W is linear with dim(V') = n, then:
dim(ker(T")) + dim(range(7T)) = n

Show that composition of linear transformations is associative: (T3 o Ty) o T} =

Tyo(TyoTh).

Let T : R™ — R"™ be linear. Prove that T is onto if and only if T" is one-to-one.

Find the matrix for reflection across the line y = ma in R2.

Prove that if V and W are finite-dimensional vector spaces with dim(V) = dim(W),
then V and W are isomorphic.

Let T : V — W be an isomorphism. Prove that T-! : W — V is also a linear
transformation.
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Eigenvalues and Eigenvectors

“‘Figenvalues are the DNA of a matriz.”
— (ilbert Strang

Imagine you have a transformation that stretches, rotates, and skews space in compli-
cated ways. Are there any special directions that remain unchanged—directions that
only get stretched or compressed, but don’t rotate? These special directions are called
eigenvectors, and the amount they get stretched by is called eigenvalues. Despite their
seemingly abstract nature, eigenvalues and eigenvectors are arguably the most impor-
tant concepts in applied linear algebra. They appear in Google’s PageRank algorithm,
facial recognition software, vibrating bridges, population dynamics, quantum mechan-
ics, and countless other applications. In this chapter, we’ll discover what makes these
quantities so special and why they deserve to be called the “DNA of a matrix.”

7.1 Introduction to Eigenvalues and Eigenvec-
tors

7.1.1 Motivation: Special Directions

When we apply a linear transformation to a vector, the result is usually a vector pointing
in a completely different direction. However, for certain special vectors, the transformation
only stretches or compresses them—their direction remains unchanged.

Notice how ¢} and ¥, only change in length (they stretch along their original direction),
while w changes direction entirely. The vectors v; and v are eigenvectors of the transfor-

mation.

115
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Figure 7.1: Some vectors maintain their direction under transformation A, while others don’t

7.1.2 Defining Eigenvalues and Eigenvectors

Definition: Eigenvalue and Eigenvector

Let A be an n x n matrix. A nonzero vector ¥ is called an eigenvector of A if there ex-
ists a scalar A such that:
AU =\

The scalar ) is called an eigenvalue of A corresponding to the eigenvector v.
(. J

Let’s unpack this definition:

o When we multiply matrix A by eigenvector ¢, we get back a multiple of ¥

o The eigenvector ¥ must be nonzero (otherwise every A would work!)

o The eigenvalue A tells us the scale factor—how much o is stretched or compressed
o If A > 1: the vector stretches

o If 0 < A < 1: the vector compresses

o If A < 0: the vector reverses direction

o If A =0: the vector collapses to the zero vector

1 1
Example 7.1.1. Verifying an Figenvector Let A = B 2] and v = [01 Verify that ¥ is an

eigenvector and find the corresponding eigenvalue.

Solution: We compute Av:

oo -l
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1
Since AU = 30, the vector v = [0] is an eigenvector with eigenvalue A = 3.

Insight: Geometric Interpretation

Eigenvectors represent directions that are preserved by the linear transformation. The
eigenvalue tells you how much stretching or compression occurs along that direction.

This makes eigenvectors the “natural axes” for understanding what a transformation

really does.

7.1.3 The Eigenspace

If ¢ is an eigenvector with eigenvalue A, then so is any nonzero scalar multiple ¢t (as long
as ¢ # 0). This means eigenvectors come in families.

Definition: Eigenspace

The eigenspace corresponding to eigenvalue A is the set of all eigenvectors with eigen-
value A, together with the zero vector. It is denoted F) and consists of all vectors o/
satisfying:

Av =\

Equivalently, £ = Null(A — AI).
.

The eigenspace is actually a subspace (it’s closed under addition and scalar multiplication),
which is why we can call it a “space.”

7.1.4 A Simple Example

Example 7.1.2. Finding Eigenvalues and Eigenvectors by Inspection Consider the diagonal

5 0

matric D = [0 1 . Find its eigenvalues and eigenvectors.

Solution: For diagonal matrices, this is straightforward! Let’s try the standard basis vec-
tors:

1
For vy = [O] :
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For v, = [ﬂ :

e[y ][

Therefore:

1
e A\ =5 with eigenvector V) = [0]

0
o Ny = —2 with eigenvector vy = [1]

Insight: Diagonal Matrices

For diagonal matrices, the eigenvalues are simply the diagonal entries, and the eigenvec-
tors are the standard basis vectors. This is one reason why diagonalization (Section 7.3)
is so powerful—if we can represent a transformation using a diagonal matrix, everything

becomes simple!

7.2 Finding Eigenvalues and Eigenvectors

7.2.1 The Characteristic Equation

For most matrices, we can’t just guess the eigenvalues. We need a systematic method.
Let’s start with the defining equation:

Rearranging:
AT - =0

We can’t factor out ¢ directly because A is a matrix and A is a scalar. However, we can

write:

This is a homogeneous system! For a nonzero solution ¢ to exist, the matrix (A — AI') must
be singular (non-invertible), which means:
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The Characteristic Equation

The eigenvalues of matrix A are the solutions to:

det(A — AT) =0

This equation is called the characteristic equation of A.
g J

7.2.2 The Characteristic Polynomial

When we expand det(A — AI), we get a polynomial in A.

Definition: Characteristic Polynomial

The characteristic polynomial of an n X n matrix A is:

p(A\) = det(A — )

This is a polynomial of degree n in the variable \.
& J

4 1
Example 7.2.1. Finding Eigenvalues of a 2x2 Matriz Find the eigenvalues of A = [2 3].

Solution: First, form A — A :
A_M_:41_>\10:4—)\ 1
2 3 0 1 2 3-A
Now compute the determinant:

det(A— )= (4—N)(3—-X)—(1)(2)
=12 -4\ =3\ + A2 -2
=X —-7)24+10

Set the characteristic polynomial equal to zero:
N —TA+10=0

Factor:

(A= 5)(A—2) =0

Therefore, the eigenvalues are Ay =5 and Ay = 2.
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7.2.3 Finding Eigenvectors

Once we have the eigenvalues, we find the corresponding eigenvectors by solving (A—\I)v =

—

0.

Example 7.2.2. Finding Eigenvectors Find the eigenvectors corresponding to the eigenval-
ues A\ = 5 and Ny = 2 from the previous example.

Solution:
For \{ =5:
Solve (A — 517 = 0:

This gives us the system:

—v;+v2=0
27}1—2’02:0

Both equations simplify to vo = vy. Choosing vi = 1, we get:

i-[l

For \y = 2:
Solve (A —2I)7 = 0:

RS R

2’01+U2:O

I
— 1
o O
—_

This gives us:

2?]1+U2:O

So vy = —2v1. Choosing v = 1, we get:

Therefore:
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1
e )\ =5 has eigenvector U; = L] (or any scalar multiple)

1
e Ay =2 has eigenvector Uy = [ 2] (or any scalar multiple)

Common Mistake: Forgetting Scalar Multiples

Remember that eigenvectors are not unique! If ¢’ is an eigenvector, so is ctv' for any

nonzero scalar c. Different textbooks or calculators might give different eigenvectors
for the same eigenvalue—they’re all correct as long as they’re scalar multiples of each
other.

7.2.4 The Process Summarized

Algorithm: Finding Eigenvalues and Eigenvectors

To find eigenvalues and eigenvectors of an n X n matrix A:

Step 1: Compute the characteristic polynomial det(A — AI).

Step 2: Solve det(A — AI) = 0 to find eigenvalues Aj, Ao, ..., Ag.

Step 3: For each eigenvalue \;, solve the homogeneous system (A — \; 1)U = 0 to find

corresponding eigenvectors.

7.2.5 A 3x3 Example

Example 7.2.3. FEigenvalues of a 3x8 Matriz Find the eigenvalues of A =

S O N
S N =
w O O

Solution: Form A — M\ :

Since this is upper triangular, the determinant is the product of diagonal entries:
det(A— X)) =2-N2-X)B-XN)=(2-)1*3-\)

Setting this equal to zero:

(2—=A)?(B3-X) =0

The eigenvalues are Ay = 2 (with multiplicity 2) and Ay = 3 (with multiplicity 1).
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Insight: Triangular Matrices

For triangular matrices (upper or lower), the eigenvalues are simply the diagonal en-

tries! This makes finding eigenvalues much easier and is another reason why certain
matrix forms are so useful.

7.2.6 Algebraic and Geometric Multiplicity

When an eigenvalue appears as a repeated root of the characteristic polynomial, we need
to distinguish between two types of multiplicity.

Definition: Multiplicity

Let A be an eigenvalue of matrix A.

e The algebraic multiplicity of A is the number of times A appears as a root of
the characteristic polynomial.

e The geometric multiplicity of \ is the dimension of the eigenspace E\, which

equals the number of linearly independent eigenvectors corresponding to .
. J

Important Relationship

For any eigenvalue A:

1 < geometric multiplicity < algebraic multiplicity

The geometric multiplicity is always at least 1 (there’s at least one eigenvector), and it

never exceeds the algebraic multiplicity.
(&

&

21
Example 7.2.4. Different Multiplicities Consider A = [0 21. Find the eigenvalues and

their multiplicities.

Solution: The characteristic polynomial is:
det(A— M) =(2-X)?=0

So X\ = 2 with algebraic multiplicity 2.
To find the geometric multiplicity, solve (A — 2I)T = 0:

o -1
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This gives vo = 0 and vy is free. The eigenspace is one-dimensional:

(]

Therefore, the geometric multiplicity is 1.

For this matriz: algebraic multiplicity = 2, geometric multiplicity = 1.

7.3 Diagonalization

7.3.1 What is Diagonalization?

Diagonal matrices are wonderful to work with—their eigenvalues are obvious, and comput-
ing powers is trivial. The question is: can we represent other matrices in diagonal form?

Definition: Diagonalizable Matrix

An n x n matrix A is diagonalizable if there exists an invertible matrix P and a diago-
nal matrix D such that:
A=pPDpP!

Equivalently:
P'AP=D

We say that P diagonalizes A.
\

.

The matrix P performs a change of basis, D represents the transformation in the new
basis, and P~! converts back.

7.3.2 The Diagonalization Theorem

Theorem: Diagonalization

An n x n matrix A is diagonalizable if and only if A has n linearly independent eigenvec-
tors.
When A is diagonalizable:

o The columns of P are eigenvectors of A

o The diagonal entries of D are the corresponding eigenvalues of A

Specifically, if U7, 05, ..., U, are linearly independent eigenvectors with eigenvalues
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A1, Ao, ..., Ay, then:
A1 0 0
P=[s @& - @, D=| X
000 A
\ y,

7.3.3 How to Diagonalize a Matrix
Algorithm: Diagonalizing a Matrix

To diagonalize an n X n matrix A:
Step 1: Find all eigenvalues of A.
Step 2: Find n linearly independent eigenvectors of A.

o If you can’t find n linearly independent eigenvectors, A is not diagonalizable.

Step 3: Form P using the eigenvectors as columns.

Step 4: Form D using the corresponding eigenvalues on the diagonal.
Step 5: Verify that AP = PD (optional but recommended).

&

4 1
Example 7.3.1. Diagonalizing a 2x2 Matriz Diagonalize A = [2 3] .

Solution: From our earlier work, we know:

e A\ = b with eigenvector v; = ]

1
o Ay = 2 with eigenvector vy = ]

Since we have 2 linearly independent eigenvectors for a 2 x 2 matrixz, A is diagonalizable.

Form P and D:
p_ 1 1 D= 5 0
1 -2 0 2
Let’s verify: First compute P~:

p- lj _11] - Eg —11/?31
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Now check PDP~1:

el | A B R

7.3.4 When is a Matrix Diagonalizable?

Not all matrices are diagonalizable. Here are some useful criteria:

Sufficient Conditions for Diagonalizability

1. If A is an n X n matrix with n distinct eigenvalues, then A is diagonalizable.

2. If A is a symmetric matrix (AT = A), then A is diagonalizable (we’ll explore this

more in Section 7.5).

2 1
Example 7.3.2. Non-Diagonalizable Matriz Show that A = [0 2] s not diagonalizable.

Solution: From an earlier example, we know A has eigenvalue A\ = 2 with algebraic mul-
tiplicity 2 but geometric multiplicity 1. This means there is only one linearly independent
etgenvector.

Since we need 2 linearly independent eigenvectors to diagonalize a 2 X 2 matriz, A is not
diagonalizable.

Common Mistake

Having repeated eigenvalues does NOT automatically mean a matrix is non-
diagonalizable. What matters is whether there are enough linearly independent eigen-
vectors. For example, the identity matrix I has only one eigenvalue (A = 1), but it’s
already diagonal!

7.3.5 Computing Powers of Matrices

One of the most powerful applications of diagonalization is computing matrix powers
efficiently.

Why Diagonalization Helps
If A= PDP~!, then:
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And computing D* for a diagonal matrix is trivial:
)\If 0O --- 0
k
D 0 X ... 0
o 0 .- )\Z
G J

4 1]
Example 7.3.3. Computing A Let A= lQ 5| Compute A1°.

Solution: From our diagonalization:

A:PDP*:E 1] 5 o] [2/3 1/3]

-2/ [0 2] |1/3 -1/3
Therefore:
A0 _ pplop-1 _ 1 1][5° o]/[2/3 1/3
1 —=2/|0 29 (1/3 —-1/3
Computing:

510 = 9,765,625, 2'°=1,024

pio _ [9765,625 0
B 0 1,024

Aw:l 119,765,625 0 2/3 1/3
1 -2 0 1,024 |1/3 —1/3

~ [6,510,759 3,255,034
16,510,068 3,255,375

Try computing this by multiplying A ten times—diagonalization is much more efficient!

7.4 Applications of Eigenvalues and Eigenvec-
tors

Eigenvalues and eigenvectors appear in an astonishing variety of applications. Let’s ex-
plore some of the most important ones.
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7.4.1 Google PageRank Algorithm

One of the most famous applications of eigenvalues is Google’s PageRank algorithm, which
ranks web pages in search results.

The Idea: A web page is important if many important pages link to it. This circular
definition is resolved using eigenvectors!

We create a matrix where entry a,; represents the probability of moving from page j to
page . The importance scores form the dominant eigenvector (the eigenvector correspond-
ing to the largest eigenvalue, which is A = 1 for these matrices).

Example 7.4.1. Simplified PageRank Consider 3 web pages with the following link struc-
ture:

e Page 1 links to Pages 2 and 3
e Page 2 links to Page 3

o Page 3 links to Page 1

The transition matriz (assuming equal probability of following each link) is:

0
M=1[1/2
1/2

—= o O
o O =

The PageRank vector 7" satisfies M7 = T, meaning 7 is an eigenvector with eigenvalue

A=1
Solving (M — I)7 =0 gives (after normalization,):

=
Il
o o o

A4
2
A4
This tells us Pages 1 and 3 are equally important (40

Connection: Markov Chains

PageRank is an example of a Markov chain—a system that transitions between states

with given probabilities. The long-term behavior is determined by the eigenvector

corresponding to eigenvalue 1, called the steady-state vector.
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7.4.2 Population Dynamics

Eigenvalues help us understand long-term population behavior in ecology.

Example 7.4.2. Leslie Matriz Model Consider a population divided into age groups. A
Leslie matriz L describes how the population changes each year:

0 15 0.8
L=105 0 0
0 06 0

where entry {;; represents the contribution of age group j to age group i in the next time
period.

The population vector at time t is p, = L'py. The long-term growth rate is determined by
the largest eigenvalue!

For this matrixz, the dominant eigenvalue is approximately A ~ 0.93, which is less than 1.
This means the population is declining at about 7% per year.

7.4.3 Vibration Analysis and Natural Frequencies

In physics and engineering, eigenvalues determine the natural frequencies of vibrating
systems.

The Scenario: Consider a system of masses connected by springs. The motion is gov-

erned by:
M7 = -Ki&

where M is the mass matrix and K is the stiffness matrix.

Looking for solutions of the form #(t) = ¥ cos(wt), we get:
KU =w’Mv

This is a generalized eigenvalue problem! The eigenvalues w? give the squared natural
frequencies, and the eigenvectors describe the modes of vibration.

Example 7.4.3. Two-Mass System Two equal masses connected by three identical springs

105.?__ 2k —kf
0o 11" |—k 2k

] are \y = k and Ay = 3k.

have the system:

2k —k

The ei [ K =
e eigenvalues of [—k o
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The natural frequencies are:

wlz\/E, (,4)2:\/3]{3

The corresponding eigenvectors show:

e Mode 1: Both masses move together (in phase)

o Mode 2: Masses move in opposite directions (out of phase)

Real-World Impact

Understanding natural frequencies is crucial in engineering. The Tacoma Narrows

Bridge collapsed in 1940 because wind excited one of its natural frequencies. Engineers
now use eigenvalue analysis to ensure bridges, buildings, and aircraft avoid dangerous

resonances.

7.4.4 Principal Component Analysis (PCA)

In data science and machine learning, PCA uses eigenvalues to reduce the dimensionality
of data while preserving the most important information.

The Idea: Given a dataset with many variables, PCA finds new axes (principal compo-
nents) that capture the most variance in the data. These axes are the eigenvectors of the
covariance matrix!

Example 7.4.4. PCA in 2D Suppose we have data about students’ math and physics
scores. The scores are highly correlated (good math students tend to be good at physics).

100 80
¢= lso 1001

The covariance matriz might be:

The eigenvalues are A1 = 180 and Ny = 20.

The eigenvector for Ay points in the direction of maximum variance—roughly along the
line where math and physics scores are equal. This single principal component captures
180/(180 + 20) = 90% of the variance, allowing us to represent each student with essentially
one number instead of two!

Modern Applications

PCA is used everywhere in modern data science:
» Image compression (representing images with fewer variables)

 Facial recognition (finding key features in faces)

o Genomics (identifying patterns in gene expression)
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L o Finance (finding common factors driving stock prices) J

7.4.5 Differential Equations

Eigenvalues are crucial for solving systems of differential equations.

Consider the system:
dzr
=Y AF
at

If A is diagonalizable with A = PDP~!, then the solution is:
Z(t) = PeP' P77,
)\l‘t.

where eP? is the diagonal matrix with entries e

Example 7.4.5. Coupled Differential Equations Solve the system:

il =13 SJE) Dol -l

—2
Solution: The eigenvalues of A = [ ]

121 are \y = —1 and \y = —3.

ol = [+

1 1
The eigenvectors are U7 = L} and Uy = [ 1].

The general solution is:

Using the initial condition:

x(t) _1 |1 } s | L _ %(eit‘l‘eist)
L/(t)] ~2f H T30 ) T et - e
Stability Analysis

The eigenvalues tell us about stability:

o If all eigenvalues have negative real parts: the system is stable (solutions decay to
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Z€ro)

« If any eigenvalue has positive real part: the system is unstable (solutions grow
without bound)

o If eigenvalues are purely imaginary: the system oscillates
g J/

7.5 Symmetric Matrices and Orthogonal Diag-
onalization

7.5.1 Special Properties of Symmetric Matrices

Symmetric matrices (where AT = A) have remarkable properties that make them espe-
cially important in applications.

Theorem: Eigenvalues of Symmetric Matrices

If A is a real symmetric matrix, then:
1. All eigenvalues of A are real numbers
2. Eigenvectors corresponding to distinct eigenvalues are orthogonal

3. A is always diagonalizable
\ J

31
Example 7.5.1. Symmetric Matriz Let A = [1 3]. Find its eigenvalues and eigenvectors.

Solution: Characteristic equation:

det(A—A)=B-XA)?—-1=X-6A+8=A—-4)(A—-2)=0

Figenvalues: \y =4 and Ay = 2 (both real v')

For A\ = 4:
S e S U KT L1
(A—4])v_[1 —11 M_O - I_H

For Ay = 2:

Check orthogonality:
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7.5.2 Orthogonal Matrices

Definition: Orthogonal Matrix

A square matrix () is orthogonal if its columns form an orthonormal set, which is

equivalent to:
QTQ =1 orequivalently Q' = Q7T

Orthogonal matrices represent rotations and reflections—they preserve lengths and angles.

7.5.3 Orthogonal Diagonalization

Theorem: Spectral Theorem (Informal)

Every real symmetric matrix A can be orthogonally diagonalized. That is, there exists
an orthogonal matrix () and a diagonal matrix D such that:

A=QDQ"

The columns of ) are orthonormal eigenvectors of A, and the diagonal entries of D are

the corresponding eigenvalues.
- J

This is called the spectral decomposition of A.

1
Example 7.5.2. Orthogonal Diagonalization Orthogonally diagonalize A = E’ 31.

1
Solution: From the previous example, we have eigenvectors v; = L] and Uy = [ 1].

These are orthogonal but not unit vectors. Normalize them.:

W= b =5

Form @) and D:

Verify:
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7.5.4 Why Symmetric Matrices Matter

Symmetric matrices appear constantly in applications:

« Covariance matrices in statistics (used in PCA)

e Moment of inertia tensors in physics

» Hessian matrices in optimization (second derivatives)
o Graph Laplacian matrices in network analysis

e Stress and strain tensors in engineering

The fact that they can be orthogonally diagonalized means we can always find natural
coordinate systems in which these problems become simple.

Geometric Interpretation

Orthogonal diagonalization reveals the principal axes of a quadratic form. For example,
the equation 322 + 22y + 3y? = 1 describes an ellipse in a tilted coordinate system. The
eigenvectors point along the major and minor axes of the ellipse!

7.6 Chapter Summary

In this chapter, we've explored eigenvalues and eigenvectors—arguably the most important
concepts in linear algebra:

« Eigenvectors are special directions preserved by a linear transformation
« Eigenvalues measure the scaling factor along those directions

» The characteristic equation det(A — AI) = 0 gives us the eigenvalues
« A matrix is diagonalizable if it has n linearly independent eigenvectors

o Diagonalization makes computing matrix powers and understanding transforma-
tions much easier

o Applications are everywhere: PageRank, population dynamics, vibration analysis,
PCA, differential equations, and more

o Symmetric matrices have special properties: real eigenvalues, orthogonal eigenvec-
tors, and guaranteed diagonalizability
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Looking Ahead

In the next chapter, we’ll generalize the dot product to create inner product spaces.

This will allow us to extend concepts like length, angle, and orthogonality to more
abstract settings, and we’ll develop powerful tools like the Gram-Schmidt process and
least squares approximation. The eigenvectors we found in this chapter for symmetric

matrices are actually orthogonal with respect to an inner product!
G J/

7.7 Practice Problems

7.7.1 Basic Problems

1

2 2
1. Determine if v = [3] is an eigenvector of A = [3 21. If so, find the eigenvalue.

2. Find the eigenvalues of each matrix:

(a) 4= g —03]

woef !

(c) = ——01 é}
a7

(a) Find the characteristic polynomial
(b) Find all eigenvalues

(¢) Find an eigenvector for each eigenvalue

4 -2
4. Find the eigenvalues and eigenvectors of A = [ ) ] )

1
1 00
5. Let A= |0 2 1|. Find the eigenvalues and their algebraic multiplicities.
00 2

6. Determine if A = E ﬂ is diagonalizable. If so, find matrices P and D such that

A=PDPL
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7.

8.

2
It A= [0 g] , compute A using diagonalization.

Show that if X is an eigenvalue of A, then \? is an eigenvalue of A2

7.7.2 Intermediate Problems

9.

10.

11.

12.

13.

14.

15.

16.

110
For A= |0 2 2/, find all eigenvalues and a basis for each eigenspace.
00 3
: . 702 : 5
Diagonalize A = 5 3 and use it to compute A°.

Let A =

— O O
o O =

0
1|. Find the eigenvalues and show that A is diagonalizable.
0

Prove that if A is invertible and A is an eigenvalue of A, then %

AL

is an eigenvalue of

Show that the trace of a matrix (sum of diagonal entries) equals the sum of its eigen-
values, and the determinant equals the product of its eigenvalues.

2 -1
Find the eigenvalues and eigenvectors of A = [ 5 1 and orthogonally diagonalize
it.
Suppose A has eigenvalues \; = 3 and Ay = —1 with corresponding eigenvectors

U = ! and Uy = 1 . Find A0 5.
1 -1 3

Solve the system of differential equations:

IR M A R

7.7.3 Challenge Problems

17.

18.

Prove that eigenvectors corresponding to distinct eigenvalues are linearly indepen-
dent.

Let A be a 3x 3 matrix with eigenvalues 2,3,5. What are the possible values of det(A)
and tr(A)?
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19.

20.

21.

22.

23.

24.

25.

26.

Prove that if A is a real symmetric matrix, then eigenvectors corresponding to dis-
tinct eigenvalues are orthogonal.

A matrix A satisfies A> = A (called idempotent). Show that the only possible eigen-
values are 0 and 1.

1
Consider the Fibonacci matrix F' = L O]' Diagonalize F' and use it to derive a

formula for the nth Fibonacci number.

Find the eigenvalues of the circulant matrix:

C:

O R
o 2 <o
[SEER S N

Suppose A is a 5 x 5 matrix with characteristic polynomial p(A) = (A — 2)3(A + 1)2.
What can you conclude about the diagonalizability of A?

0.8 0.3

0.2 0.7
the population distribution between two locations. Find the long-term steady-state

A population is modeled by p,, 1 = Ap, where A = [ ] and p,, represents

distribution.

Prove the Cayley-Hamilton theorem for 2 x 2 matrices: every matrix satisfies its own
characteristic equation. That is, if p(\) = det(A — AI), then p(A) = 0.

For the quadratic form Q(x,y) = 52% + 4xy + 5y?, find the matrix A such that

Qx,y) = {[E y] A lﬂ . Orthogonally diagonalize A and identify the type of conic
Y

section described by Q(z,y) = 1.
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Inner Product Spaces

“‘The introduction of the cipher 0 or the group concept was gen-
eral nonsense too, and mathematics was more or less stagnating
for thousands of years because nobody was around to take such
childish steps...”

— Alexander Grothendieck

You’ve been using the dot product since Chapter 1—multiplying corresponding com-
ponents and adding them up to get a single number. But what makes the dot product
so special? Why does it tell us about angles and lengths? In this chapter, we’ll dis-
cover that the dot product is just one example of a more general concept called an
inner product. By abstracting the essential properties of the dot product, we can define
notions of length, distance, and angle in spaces far beyond R"—including spaces of poly-
nomials, functions, and matrices. This generalization leads to powerful tools like the
Gram-Schmidt process for creating orthogonal bases and the method of least squares for
fitting data. These techniques are fundamental to everything from signal processing to
machine learning.

8.1 Inner Products

8.1.1 Generalizing the Dot Product

Recall that the dot product in R™ is defined as:
U+ U= Uy + Ugg + - + UpUp

This operation has several important properties:

« It’s always a real number (a scalar)

137
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—

e U-7U >0, and equals zero only when v = 0
o It’s symmetric: v -0 =v-u

—

o It’s linear: 4 - (¢t + W) = c(d - V) + U -

g

These properties are so useful that we want to extend them to other vector spaces.

Definition: Inner Product

Let V' be a vector space. An inner product on V is a function that assigns to each
pair of vectors @, v € V a real number (i, 7) satisfying:

1. Positivity: (v,7) >0 forall v €V
2. Definiteness: (7,7) = 0 if and only if 7 = 0
3. Symmetry: (u,v) = (¢,4) for all 4,7 € V

—

4. Linearity: (4, cv + W) = c¢(u,v) + (u, w) for all @, v,w € V and scalar ¢

A vector space with an inner product is called an inner product space.
. J

Notation Note

We use angle brackets (i, U) to denote a general inner product. When working specifi-

cally with the dot product in R", we may still write «-¢. The dot product is the standard

inner product on R".
- J

8.1.2 Examples of Inner Products

Example 8.1.1. The Dot Product in R™ The standard dot product is an inner product:
(U, V) = U - U= ugvy + ugug + - - - + unvy,
Let’s verify one property (positivity):
(U,0) = 0] +v5 4+ +0v2 >0
since it’s a sum of squares. The other properties can be verified similarly.

Example 8.1.2. Weighted Inner Product in R™ For positive constants wy,ws, ..., w,, we
can define:
(U, V) = wiuivy + WallgUg + + -+ + WUy Uy,
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This gives different "weights" to different components. For instance, if wy = 2, wy = 1,

’UJ3:3.'
1 2
(2|, 1)) =2(1)2) + 12)(1) + 33)(0) =4 +2+0=6
31 10

Example 8.1.3. Inner Product on Polynomial Space Let Py be the space of polynomials of
degree at most 2. Define:

(p,q) = /Olp(x)Q(x) dx

For example, let p(z) = x and q(z) = x*:

4

1 1 #7101
(p,q) /03: vidr= | z"dz 7y Ml

This is indeed an inner product (we can verify all four axioms).

Example 8.1.4. Inner Product on Function Space Let Cla,b] be the space of continuous
functions on the interval |a,b]. Define:

(.90 = [ F@)gla)dr

For f(x) = sin(z) and g(x) = cos(z) on [0, 7]:

™

(f,g9) = /07r sin(x) cos(x) dz = / ;sin(2x) dr = {—i cos(2x)} =0

0

So sin(x) and cos(z) are orthogonal on [0, ]!

Common Mistake: Not All Products Are Inner Products

The function (@, ) = wyv; in R? is NOT an inner product because it fails definiteness:

([ﬂ , [ﬂ) = 0 even though the vector is nonzero.

8.1.3 Norm and Distance

Once we have an inner product, we can define length and distance.

Definition: Norm

The norm (or length) of a vector ¢ in an inner product space is:

U, 0)




140 Inner Product Spaces

Definition: Distance

The distance between vectors 4 and ¥ is:

1
Example 8.1.5. Norm in R® With the standard dot product, the norm of ¥ = |2| is:
2

|0 = Vi - T=v12+22 +22 =9 =3

Example 8.1.6. Norm of a Polynomial Using the inner product (p,q) = [} p(x)q(x) dz,
find the norm of p(z) = x.

upr|=M=W=m:ﬁ:;§

Properties of the Norm

Solution:

For any vectors , ¥ and scalar c:
1. ||#]| > 0, with equality if and only if & = 0

2. [|ed]] = [efll7]

3. Triangle Inequality: ||@ + o] < ||| + |||
\ J

8.1.4 Angle Between Vectors

In R™, we know that:

—

u -0 = ||d]||v]| cos
where 6 is the angle between the vectors. This motivates the general definition:

Definition: Angle

The angle 6 between nonzero vectors ¥ and ¢ in an inner product space is given by:

(d, 7)
il

cosf =

This is well-defined because the Cauchy-Schwarz inequality (which we’ll see shortly) guar-
antees that:

~>

(@0, 7

< Y
] |||

<1
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Example 8.1.7. Angle Between Polynomials Find the angle between p(z) =1 and q(z) =z
using (p,q) = Jy p(x)q(z)dz.

Solution: First compute the inner product:

1 210 1
= 1. — R e
(P, q) /O xdx [QL 5

Compute the norms:

1
Ipl =/ [ 12de =vI=1
0

|wﬂ%ﬁw:ﬂ=%

Therefore:

8.1.5 The Cauchy-Schwarz Inequality

One of the most important inequalities in mathematics:
Theorem: Cauchy-Schwarz Inequality
For any vectors u, v in an inner product space:
(@, 0)| < ||| [|9]]

Equality holds if and only if @ and ¢ are linearly dependent (one is a scalar multiple of
the other).
.

Proof Sketch: If ¢ = 0, both sides are zero. Otherwise, consider the vector:

)
)

{d,
(@,

<y

v

W=1u—

<y

By construction,  is orthogonal to @ (we can verify (0, ) = 0). Since ||@]|* > 0, expand-
ing and simplifying leads to the Cauchy-Schwarz inequality.
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The Cauchy-Schwarz inequality ensures that H%ﬁ always lies between —1 and 1, mak-

ing the angle definition valid. It’s also the foundation for proving the triangle inequality
and appears throughout analysis, probability, and optimization.

8.2 Orthogonality

8.2.1 Orthogonal and Orthonormal Vectors

Definition: Orthogonal Vectors

Vectors @ and ' are orthogonal (or perpendicular) if:
(u,v) =0
| We write u L . )
A set of vectors {vy, Vs, ..., U} is orthonormal if:
1. Each vector has norm 1: ||7;|| = 1 for all ¢
2. The vectors are mutually orthogonal: (;,7;) = 0 for all ¢ # j
quuivalently: (Ui, Uj) = 0;5, where d;; is the Kronecker delta (1 if ¢ = j, 0 otherwise). )

Example 8.2.1. Standard Basis in R® The standard basis vectors are orthonormal:

H
|

1 0
5—0,52:175320
0 0

FEach has norm 1, and €; - €; = 0 fori # j.

Example 8.2.2. Orthonormal Functions The functions f(z) = ﬁsm(m) and g(z) =

ﬁ cos(z) are orthonormal on [0, 7] with inner product (f,g) = [y f(x)g(x) dx.

Check orthogonality:

(f,9) = 71T/07T sin(z) cos(x) dx =
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Check normalization: 1

1 /= 1
2 .2
fll* = 1 de = — -
Il /0 sin”(x) dx 5 =3

Wait, this should be 1 for orthonormality. Let me recalculate with the correct normalization
constant:

Actually, for sin(x) and cos(z) to be orthonormal on [0, 7], we need:

8.2.2 Orthogonal Sets and Bases

Theorem: Orthogonal Sets Are Linearly Independent

If {,¥,...,U;} is a set of nonzero orthogonal vectors (i.e., (U;,U;) = 0 for i # j), then

the set is linearly independent.

Proof: Suppose 10 + ¢os + - - - + ¢y = 0.
Take the inner product of both sides with vj:

—

<61271 + CQUQ + -+ Ck{flm 6@) = <07 271) =0

By linearity:
Cl<fl71777i> + 62<1727 172> +ee Ck<17k7 17’L> =0
Since the vectors are orthogonal, all inner products are zero except (u;, ¥;):

ci(U;, v;) =0

Since ¥; # 0, we have (U, U;) > 0, s0 ¢; = 0.

This holds for all 7, proving linear independence. [J

Why Orthogonal Bases Are Wonderful

In an orthogonal basis, finding coordinates is trivial! If {0}, ¥, ..., v,} is an orthogonal
basis and we want to express 4 = civ; + - - - + ¢, U, we simply compute:

(@, i)
(0, )

£y
<l

?

C; =

S

S

Y

No need to solve systems of equations!
g J/
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1 1
Example 8.2.3. Coordinates in an Orthogonal Basis Let v7 = [1] and Uy = [ 1] (these

are orthogonal). Express 4 = B] in this basis.

Solution: Compute:

o i-o 5(1)+3(1) 8 A
YU o n 12412 2
i, 5(1)4+3(=1) 2
o= L0 (1) +3(-1) 2_,

Therefore: u = 4v; + 10s.
1 1 5
Verify: 4 1 = v

8.2.3 Orthogonal Complements

Definition: Orthogonal Complement

Let W be a subspace of an inner product space V. The orthogonal complement of

W, denoted W+, is the set of all vectors in V that are orthogonal to every vector in W:

Wt ={veV: (¥d) =0 for all W € W}

Example 8.2.4. Orthogonal Complement in R3 Let W be the xy-plane in R3: W =

1 0
spans (0], |1
0 0

0
The orthogonal complement W is the z-axis: W+ = span<{ |0
1

Fvery vector in the z-axis is perpendicular to every vector in the xy-plane.

Theorem: Properties of Orthogonal Complements

Let W be a subspace of a finite-dimensional inner product space V. Then:
1. W+ is a subspace of V
2. WhHt=w

3. Wnwt ={0}

4. dim(W) + dim(W+) = dim(V)
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5. Every vector ¥ € V can be uniquely written as ¥ = @ + @ where @ € W and
wt e W

The last property is called the orthogonal decomposition theorem.

8.3 Gram-Schmidt Process

8.3.1 Motivation

We’ve seen that orthogonal bases are extremely convenient. But how do we create one?
Given an arbitrary basis, can we transform it into an orthogonal (or orthonormal) basis for

the same subspace?

The answer is yes, using the Gram-Schmidt process—one of the most important algo-
rithms in linear algebra.

8.3.2 The Gram-Schmidt Algorithm

Let {¥}, Vs, ...,0;} be a linearly independent set in an inner product space. The Gram-
) ) 7
Schmidt process produces an orthogonal set {u;, U, ..., U} that spans the same
subspace:
Uy =u
= = < 2 U1> =
Ug = V2 — 75— U]
<u17 U1>
3 =13 U1 — 5o U2
(Uh U1> <U2, U2>
k=1 /> =
4 (U, Us) _,
k= UV — Ui
i=1 <ui> uz>
To obtain an orthonormal set, normalize each vector:
. U
Ui = 7577
42 ]
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Geometric Intuition

At each step, we're subtracting off the projections of 7} onto all previous orthogonal
vectors uq, ..., Ur_1. What remains is the component of 7}, that’s orthogonal to the
subspace spanned by {1, ..., U 1}

8.3.3 Step-by-Step Example

Example 8.3.1. Gram-Schmidt in R® Apply the Gram-Schmidt process to the basis:

— —

1 1 0
0 1 1

Solution:
1
Step 1: Set i, =1, = |1].
0

Step 2: Compute ts:

I R
2=V — ——=1U
Ui - U
Calculate:
iy i =12+ 12402 =2
Therefore:
1 1] r-ue 1/2
=0 —5 1] =[0-1/2| = |-1/2
1 0 1-0 1
1
(We can multiply by 2 to clear fractions: s = |—1])
2

Step 3: Compute us:
U3 - Uy Uz - Uy
U3 =V3 — 5 W — —5 Uz
Uy - Uy U2 - U2

Calculate:

Ty -ty = 0(1) +1(=1) +1(2) = 1
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Therefore:
1 1
U (1) ! 1 ! 1
Uz = - = —= |-
2
1 0 0 2
0 1/2 1/6 —2/3
= |1 —|1/2| — |-1/6| = | 2/3
1 0 2/6 2/3
-2 -1
(Multiply by 3: s = |2 | or |1 |)
2 1
The orthogonal basis is:
1 -1
’ —1 ) 1
2

To make it orthonormal, normalize each vector (divide by its norm).

Common Mistake: Using Original Vectors

When computing i, make sure to subtract projections onto the orthogonal vectors

Uy, .. .,Ug_1, NOT the original vectors o7, ..., U;_1. The process builds on itself—each

new vector must be orthogonal to all previously computed orthogonal vectors.

8.3.4 QR Factorization

An important consequence of Gram-Schmidt is the QR factorization.

Theorem: QR Factorization

Any m x n matrix A with linearly independent columns can be factored as:
A=QR

where @) is an mxn matrix with orthonormal columns, and R is an nxn upper triangular

matrix with positive diagonal entries.
- J

The columns of @) are the orthonormalized versions of the columns of A (via Gram-Schmidt),
and R records the coefficients from the Gram-Schmidt process.
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11
Example 8.3.2. QR Fuactorization Factor A= |1 0| into QR.
0 1
1 1
Solution: The columns are U7 = |1| and U5 = |0].
0 1
Apply Gram-Schmidt:
1 1
7,_[1:_’1: 1 ,soul—% 1
0 0
1 1 1/2
f= - B0 = o < 1 [1] = |-1/2
1 0 1
1
o] = \J1/4+1/4+1=/3/2, sotia = 7z | -1
2
Thus:
1/vV2 1/V6
Q= |1/v2 -1/v6
0 2/V6
To find R, use R = QT A:
L [v2 e
10 4/3/2

(The detailed computation is left as an exercise.)

8.4 Orthogonal Projections

8.4.1 Projection onto a Vector

Recall from Chapter 1 that the projection of ¢ onto u is:

o U
pI"O‘]ﬁ('U) - l—L-‘ . ,L—L»u
With general inner products, this becomes:
o (0 d)
prOJﬁ<U) = <17 2_[>U
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8.4.2 Projection onto a Subspace

Definition: Orthogonal Projection onto a Subspace

Let W be a subspace of an inner product space V' with orthogonal basis {1, s, . .., U}
The orthogonal projection of ¢ onto W is:

= (T, )
projy (7) = 7="—=51;
If the basis is orthonormal (||@;]| = 1 for all 7), this simplifies to:

- J

The projection projy, (v) is the vector in W closest to ¢. The vector v — projy, (v) is orthogo-
nal to W.

1
Example 8.4.1. Projection onto a Plane Let W be the plane spanned by u; = |0| and
0
0 2
Uy = |1| (the zy-plane). Find the projection of = |3| onto W.
0 5

Solution: Since {i, s} is orthonormal:

\V)

—

projy (V) = (U 1)ty + (U - ty) iy = 2t; + 3ty = |3

e}

This is exactly the vector v with its z-component removed—as expected for projection onto
the xy-plane!

8.4.3 Best Approximation

Theorem: Best Approximation Theorem

Let W be a subspace of an inner product space V', and let v € V. Then projy, (¥) is the
v

unique vector in W that is closest to . That is, for any @ € W with @ # projy, (v):

|0 = projuw (9)|| < |7 — |

This theorem is the foundation of least squares approximation.
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8.5 Least Squares Approximation

8.5.1 The Least Squares Problem

Many real-world problems lead to inconsistent systems A¥ = g—systems with no exact
solution. For example, when fitting a line to data points, there’s usually no line passing
exactly through all points.

Instead of solving A7 = b exactly, we find the "best" approximate solution Z that mini-
mizes the error ||b — AZ||.

Definition: Least Squares Solution

A least squares solution of AZ = b is a vector & that minimizes:

15— Az

_over all vectors 7.

Geometric Interpretation

The vector Az is the orthogonal projection of b onto the column space of A. We're
finding the vector in Col(A) that’s closest to b.

8.5.2 The Normal Equations

Theorem: Normal Equations

The least squares solution Z satisfies:
ATAz = ATh

These are called the normal equations. If AT A is invertible (which happens when A
has linearly independent columns), then:

7= (ATA) AT

- J

Why? The error vector b — A% must be orthogonal to the column space of A. This means:
AT(h— Az) =0

Expanding: ATb — AT A% = 0, which gives the normal equations.
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8.5.3 Linear Regression: Fitting a Line

Example 8.5.1. Least Squares Line Fitting Find the line y = mx + c that best fits the data
points (1,1), (2,2), (3,4).

Solution: We want to solve:
11 1
m
2 1 l ] =12
3 1|t 4
This system is inconsistent (three equations, two unknowns), so we use least squares.

Compute AT A:

11
arao |t 23], [
L1y 6 3

Compute ATb:

Solve ATAz = ATh:

Using row reduction or the inverse:

(ATA) = M(3)1_6<6) [_36 Iﬂ B 613 [—36 Iﬂ - [1—/12 7_/;]

-1 L

y=-T— 3

3

Applications of Least Squares

Least squares is everywhere in modern science and engineering;:

Therefore:

The best-fit line is:

o Statistics: Linear regression, curve fitting

e Machine Learning: Training linear models




152 Inner Product Spaces

« Signal Processing: Filtering and noise reduction

o Computer Vision: Image reconstruction

o Control Theory: System identification
g J

8.5.4 Polynomial Fitting

We can fit higher-degree polynomials using the same technique.

Example 8.5.2. Fitting a Quadratic Find the parabola y = ax® + bz + ¢ that best fits (0, 1),
(1,2), (2,3), (3,5).

Solution: Set up the system:

00 1 1

L[] 2

421 |3
C

9 3 1 5

Form and solve the normal equations AT Az = AT (computation omitted for brevity).

The result is approzimately a = 0.2, b = 1.1, ¢ = 1.0, giving:

y~02s%+ 1.1z + 1.0

8.6 Chapter Summary

In this chapter, we’ve extended the concept of the dot product to create inner product
spaces:

e An inner product generalizes the dot product while preserving key properties (posi-
tivity, definiteness, symmetry, linearity)

o Inner products allow us to define norm (length), distance, and angle in abstract
vector spaces

e The Cauchy-Schwarz inequality is fundamental: |(@, )| < ||| ||V]]
« Orthogonal vectors satisfy (@, ¥) = 0; orthogonal sets are linearly independent

e The Gram-Schmidt process transforms any basis into an orthogonal (or orthonor-
mal) basis
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e« QR factorization decomposes a matrix as A = QR where () has orthonormal
columns

» Orthogonal projection finds the closest vector in a subspace

« Least squares solves inconsistent systems by minimizing error, with applications in
data fitting and regression

Looking Ahead

In the next chapter, we’ll explore a wide range of applications that bring together every-
thing we’ve learned. We'll see how eigenvalues, inner products, and projections combine
to solve real-world problems in data science, differential equations, computer graphics,

and more. Linear algebra is the language of modern applied mathematics!

8.7 Practice Problems

8.7.1 Basic Problems

1. Verify that (@, 7) = 2ujv; + 3uyvy defines an inner product on R?.
2. Using the inner product (p,q) = [ p(z)q(x)dz on Py:

(a) Compute (z, 2%)
(b) Find |1 + ||
(¢) Are p(z) = z and ¢(x) = 1 — 2z orthogonal?

2 1
3. Show that & = |—1| and v = |2]| are orthogonal.
1 0
1] 2
4. Find the angle between 4 = (2| and ¥ = |0].
2| 1
1] [1] [o]
5. Determine if ¢ [1|,|—1]|,|0| ; is an orthogonal set. Is it orthonormal?
0 0 1]
3] 1
6. Find the projection of ¥ = |1| onto @ = [0].
1
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. 1] |1
7. Apply the Gram-Schmidt process to Ao lal
1 0
8. Find an orthonormal basis for the subspace spanned by |0| and |1].
1 1
8.7.2 Intermediate Problems
9. Prove that if @ and ¥ are orthogonal, then ||@ + ¢]|*> = ||@||* + ||¢]|* (Pythagorean
theorem).

10.

11.

12.

13.

14.

15.

16.

Apply the Gram-Schmidt process to find an orthogonal basis for the column space
of:

1 01
A=11 1 2
011
11
Find the QR factorization of A = |1 2|.
1 3

1 0 1
0 1 . L - 2
Let W = span o lol (- Find the projection of v = 5
0 1 4
Show that if {u;, @y, W3} is an orthonormal basis for R3, then for any v € R:
15117 = [{@, @) + (7, d2) [* + [{7, @) |*
(This is Parseval’s identity.)

Find the least squares solution to:

Find the best-fit line y = mx + ¢ through the points (1,2), (2,3), (3,5), (4,4).

Using (f,g) = [”, f(z)g(x)dz, show that sin(z) and cos(x) are orthogonal on
[—m, 7).
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8.7.3 Challenge Problems

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

Prove the Cauchy-Schwarz inequality: for any vectors u, ¥ in an inner product space,
(@, 0)] < [Jall]|o]]-

Prove the triangle inequality: ||@+v]| < ||@]|+]/¥]| using the Cauchy-Schwarz inequality.

Show that the distance function d(u, v) = ||u — /]| satisfies:

Let W be a subspace with orthonormal basis {1, ..., d}. Show that the projection
matrix P = 4l + -+ + Uyt satisfies P2 = P and PT = P.

Find the polynomial p(x) = a + bx that best approximates f(z) = €* on [0, 1] using
the inner product (f,g) = [y f(x)g(x)dz.

Suppose {01, U, U3} is a linearly independent set. Show that after applying Gram-
Schmidt, the resulting orthogonal set {7y, i, U3} satisfies:

span{dy, ..., U0y} = span{dy, ..., U}

for k =1,2,3.

Let A be an m x n matrix with linearly independent columns. Show that AT A is
invertible.

Find the distance from the point (1,1,1,1) to the subspace W = span

11 {0
0 1
11710
0 1
Using Fourier series ideas, find the best approximation to f(x) = x on [—m, 7] using
span{1, sin(x), cos(z)} with inner product (f,g) = [, f(z)g(x) dx.

Prove that if @ is an n x n orthogonal matrix (i.e., QTQ = I), then multiplication by
@ preserves inner products: (Qu, Qv) = (i, V) for all 4,7 € R™.
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Applications and Advanced Topics

“‘The purpose of computation is insight, not numbers.”

— Richard Hamming

Throughout this book, we’ve built a powerful toolkit of linear algebra concepts: vectors,
matrices, eigenvalues, inner products, and projections. Now it’s time to see how these
abstract ideas come together to solve real-world problems. In this final chapter, we’ll
explore some of the most important applications of linear algebra in modern science,
engineering, and technology. From predicting the future of populations to ranking

web pages, from analyzing data to solving differential equations, linear algebra is the
mathematical foundation of the modern world. These applications aren’t just academic
exercises—they’re the tools that power search engines, enable self-driving cars, compress
your photos, and help scientists understand complex systems.

9.1 Markov Chains

9.1.1 Introduction to Markov Chains

A Markov chain is a mathematical system that transitions from one state to another with
given probabilities. The key property: the future depends only on the present state, not on
how we got there.

Definition: Markov Chain

A Markov chain is a sequence of random variables Xg, X1, X5, ... where the proba-
bility of moving to the next state depends only on the current state, not on previous
states. This is called the Markov property:

P(Xn-l—l:j|Xn:iaXn—l>-"7X0) :P(Xn-i-l :]’anl)

156
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9.1.2 Transition Matrices

We represent Markov chains using transition matrices.

Definition: Transition Matrix

A transition matrix (or stochastic matrix) P is a square matrix where:
» Entry p;; represents the probability of moving from state j to state ¢

o FEach column sums to 1 (all probabilities from a given state sum to 1)

« All entries are non-negative: p;; > 0
. _/

Example 9.1.1. Weather Model Suppose tomorrow’s weather depends only on today’s
weather:

o If sunny today: 80% chance sunny tomorrow, 20% chance rainy

o If rainy today: 40% chance sunny tomorrow, 60% chance rainy

p_ 0.8 04
0.2 0.6

], then tomorrow’s state is:

The transition matrix 1s:

If we represent the state as ¥ = l

1
Starting with a sunny day (o = L)] ):

2= 3% 0 [ =0

0.2 0.6] |0

0.72]

Day 2: & = Py =
W= [0.28

And so on.

9.1.3 Steady-State Vectors

A key question: what happens in the long run?
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Definition: Steady-State Vector

A steady-state vector (or equilibrium vector) v satisfies:

Pi=4v

In other words, ¥ is an eigenvector of P with eigenvalue A = 1.

(& J
Why Eigenvalue 17
Transition matrices always have A = 1 as an eigenvalue! This is because the columns

sum to 1. The steady-state vector tells us the long-term probabilities of being in each

state.
g J

Example 9.1.2. Finding Steady-State Distribution Find the steady-state for the weather

model: P = 0.8 04 )
0.2 0.6

Solution: Solve (P — I)v = 0:
—02 04 ][] _5
0.2 —0.4] [vg]

From the first equation: —0.2v1 + 0.4vy = 0 = v; = 205.

Since probabilities sum to 1: v1 + vy =1=20+ V3 =1 = vy = %

Therefore v, = % and the steady-state is:

=i

In the long run, it’s sunny 2/8 of the time and rainy 1/3 of the time, regardless of the
starting state!

9.1.4 Google PageRank

One of the most famous applications of Markov chains is Google’s PageRank algorithm.

The Idea: A web page is important if many important pages link to it. We model web
surfing as a Markov chain:

» States = web pages
o Transitions = following links (with equal probability among all links on a page)

o The steady-state vector gives the "importance' of each page



9.2 Linear Programming (Introduction) 159

Example 9.1.3. Mini PageRank Consider 4 web pages with links:
e Page 1 links to pages 2 and 3
o Page 2 links to page /
e Page 3 links to pages 1 and 4
e Page 4 links to pages 1, 2, and 3

The transition matriz (with equal probability for each link):

0 0 1/2 1/3
p_ (Y20 0 13
1/2 0 0 1/3
0 1 1/2 0

Finding the steady-state vector (eigenvalue 1) gives the PageRank scores. After computa-

tion:
0.31

0.21
0.21
0.27

S
Q

Page 1 has the highest rank (31%), followed by Page 4 (27%).

The Real PageRank

The actual PageRank algorithm includes modifications:
o A "damping factor" (usually 0.85) to handle pages with no outgoing links
e Random jumps to any page with small probability
o Weighted links based on anchor text and other factors

But the core idea—finding the steady-state of a massive Markov chain with billions of

\states—remains the same!

9.2 Linear Programming (Introduction)

9.2.1 What is Linear Programming?

Linear programming solves optimization problems with linear constraints.
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Definition: Linear Programming Problem

A linear programming problem seeks to:

Maximize (or minimize): z = c1x; + coxs + - - - + ¢z, (Objective function)
Subject to:

a1 + ajoxg + - - + a1pTy < bl

A21T1 + G279 S ODoSE Ao2nTy < bQ

Am1T1 + Am2T2 SFeeoor Amnn S bm

L1,X2y...,Tn ZO

9.2.2 Geometric Interpretation in 2D

In two variables, constraints define half-planes, and their intersection is the feasible re-
gion. The optimal solution occurs at a vertex (corner point) of this region.

Example 9.2.1. Production Problem A factory produces chairs and tables:

o Fach chair requires 2 hours of labor and yields $30 profit

FEach table requires 3 hours of labor and yields $50 profit

o 18 hours of labor available per day

Materials limit: at most 5 chairs or 4 tables

Let x = number of chairs, y = number of tables.
Objective: Mazximize profit P = 30x + 50y

Constraints:

2¢ + 3y < 18 (labor)
x <5 (chair limit)
y <4 (table limit)
z,y >0

Solution: Graph the feasible region. The vertices are:

« (0,0): P=0

. (5,0): P =150
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. (0,4): P =200
e (5,2.67): Not feasible (exceeds labor)
e (3,4): P =30(3) + 50(4) = 290

The mazximum profit is $290, achieved by producing 8 chairs and j tables.

9.2.3 The Simplex Method (Overview)

For larger problems, we use the simplex algorithm, which efficiently moves from vertex
to vertex, always improving the objective function, until reaching the optimum.

The simplex method uses matrix operations and is one of the most important algorithms
in optimization. While the details are beyond our scope, the key insight is that it system-
atically searches the vertices of the feasible region using linear algebra.

Applications of Linear Programming

o Business: Production planning, resource allocation

« Transportation: Route optimization, logistics

Finance: Portfolio optimization

Engineering: Circuit design, network flow

Agriculture: Crop planning, diet optimization

9.3 Singular Value Decomposition (Introduction)

9.3.1 What is SVD?

The Singular Value Decomposition is one of the most important matrix factorizations in
applied linear algebra.

Theorem: Singular Value Decomposition

Every m x n matrix A can be factored as:
A=UxV"

where:

o U is an m X m orthogonal matrix (left singular vectors)
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e Y is an m x n diagonal matrix with non-negative entries oy > 09 > --- > 0, > 0
(singular values)

o Vis an n x n orthogonal matrix (right singular vectors)

9.3.2 Geometric Interpretation
The SVD describes how A transforms space:
1. VT rotates/reflects the input space
2. ¥ stretches along coordinate axes (by singular values)

3. U rotates/reflects to the output space

Connection to Eigenvalues

The singular values of A are the square roots of the eigenvalues of AT A (or AAT). The
columns of V' are eigenvectors of AT A, and the columns of U are eigenvectors of AAT.

9.3.3 Computing SVD (Simple Example)

—2

Solution: This matrixz is already diagonal with entries 3 and -2. However, SVD requires

=l Al el

sov=|" Ol w®P Y vor
0 —1 0 2

The singular values are o1 = 3 and o9 = 2.

Example 9.3.1. SVD of a 2x2 Matrixz Find the SVD of A = B 0 ]

non-negative diagonal entries.

We can write:

9.3.4 Image Compression with SVD

One powerful application is image compression.

An image can be represented as an m x n matrix (pixel intensities). The SVD gives:

- T — T - 4T
A = o1t U] + 0UsUy + -+ + 0,U, U,
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To compress, keep only the largest k singular values:

— 4T I e
A = 01U 0] + 09sUy + -+ - + ORULT

This gives the best rank-k approximation to A (in terms of minimizing ||A — Ag||).
Example 9.3.2. Compression Ratio For a 1000 x 1000 image:

o Original: 1,000,000 values to store

o Rank-50 approximation: Need to store 50 singular values + 50 left vectors + 50 right
vectors = 50 + 50(1000) + 50(1000) = 100, 050 values

. . . 1,000,000 . 10 -
o Compression ratio: 100,050 ~ 10:1

With k = 50, we capture most of the important information while reducing storage by 90%!

Other SVD Applications

o Principal Component Analysis: Finding directions of maximum variance in
data

e Recommender Systems: Netflix prize, collaborative filtering
o Natural Language Processing: Latent semantic analysis

« Signal Processing: Noise reduction

o Control Theory: System identification

9.4 Linear Algebra in Data Science
9.4.1 Data Matrices
In data science, we typically represent datasets as matrices where:

« Each row is an observation (data point)

« Fach column is a feature (variable)

For example, a dataset of houses might have columns for: square footage, number of bed-
rooms, age, price.
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9.4.2 Dimensionality Reduction with PCA

When we have many features, visualization and analysis become difficult. Principal Com-
ponent Analysis (PCA) reduces dimensionality while preserving variance.

The PCA Algorithm:

1. Center the data: subtract the mean of each feature

2. Compute the covariance matrix C' = ﬁX X

3. Find eigenvalues and eigenvectors of C'

4. The eigenvectors (principal components) are the new axes
5. The eigenvalues measure variance along each component

6. Project data onto the top k principal components

85 88
. 90 92
Example 9.4.1. PCA on 2D Data Consider student scores: X = 73 80 (columns: Math,
92 95
Physics)
Step 1: Center the data: Mean: T = [86.25,88.75]
—1.25 —0.75
3.75  3.25
Xcentered -
—8.25 —8.75
5.75  6.25

Step 2: Covariance matrix:

oo Lyt 31.19 32.19}

Xcen ered —
3" centered ™ centered l32.19 33.58

Step 3-4: The largest eigenvalue’s eigenvector points in the direction of mazimum vari-
ance (roughly the line y = x).

Most of the variance is explained by one principal component, showing that Math and
Physics scores are highly correlated.

9.4.3 Machine Learning: Linear Models

Many machine learning algorithms are fundamentally linear algebra:

Linear Regression: We saw this in Chapter 8 as least squares: 3 = (X7X)"1XTy
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1
I4e—ol'z

Logistic Regression: Classification using P(y = 1) =

-

Neural Networks: Each layer computes § = o(WZ + b) where W is a weight matrix and o
is an activation function.

Why Linear Algebra in ML?

« Efficiently handles high-dimensional data
» Matrix operations are highly optimized (GPUs)

o Provides geometric intuition (hyperplanes, distances)

« Enables techniques like regularization (ridge, lasso)

-
&

9.4.4 Covariance Matrices

The covariance matrix is fundamental in statistics and machine learning.

Definition: Covariance Matrix

For centered data matrix X (with n observations and p features):

1

n—1

C = XTx

Entry c;; measures how features ¢ and j vary together:
e ¢; = variance of feature 7

e ¢;; for i # j = covariance between features ¢ and j

e (' is symmetric and positive semi-definite

Vs
N\

The eigenvalues of C' measure variance along principal directions, and eigenvectors point in
those directions.

9.5 Linear Algebra in Computer Graphics

9.5.1 3D Transformations

Computer graphics relies heavily on matrix transformations.
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Basic 3D Transformations

Rotation about z-axis by angle 6:

cosf) —sinf 0
R.(0) = |sinf cosf 0

0 0 1
Scaling by factors s,, s, s.:
s, 0 O
S=10 s, 0
0 0 s,

Translation by ¢ = (t,, ty,t.): Translation is not a linear transformation! We use ho-

mogeneous coordinates.
g J

9.5.2 Homogeneous Coordinates

To handle translation with matrices, we add a fourth coordinate.

A 3D point (z,y, z) becomes (x,y, z,1) in homogeneous coordinates.

Translation Matrix

1 0 0 ¢,
T 01 0 ¢
0 0 1 ¢,
0 0 0 1
Then:
1 0 0 ¢t] |x T+t
0 1 0 ¢ |yl _|ytty
00 1 t||z| |z+¢t
0 0 0 1] |1 1
\ Y,

Example 9.5.1. Composite Transformation To rotate a point about (1,0,0) instead of the
origin.:

1. Translate by (—1,0,0) to move rotation center to origin
2. Rotate

3. Translate back by (1,0,0)

The combined transformation is: M = T(1,0,0)- R-T(-1,0,0)

This is why matriz multiplication order matters!
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9.5.3 Viewing Transformations

Rendering a 3D scene involves several coordinate transformations:

1. Model coordinates — object’s local space

2. World coordinates — global scene space (via model matrix)

3. Camera coordinates — view from camera (via view matrix)

4. Clip coordinates — perspective projection (via projection matrix)

5. Screen coordinates — final 2D image (viewport transform)

Each transformation is a matrix multiplication:

Uscreen viewport ° Mprojection : Mview : Mmodel * Uobject

Video games and CGI films render millions of vertices per frame. GPU hardware is
optimized for matrix-vector multiplication, making these linear algebra operations

incredibly fast. Understanding the math helps create better graphics engines, shaders,

and special effects.

9.5.4 Lighting and Shading

The dot product determines lighting:

Lambert’s Law: Light intensity is proportional to 7 - [ where:

o 17 is the surface normal (perpendicular to surface)

« ['is the direction to the light source

When 7 L [ (dot product = 0), the surface is perpendicular to light and appears dark.

9.6 Differential Equations and Systems

9.6.1 Systems of Linear Differential Equations

Many physical systems are described by systems of differential equations.
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Linear System

A system of first-order linear differential equations:

ol
YAz
a7

where A is an n X n matrix and Z(t) is a vector-valued function.
& J

9.6.2 Solution Using Eigenvalues

If A has eigenvalues \q,..., A, with eigenvectors #, ..., 9,, the general solution is:
f(t) = Cle>\1t171 + 026>‘2t172 44 cne)‘"tﬁn

Example 9.6.1. Coupled System Solve:

d 1 2 1

d iz x FH0) =

dt |y 0 3| |y 1
Solution: Eigenvalues: \y = 1, \y = 3 (diagonal entries for triangular matriz)
For \y = 1:

For \y = 3:

General solution:

Using £(0) = E] :

Therefore:
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9.6.3 Stability Analysis

The eigenvalues determine the behavior of solutions:

Stability Criteria

For ‘fl—f = AZ:

If all eigenvalues have Re(\) < 0: system is stable (solutions decay to zero)

If any eigenvalue has Re(A) > 0: system is unstable (solutions grow)

If eigenvalues are purely imaginary: system oscillates

If eigenvalues are complex: solutions spiral
\ J

Example 9.6.2. Predator-Prey Model The Lotka-Volterra equations (simplified linear

version):
il =l Sl

where R = rabbits (prey), F' = foxes (predators), and a,b,c,d > 0.

The eigenvalues determine if populations oscillate, grow, or die out. For certain parameter
values, we get purely imaginary eigenvalues, leading to oscillating populations—matching
real ecological observations!

Applications in Engineering
o Electrical circuits: RLC circuits, filter design
e Mechanical systems: Mass-spring-damper systems, vibrations
o Control theory: Feedback systems, stability analysis

¢ Chemical kinetics: Reaction networks

e Economics: Dynamic models of markets

9.7 Chapter Summary

In this final chapter, we’ve seen how linear algebra powers modern applications:

o Markov chains model systems that transition between states probabilistically, with
applications from weather prediction to Google PageRank



170 Applications and Advanced Topics

e Linear programming optimizes linear objectives subject to linear constraints, used
in business, logistics, and resource allocation

o Singular Value Decomposition is a powerful matrix factorization enabling image
compression, dimensionality reduction, and data analysis

« Data science uses linear algebra for PCA, machine learning, and statistical analysis
via covariance matrices

o Computer graphics transforms and renders 3D scenes using matrices, with applica-
tions in games, films, and virtual reality

« Differential equations describing physical systems can be solved using eigenvalues
and eigenvectors

Looking Back and Forward

You've now completed a journey through linear algebra—from simple vectors to power-
ful applications. The concepts you've learned are the foundation of modern mathemat-
ics, science, and engineering. Whether you pursue pure mathematics, applied science,

computer science, data science, or engineering, linear algebra will be an essential tool in
your mathematical toolkit. The abstract ideas we studied—Dbases, eigenvalues, orthogo-
nality, projections—are not just theoretical constructs; they’re the language in which we

describe and solve real-world problems.
g J/

9.8 Practice Problems

9.8.1 Basic Problems

1. For the transition matrix P = l0'7 0'21

0.3 0.8

(a) Verify that it’s a valid transition matrix

(b) Find the steady-state vector

(c) If you start in state 1, what’s the probability of being in state 2 after 2 transi-

tions?

2. A factory produces products A and B. Product A requires 2 hours and yields $20
profit. Product B requires 3 hours and yields $25 profit. With 30 hours available, set
up and solve a linear programming problem to maximize profit.
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3. Find the singular values of A = B g]

4. Given data points (1,2), (2,4), (3,7), (4,8), compute the covariance between the x
and y coordinates.

5. Write the 4 x 4 homogeneous coordinate matrix for translating by (2, —1,3) in 3D
space.

-2 1
6. Solve the system % = [O 011 7 with Z(0) = [2]

0
7. For lighting calculation, if the surface normal is 7 = [0| and light direction is [ =
1
1/v2
0 |, what is the light intensity (using 7 - [)?
1/v2
. 1. dz _1 2 —
8. Determine the stability of ¢ = z.
0 -3
9.8.2 Intermediate Problems
0.5 0.3 0.2
9. A Markov chain has transition matrix P = |0.2 0.6 0.4|. Find the steady-state
0.3 0.1 04

distribution.

10. A company produces three products with constraints on labor and materials. Set up

the linear programming problem:

Product 1: 2 labor hours, 1 material unit, $15 profit

Product 2: 3 labor hours, 2 material units, $20 profit

Product 3: 1 labor hour, 1 material unit, $10 profit

Available: 100 labor hours, 60 material units

11
11. Find the SVD of A = [0 1] by computing eigenvalues of AT A.
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12.

13.

14.

15.

For the dataset:

o O = N
© oo Ut W

Find the principal component (eigenvector of covariance matrix with largest eigen-
value).

Create the composite transformation matrix that rotates by 90° about the z-axis,
then translates by (1,2,0).

Solve % = [ 01 1 7 with Z(0) = [11

-4 —4 0

In a simple PageRank example with 3 pages where page 1 links to pages 2 and 3,
page 2 links to page 1, and page 3 links to pages 1 and 2, find the PageRank scores.

9.8.3 Challenge Problems

16.

17.

18.

19.

20.

21.

22.

23.

Prove that every transition matrix has A = 1 as an eigenvalue. (Hint: Consider what
PTT equals, where 1 is the vector of all I’s.)

For the feasible region defined by z +y <5, 2x +y < 8, x,y > 0, find all vertices and
determine which maximizes 3z + 2y.

Show that the singular values of A are the square roots of the eigenvalues of AT A.
Prove that the covariance matrix is always symmetric and positive semi-definite.

Explain why the product of rotation matrices is another rotation matrix. What
property ensures this?

For the system % = AZ where A has complex eigenvalues A = a + bi, show that
solutions spiral inward when a < 0 and spiral outward when a > 0.

A more realistic PageRank includes a damping factor d = 0.85:

1—d

n

v = d(P7) + )

Explain why this modification is necessary (consider pages with no outlinks).

In PCA, prove that projecting data onto the first k principal components minimizes

the reconstruction error || X — X2
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24. Show that homogeneous coordinates can represent perspective projection, which
makes distant objects appear smaller.

25. For the predator-prey model % = [a _Z] Z with a, b, c,d > 0, find conditions on the
C R

parameters for oscillatory behavior (purely imaginary eigenvalues).



Mathematical Notation and Symbols

.1 Sets and Numbers

Symbol | Meaning

N Natural numbers: {1,2,3,...}
Z Integers: {...,—2,—1,0,1,2,...}
Q Rational numbers (fractions)
R Real numbers

C Complex numbers

R n-dimensional Euclidean space

'is an element of" or "belongs to"
"is not an element of"

"is a subset of"

"is a subset of or equal to"

or {} | Empty set

Union (elements in either set)

O C=EINN™®™M

Intersection (elements in both sets)

Example .1.1. Set Notation Let A = {1,2,3} and B ={2,3,4,5}. Then:

e 2€ A (2isin set A)

« 6¢ B (6is not in set B)

« AUB=1{1,2,3,4,5}

« ANB={2,3}

174
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.2 Greek Letters

Letter | Name | Letter | Name
Q alpha v nu

I6] beta & xi

ol gamma | T pi

) delta P rho
eore |epsilon | o sigma
¢ zeta T tau

i eta ¢ or ¢ | phi

6 or ¥ | theta X chi

L iota Y psi

K kappa | w omega
A lambda

1 mu

Capital Greek Letters: I' (Gamma), A (Delta), © (Theta), A (Lambda), = (Xi), II
(Pi), ¥ (Sigma), ® (Phi), ¥ (Psi), Q (Omega)
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.3 Vector and Matrix Notation

Symbol Meaning
v or v Vector (boldface or arrow notation)
(1, V2, ..., Up) Vector in component form

o,

U2

Column vector

LUn

V1 U vn} Row vector
Tl Norm (magnitude) of vector o
u-v Dot product of @ and o
Ux U Cross product of @ and ¥ (3D only)
(1, ) Inner product of @ and ¥
A, B, C Matrices (capital letters)
@i Entry in row 4, column j of matrix A
AT Transpose of matrix A
At Inverse of matrix A
det(A) or |A| Determinant of matrix A
tr(A) Trace of matrix A (sum of diagonal entries)
Iorl, Identity matrix (size n X n)
Oor0 Zero matrix or zero vector

4 Summation and Product Notation

Summation:

Example .4.1. Summation 3} 1> =124+22+32+42=1+4+9+16=30

Product:

n

dai=ar+as+az+ - +a,
=1

Example .4.2. Product [[{,i=1-2-3-4=24 =4
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.5 Logic and Proof Notation

Symbol

Meaning

UJ<E@U

< > 1

[0 or QED

"implies" or "if...then"

"if and only if" (iff)

"for all" (universal quantifier)
"there exists' (existential quantifier)
"therefore"

"because”

"not" (negation)

'and" (conjunction)

"or" (disjunction)

'is equivalent to"

End of proof

.6 Special Symbols

7))
<
=
o
=5

Meaning

V A IV IA Y R

H 8 =F 8

"approximately equal to'
"not equal to"

"less than or equal to"
"greater than or equal to"
"much less than"

"much greater than'
"proportional to"
"perpendicular to" or "orthogonal to"
"parallel to"

infinity

"plus or minus'
horizontal ellipsis

vertical ellipsis

diagonal ellipsis
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.7 Introduction to Proofs

A mathematical proof is a logical argument that establishes the truth of a statement be-
yond any doubt. Proofs are the foundation of mathematics—they transform observations
into certainties.

7.1 Structure of a Proof

A typical proof has the following structure:

1. State what you want to prove (the theorem or claim)

2. List assumptions (given information, definitions)

3. Present logical steps (using definitions, previously proven results)
4. Reach the conclusion (what was to be proved)

5. Mark the end (with O, QED, or "This completes the proof")

.8 Direct Proof

A direct proof starts with assumptions and uses logical steps to reach the conclusion.

Direct Proof Template

Goal: Prove "If P, then Q" (written P = Q)
Method:

1. Assume P is true

2. Use definitions, axioms, and previously proven theorems

3. Show that ) must be true
\ J

Example .8.1. Direct Proof Claim: If n is an even integer, then n® is even.

Proof: Assume n is even. By definition, there exists an integer k such that n = 2k.

178
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Then:
n? = (2k)? = 4k* = 2(2k?)

2

Since 2k* is an integer, we can write n®> = 2m where m = 2k*. Therefore, n? is even by

definition. O

.9 Proof by Contrapositive

To prove "P = @', we instead prove "= = —P" (the contrapositive).

A statement and its contrapositive are logically equivalent:

(P=Q)=(-Q=—P)

Example .9.1. Proof by Contrapositive Claim: If n? is even, then n is even.
Proof: (by contrapositive) We’ll prove: If n is odd, then n* is odd.
Assume n is odd. Then n =2k + 1 for some integer k.
Therefore:
n® = (2k+1)° =4k + 4k + 1 = 2(2k> + 2k) + 1

2

Since 2k* + 2k is an integer, n? is odd. This proves the contrapositive, so the original claim

s true. [J

.10 Proof by Contradiction

Assume the opposite of what you want to prove, then show this leads to a logical contra-
diction.

Proof by Contradiction Template

Goal: Prove statement P
Method:

1. Assume =P (the opposite of P)
2. Use logical reasoning
3. Arrive at a contradiction (something impossible)

4. Conclude that =P must be false, so P is true
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Example .10.1. Proof by Contradiction Claim: /2 is irrational.

Proof: Assume, for contradiction, that \/2 is rational. Then we can write:

a
2= —
V2 ;

where a and b are integers with no common factors (in lowest terms) and b # 0.

Squaring both sides: 2 = ‘;—;, s0 a? = 20°.

2

This means a* is even, which implies a is even (proven earlier). So a = 2k for some inte-

ger k.
Substituting: (2k)? = 20? = 4k? = 2b* = 2k* = 12
This means b* is even, so b is even.

But if both a and b are even, they have a common factor of 2, contradicting our assump-
tion that the fraction is in lowest terms.

This contradiction shows our assumption was wrong. Therefore, /2 is irrational. O

.11 Proof by Induction

Mathematical induction proves statements about all natural numbers.

Principle of Mathematical Induction

To prove a statement P(n) is true for all n > ng:

Step 1 (Base Case): Prove P(ng) is true

Step 2 (Inductive Step): Assume P(k) is true for some k > ng (inductive hypothe-
sis), and prove P(k + 1) is true

Conclusion: By induction, P(n) is true for all n > ng
(& J

Example .11.1. Proof by Induction Claim: For alln > 1, 3" 1= %
Proof:

Base case (n=1):
! 1(1+1) 2
Y i=1 and Wy _2_,
i=1 2 2

The formula holds forn =1. v

Inductive step: Assume the formula holds for n = k:

k(k + 1)

k
A
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We must show it holds forn =k + 1:

e () e
k(k 2+ Y 4 (k+1) (by inductive hypothesis)
_k(k+ 1) +2(k+1)
(k+ 1)(k2+ 2)
(k4 1)2((k +1)+1)
2

This is exactly the formula forn =k + 1.
By mathematical induction, the formula holds for alln > 1. O

.12 Existence Proofs

To prove "there exists an x such that P(z)", you can either:

1. Constructive: Explicitly find such an z

2. Non-constructive: Prove one must exist without finding it

Example .12.1. Ezistence Proof Claim: There exists a matriz A such that A* =

0 —1
Proof: (constructive) Consider A = L 0 ]

S A R PR

Therefore, such a matrixz exists. [J

Then:

.13 Counterexamples

To disprove a universal statement ("for all z, P(x)"), find one counterexample.

—1.

Example .13.1. Disproof by Counterexample Claim: For all matrices A and B, (A +

B)? = A2 + 2AB + B~

Disproof: Let A = Lo and B = 0 1.
00 00
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Then: )
emr=ly o =l

But:

10 0 1 00
A2 4+2AB + B? = 2
e R R

ax

Since (A + B)? # A? + 2AB + B?, the claim is false. [
Note: The correct formula requires commutativity: (A + B)*> = A>+ AB + BA + B?.
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.14 Algebra Review

.14.1 Factoring
Common patterns:
« Difference of squares: a? — b* = (a — b)(a + b)
o Perfect square trinomial: a® + 2ab + b* = (a + b)?
o Sum/difference of cubes: a® +b* = (a & b)(a® F ab + b?)

o Quadratic formula: az? +bxr +c=0= 2 = %%@

.14.2 Exponent Rules
For a,b > 0 and real numbers m,n:

— am-i—n

.14.3 Logarithm Rules

For a,b > 0 and a,b # 1:

o log,(zy) = log,(z) + log,(y)

183
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+ log, (%) = log,(x) — log,(y)
o log,(z") = rlog,(x)

« log,(a) =1

e log,(1)=0

o ql98.(7) — 4

Change of base: log,(z) = %

.15 Trigonometry Review

.15.1 Trigonometric Functions

For angle 6 in a right triangle:

it dj t it
sin(9) = opposite  cos(f) = adjacen  tan(6) = oppo& e
hypotenuse hypotenuse adjacent
.15.2 Special Angles
0 sin(f) | cos(f) | tan(0)
Of or 0 0 1 0
30for T | 1 & +
A5for T | M2 | V2 1
60F or T | 3 L V3
901 or 3 1 0 undefined

.15.3 Pythagorean Identity
sin?(0) + cos?(0) = 1
Variants:
o 1+ tan?() = sec*(0)

o 1+ cot?(f) = csc?(0)
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.15.4 Angle Sum Formulas
o sin(a+ ) = sin(a) cos(3) + cos(«) sin(3)
o cos(a+ ) = cos(a) cos() — sin(a) sin(3)

o tan(a + ) = %

.15.5 Double Angle Formulas
* sin(260) = 2sin(f) cos(d)

o c0s(20) = cos?(f) — sin?() = 2cos?(f) — 1 = 1 — 2sin?(h)

« tan(20) = 1312?1(2?9)

.16 Calculus Review

.16.1 Derivatives

Basic derivatives:

¢ & (In(2) =2
£ (sin(x)) = cos()
¢ 2 (cos(x)) = —sin(z)
Rules

e Sumrule: (f+g) =f+¢

o Product rule: (fg)' = f'g+ fg
: (£ _ fa-td

e Quotient rule: (5) = %

o Chain rule: (f(g(z))) = f'(9(z)) - ¢'(x)
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.16.2 Integration

Basic integrals:

xn+1

w1+ C (forn# —1)

Ja"dx =

[2dz=In|z|+C
o [etdr=e"+C
o [sin(z)dx = —cos(z) + C
o [cos(z)dx =sin(z) + C

Fundamental Theorem of Calculus:

where F'(z) = f(z) (i.e., F is an antiderivative of f).

.16.3 Taylor Series

For certain functions, we can write:

3 n

2
R I P
. o . ﬁ £ . . 00 (_l)n,x2n+1
. sm(x) =T — 3t = Zen=0 " (2n+1)!
_ x2 z _ oo (=1)nx3n
° COS(m)—l_j"’ﬂ_"'— n=0 (27’1,)'

.17 Complex Numbers

.17.1 Definition

A complex number has the form z = a + br where:
e a is the real part: Re(z) =a
e b is the imaginary part: Im(z) =0

o i is the imaginary unit: 2 = —1
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.17.2 Operations
Addition: (a+bi)+ (c+di) = (a+c¢)+ (b+d)i
Multiplication: (a + bi)(c+ di) = (ac — bd) + (ad + be)i

Complex conjugate: Z = a — bi

Modulus: |z| = va? + b?

.17.3 Euler’s Formula
" = cos(f) + isin(f)
Special case (0 = 7):
€T+1=0
(Euler’s identity—connecting five fundamental constants!)

Polar form:

z = r(cos(f) +isin(h)) = re

where r = |z| and 6§ = arg(z) (the argument or angle).
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.18 Calculator Techniques

.18.1 Matrix Operations on Graphing Calculators

Most graphing calculators (TI-83/84, TI-89, etc.) can perform matrix operations:

To enter a matrix:

1. Press 2nd — MATRIX (or MATRX)
2. Select EDIT

3. Choose a matrix name (e.g., [A])

W

. Enter dimensions (rows x columns)

5. Enter each element
Basic operations:

o Addition: [A] + [B]

o Multiplication: [A] * [B]

o Scalar multiplication: 5 * [A]

o Transpose: [A]°T (in MATRIX MATH menu)
 Inverse: [A]l"(-1)

o Determinant: det([A]) (in MATRIX MATH menu)

o RREF: rref ([A]) (in MATRIX MATH menu)

.19 Python and NumPy

Python with the NumPy library is excellent for linear algebra computations.

188
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.19.1 Getting Started

Installing NumPy:
pip install numpy
Importing:

import numpy as np

.19.2 Creating Matrices and Vectors

# Create a matrix
A = np.array([[1, 2], [3, 4]11)

=+

Create a vector

<

= np.array([1, 2, 3])

=+

Zero matrix

N

= np.zeros((3, 3))

=+

Identity matrix
= np.eye(4)

H

+=*

Random matrix

=]

= np.random.rand(2, 3)

.19.3 Matrix Operations

# Matrix addition

C=A+8B

# Matrix multiplication

C = np.dot(A, B) # or A @ B (Python 3.5+)
# Element-wise multiplication

C=AxB

# Transpose

AT=AT
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# Inverse
A inv = np.linalg.inv(A)

# Determinant
det_A = np.linalg.det(A)

# Eigenvalues and eigenvectors
eigenvalues, eigenvectors = np.linalg.eig(A)

# Solve linear system Ax = Db
x = np.linalg.solve(A, b)

# Rank of a matrix
rank = np.linalg.matrix_rank(A)

.19.4 Vector Operations

# Dot product
dot_product = np.dot(u, v)

# Cross product (3D only)
cross_product = np.cross(u, v)

# Norm (magnitude)
magnitude = np.linalg.norm(v)

# Normalize a vector
v_normalized = v / np.linalg.norm(v)

.20 MATLAB

MATLAB (Matrix Laboratory) is designed specifically for matrix computations.

.20.1 Basic Syntax

% Create a matrix
A=1[12; 34];
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% Create a vector
v =1[1; 2; 3]; % column vector
w=[12 3]; % row vector

% Matrix operations

C=A+ B; % addition

C = A x B; % multiplication

C=A .x B; % element-wise multiplication
AT=A, % transpose

A inv = inv(A); % inverse
det A = det(A); % determinant

/» Eigenvalues and eigenvectors
[V, D] = eig(A); % V = eigenvectors, D = eigenvalues

% Solve Ax = b
x=A\ b;

% Reduced row echelon form
R = rref(A);

.21 Online Tools

.21.1 Wolfram Alpha

Visit www.wolframalpha.com and type natural language queries:

"eigenvalues of {{1,2},{3,4}}"

"solve [1,2;3,4][x;yl=[5;6]"
"determinant [[1,2,3],[4,5,6],[7,8,9]1]1"
"inverse of {{1,2},{3,4}}"

.21.2 Desmos Matrix Calculator

Desmos (www.desmos. com/matrix) provides a visual matrix calculator for:

o Matrix arithmetic

e Determinants
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Inverses
RREF

Eigenvalues

.21.3 Symbolab

www . symbolab. com offers step-by-step solutions for:

Systems of equations
Matrix operations
Eigenvalues and eigenvectors

Diagonalization

.22 Tips for Computational Work

1.

Check dimensions: Before multiplying matrices, verify that dimensions are com-
patible

Numerical precision: Computers use floating-point arithmetic, which can intro-
duce small errors

Singular matrices: If a matrix is singular (non-invertible), computational tools

may give errors or very large numbers

. Verify results: Always check computational results with hand calculations for small

examples

. Visualization: Use graphing tools to visualize vectors, transformations, and eigenspaces

Documentation: Read the documentation for your chosen tool to understand its
capabilities and limitations



Solutions to Selected Exercises

.23 About the Solutions

This appendix contains solutions to selected odd-numbered problems from each chapter.
Solutions are provided for:

e All odd-numbered Basic Problems
e Selected odd-numbered Intermediate Problems

e Selected odd-numbered Challenge Problems

Full solutions are available in the separate Solutions Manual for instructors.

.24 How to Use These Solutions

Important Note

Try solving problems on your own first! The learning happens in the struggle. Only
consult solutions after:

1. You’ve made a genuine attempt
2. You're stuck and need a hint
3. You want to verify your answer

4. You want to see an alternative approach
g J

Study Tips

o If you need to look at a solution, read just enough to get unstuck, then try to

finish on your own

o After solving a problem, compare your method to the solution—there are often
multiple valid approaches

o If you don’t understand a step in the solution, review the relevant section of the

chapter
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L o Practice problems with similar structure to ones you found difficult J

.25 Notation in Solutions
Solutions use the following conventions:

o Given: Lists the information provided in the problem
o Goal: Clearly states what we’re trying to find or prove

e Solution: Presents the step-by-step work

Answer: Highlights the final result
o [Jor QED: Marks the end of a proof

o ': Indicates verification of a result
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.26 Recommended Textbooks

.26.1 For Further Study

e Introduction to Linear Algebra by Gilbert Strang

- Clear explanations with emphasis on understanding
- Excellent for self-study

- Free lecture videos available from MIT OpenCourseWare
o Linear Algebra and Its Applications by David C. Lay

- Application-focused approach
- Great examples from engineering and sciences

- Strong computational emphasis
o Linear Algebra Done Right by Sheldon Axler

- More abstract, proof-based approach
- Minimal use of determinants (postponed to later)

- Excellent for students planning to study pure mathematics

.26.2 For Different Perspectives

« 3BluelBrown’s "Essence of Linear Algebra" series (YouTube)

- Outstanding visual explanations
- Intuitive geometric understanding

- Highly recommended supplement
e No Bullshit Guide to Linear Algebra by Ivan Savov

- Concise, no-nonsense approach
- Focus on computation and understanding

- Good for quick reference
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.27 Online Resources

.27.1 Video Lectures
« MIT OpenCourseWare: 18.06 Linear Algebra

- Professor Gilbert Strang’s legendary course
- Complete video lectures, notes, and problem sets

- ocw.mit.edu
« Khan Academy: Linear Algebra

- Short videos on specific topics
- Interactive practice problems

- khanacademy.org
e 3BluelBrown

- Visual, intuitive explanations
- "Essence of Linear Algebra" series

- youtube.com/3bluelbrown

.27.2 Interactive Tools
e GeoGebra

- Visualize vectors, transformations, eigenspaces
- Free online and desktop versions

- geogebra.org
e Desmos Matrix Calculator

- Simple, visual matrix computations

- desmos.com/matrix
e Matrix Calculator

- Comprehensive matrix operations
- Shows step-by-step solutions

- matrixcalc.org
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.27.3 Practice Problems
e Paul’s Online Math Notes

- Excellent notes with many examples

- tutorial .math.lamar.edu
e« MIT OCW Problem Sets

- Challenging problems with solutions

- Real MIT exam questions

.28 Applications and Connections

.28.1 Computer Science
o Computer Graphics: Transformations, lighting, rendering
o Machine Learning: Neural networks, dimensionality reduction (PCA)

o Computer Vision: Image processing, feature detection

Algorithms: PageRank, recommendation systems

.28.2 Engineering
« Electrical Engineering: Circuit analysis, signal processing
e Mechanical Engineering: Stress analysis, vibrations
e Control Theory: Feedback systems, stability analysis

e Robotics: Kinematics, path planning

.28.3 Sciences
e Physics: Quantum mechanics, relativity, electromagnetism
e Chemistry: Molecular modeling, quantum chemistry
« Biology: Population dynamics, genetics

e Economics: Input-output analysis, optimization
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.29 Career Connections

Linear algebra is essential for careers in:

» Data Science and Analytics

o Artificial Intelligence / Machine Learning
 Software Engineering (graphics, games, simulations)
o Quantitative Finance

o Aerospace Engineering

» Robotics

e Research Mathematics

o Physics and Engineering

o Operations Research

o Cryptography and Cybersecurity

.30 Advanced Topics to Explore
After mastering this textbook, consider exploring:

o Abstract Algebra: Groups, rings, fields

e Numerical Linear Algebra: Computational methods, iterative solvers
« Functional Analysis: Infinite-dimensional vector spaces

« Differential Equations: Applications of eigenvalues

« Optimization: Convex optimization, linear programming

o Tensor Analysis: Generalizations of matrices

o Lie Groups and Lie Algebras: Continuous symmetries

Final Thoughts

Linear algebra is one of the most useful branches of mathematics. The concepts you've

learned—vectors, matrices, transformations, eigenvalues—appear throughout mathe-
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matics, science, and engineering. As you continue your mathematical journey, you’ll
find these ideas popping up again and again, each time revealing new connections and
applications.

Keep practicing, stay curious, and remember: mathematics is not about memorizing
formulas—it’s about understanding patterns, making connections, and developing your
ability to think clearly about abstract structures.

Good luck in your continued studies!
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