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A Note to Students

This Solutions Manual contains complete solutions to all practice problems from Chap-
ters 1-9 of Linear Algebra: A Visual and Application-Driven Approach for High School
Students.

Study Advice

Try solving problems on your own first! The learning happens in the struggle. Only
consult solutions after:

1. You’ve made a genuine attempt
2. You're stuck and need a hint
3. You want to verify your answer

4. You want to see an alternative approach

Solutions are organized by chapter and include:

« All Basic Problems (complete solutions)
 All Intermediate Problems (complete solutions)

« All Challenge Problems (complete solutions)
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Solutions to Chapter 1: Introduction to
Vectors

Basic Problems

Solution. 1 Find the magnitude and direction (angle with positive z-axis) of v = (3, 3).
Solution:

First, find the magnitude:

1] = V32 + 32
=v9+9
=18
= 3v2~4.24

Next, find the direction angle:

0 = arctan

1
= arctan (3
3
= arctan(1)

= 45F = — radians

Since both components are positive, the vector is in the first quadrant, so this angle is

correct.

Answer: Magnitude = 3v/2, Direction = 451 or 7 radians [

Solution. 2 Let © = (2, —5) and v = (—3,1). Compute:
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Solution:

(a) Add corresponding components:

(b) Use scalar multiplication and vector subtraction:

3 — 20 = 3(2, —5) — 2(—3, 1)
= (6, —15) — (—6,2)
= (6 — (—6),—15 — 2)
= (12, -17)

(¢) Find the magnitude:

lall = /2% + (=5)*
=i+ 25
= /29 ~ 5.39

Answers: (a) (—1,—4), (b) (12, —17), (c) v/29 O

Solution. 3 Find a unit vector in the direction of @ = (—4, 3).
Solution:

First, find the magnitude of w:

[} = /(=4)% + 3
= V16+9

V25

5

Now normalize the vector:
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We can verify this is a unit vector:

N2 N2 1649 [25
n pr— —— —_— pr— p— 7:1
Il \/< 5) +<5> \/ 25 S

I

Answer: 0 = <—

(SN
urlw

Solution. 4 Determine if @ = (1,2) and b = (4, —2) are orthogonal.
Solution:

Two vectors are orthogonal if and only if their dot product equals zero. Compute:

a-b=(1)4)+(2)(-2)
=44
=0

Since @ - b = 0, the vectors are orthogonal.

Answer: Yes, the vectors are orthogonal.

Solution. 5 Compute @ - U where @ = (5, —2,3) and ¢ = (1,4, —1).
Solution:

Multiply corresponding components and sum:

a-v=(5)(1) +(=2)(4) + 3)(=1)

Answer: 4 -7 = —6

Solution. 6 Find the angle between @ = (1, 1) and v = (0, 1).

Solution:

@7
lllf|5]]

First, compute the dot product:

Use the formula cosf =
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Next, find the magnitudes:

] = VP T = V2
15 = VP + 12 =1

Now find the angle:

0 1 1 V2
cosl)l = — = — = —
V21 2 2
2
6 = arccos £ = 457 = T radians
2 4
Answer: 0 = 457 or 1 radians O

Solution. 7 Calculate @ x U where @ = (2,0, 1) and ¥ = (1, 3,0).
Solution:

Use the cross product formula:

U X U = (ugg — Uz, Uzv; — U3V3, U1l — U1 )

Substitute the values:

UXT

((0)(0) = (1)(3), (1)(1) = (2)(0), (2)(3) — (0)(1))
=(0—3,1-0,6—0)
= (—3,1,6)

We can verify this is perpendicular to both original vectors:

- (4 x7)=(2)(—3)+ (0)(1)+(1)(6) = —6+0+6 =0
v-(Uxv)=(1)(=3)+(3)(1) + (0)(6) = —3+3+0=0V
Answer: 4 x ¥ = (—3,1,6) O

Solution. 8 Find the area of the parallelogram with adjacent sides @ = (1,2, 3) and b =
(2,1,1).

Solution:

The area equals the magnitude of the cross product [|@ x b]|.
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First, compute the cross product:

<Cbzb3 — azba, azby — a1bz, a;by — a2b1>

((2)(1) = 3)(1), (3)(2) = (1)(1), (1)(1) = (2)(2))
(2 —-3,6—1,1—4)

< 175 - >

Now find the magnitude:

1@ > Bl = \/(=1)2 + 52 + (—3)?
—V1+2519

35 ~ 5.92

Answer: Area = /35 square units

Intermediate Problems

Solution. 9 Find the projection of ¥ = (4,2) onto @ = (3,4).

Solution:
Use the projection formula:
L U-u
proj;v = ——=u
- u

First, compute the dot products:

(4)(3) + (2)(4) = 12+ 8 = 20
(3)(3) + (4)(4) = 9+ 16 = 25

£
Il

ISTET]
S
[l

Now find the projection:

0
%(374>
= 23,9

_<12 16>
~\5’5

= (2.4,3.2)

proj;v =

Answer: proj;v = <g, g>
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Solution. 10 A force F 10,20, —5) N acts on an object that moves from point A =
(4

= {
(1,2,3) to point B = (4,1,5) (distances in meters). How much work is done?
Solution:
Work is given by W = F - d where d is the displacement vector.

First, find the displacement:

d=B-A
=(4,1,5) —(1,2,3)
= (3, —1,2) meters

Now compute the work:

W=F-d
= (10)(3) + (20)(=1) + (=5)(2)
=30—-20—-10
= 0 Joules
Answer: W =0 J (The force does no net work on this displacement) O

Solution. 11 Show that @ = (1,2,2), 7 = (2,1,—2), and @ = (—2,2,—1) are mutually
orthogonal (each pair is orthogonal).

Solution:

We need to show that each pair has a dot product of zero.

Check # - v
u-v=1)2)+2)(1)+2)(-2)=24+2-4=0/
Check u - w:
u-d=(1)(-2)+2)2)+2)(-1)=-244-2=0/
Check v - w:

T-0=(2)(-2)+(1)2)+(-2)(-1)=—4+2+2=0v

Since all three dot products equal zero, the three vectors are mutually orthogonal.

Answer: Verified. All pairs are orthogonal. O]

Solution. 12 Find a vector perpendicular to both @ = (1,0,1) and 7 = (0, 1, 1).
Solution:

The cross product 4 X v gives a vector perpendicular to both.
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— —

U X U= (ugvg — U3y, Ugty — U3, U1V — Ul )
= ((0)(1) = (1)(1), (1)(0) = (1)(1), (1)(1) = (0)(0))
= (0-1,0—1,1-0)
— (~1,-1,1)
We can verify:
u-(—1,-1,1)=(1)(-1)+0)(-1)+(1)(1)==14+0+1=0v
- (-1,-1L, ) =0)(-D)+()(-)+(H(1)=0—-14+1=0v

Answer: (—1,—1,1) (or any scalar multiple of this vector)

Solution. 13 An airplane flies with velocity 7, = (200,0) mph (east). A wind blows with
velocity ¥, = (—30,40) mph. What is the airplane’s actual velocity relative to the ground?

Solution:

The actual velocity is the vector sum of the plane’s velocity and the wind velocity:

17actual - Up + 1710
= (200,0) + (—30, 40)
= (170, 40) mph

The speed (magnitude) is

[ Taetuat|| = V1707 + 402 = /28900 + 1600 = /30500 ~ 174.6 mph

The direction angle is:

40
§ = arctan (170) ~ arctan(0.235) ~ 13.2f north of east
Answer: Uycpual = (170,40) mph, or approximately 174.6 mph at 13.2° north of east
Solution. 14 Prove that ||d + v]]* = ||@||* + 2(a - ¥) + ||7]|%.

Solution:

Let 4 = (uy,us) and U = (vy, v2) (the proof works similarly in any dimension).

]
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Start with the left side:

@ + o> = (@ +v) - (d@
°

This completes the proof. [
Note: This is analogous to the algebraic identity (a + b)* = a® + 2ab + b°. O

Challenge Problems

Solution. 15 Prove the triangle inequality: ||@ + || < ||| + ||¥/]| for any vectors @ and v.
Solution:

From Problem 14, we know that:
1@+ 7)) = ||1al|* + 2(a - ©) + ||7]?
Using the geometric formula for the dot product:

—

-0 = ||u[|v]| cos 0
where 6 is the angle between the vectors. Since cosf < 1:

- v < |l
Therefore:

1+ 3 = [lal|* +2(a - ©) + || 9]
< llal* + 2)ja|] + [|9]]*
= (llall + [191))*

Taking square roots of both sides (both sides are non-negative):

@+ | < [l + 7]

This completes the proof. [



Contents 9

Geometric interpretation: The length of one side of a triangle is always less than or
equal to the sum of the lengths of the other two sides. m

Solution. 16 Find all vectors v that are orthogonal to both u; = (1,2,1) and 4y = (2,1,0).
Solution:
A vector orthogonal to both ; and @y must be parallel to their cross product.

Compute ; X ts:
iy x iz = ((2)(0) = (1)(1), (1)(2) — (1)(0), (1)(1) — (2)(2))

—(0-1,2—-0,1—4)
(—1,2,-3)

Therefore, all vectors of the form:
v =1t(—1,2,-3) = (—t,2t, —3t)

where t is any real number, are orthogonal to both #; and 5.

We can verify:

iy - U= (1)(=t) +(2)(2t) + (1)(=3t) = —t + 4t — 3t = 0V
Uz - U= (2)(=t) + (1)(2t) + (0)(=3t) = =2t + 2t = 0OV
Answer: ¢ =t(—1,2,—3) for any scalar t € R ]

Solution. 17 Prove that « - (U X w) represents the volume of the parallelepiped formed by ,
U, and 0.
Solution:

The cross product ¥ x w produces a vector:

o Perpendicular to both v and

« With magnitude equal to the area of the parallelogram formed by ¢ and w: ||v' x @|| =

[12][[] ]| sin &

The dot product @ - (¥ X W) can be written using the geometric formula:

- (5 x @) = |[@]|||7 x || cos 6

where 6 is the angle between 4 and v X .
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The term ||i]| cos 6 represents the component of @ in the direction perpendicular to the
v-w plane, which is the height A of the parallelepiped with base formed by ¢ and .

Therefore:

— —

- (UXx W) =h-||vxd
= h - (base area)

= Volume

Note: The absolute value | - (7' x )| gives the volume, since volume is always positive. The
sign indicates orientation. [

Answer: The absolute value |@ - (0 x @)| equals the volume of the parallelepiped. O

Solution. 18 Show that (¢ x ) - = (U x @) - & = (W x @) - v. This is called the scalar triple
product.

Solution:

Let @ = (uq, ug, ug), v = (v1,v2,v3), and W = (wy, we, ws).

The scalar triple product can be written as a determinant:
Uy U2 Uz

—

(’ZjXU)"lBZ V1 Uy Vs

w1 Wy W3

A property of determinants is that cycling the rows doesn’t change the value:

Uy U2 U3 U1 V2 U3 Wy W2 w3
V1 U2 V3| = |W1 W2 W3 = |Up U2 U3
wy W2 wWs Uy U2 U3 U1 V2 U3

These determinants correspond to:

Uy U2 U3
(l_[ X 17) : = 1|V V2 VU3
w; w2 w3
U1 V2 U3
(27><U7)ﬁ= w1 W W3
Uy Uz U3
w; W2 w3
(U?X?j)ﬁz U1 Uy Us

V1 V2 U3
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Therefore:

—

(U X V) W= UXxwW) 4= (w0xu) v
This completes the proof. [

Geometric interpretation: All three expressions represent the signed volume of the
parallelepiped formed by the three vectors. O

Solution. 19 The angle between @ and ¥’ is 3. If ||| = 4 and ||9/]| = 3, find |[@ — ]|
Solution:

We'll use the formula from Problem 14, adapted for subtraction:
17— ol|* = ||a)|* — 2(a - ) + [|7]*

First, find @ - ¥ using the geometric formula:

—

-0 = [|al|[|v]| cos 6

(4)(3) cos (g)

12.1
2
6

Now compute:

1 — 3| = [lal|* — 2(a - ) + || ]

=47 — 2(6) + 32
=16—-12+49
=13
Therefore:
|t — 0| = v13
Answer: |4 — 7| =13 O

Solution. 20 Prove the Cauchy-Schwarz inequality: |@ - 0] < ||]|||v]] for any vectors @ and .
Solution:
We'll prove this using the geometric formula for the dot product.

From the geometric interpretation:

u - U = ||d||||v]| cos O
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where 6 is the angle between the vectors.

Since —1 < cosf@ < 1 for all angles 6, we have:

—llaflflo]] < - v < ][]

This is equivalent to:
| - o] < [|all[|7]]

Equality holds when cosf = +1, which occurs when « and ¢’ are parallel (pointing in the

same or opposite directions).
Alternative algebraic proof:

Consider the vector w = ¢ — ¢ for any scalar ¢. Since ||w]]* > 0:

0 < ||7— tid]|?
= (7 — tid) - (7 — t@)

= 101" — 2t(a - ©) + ¢*||7]]*

This is a quadratic in ¢ that is always non-negative. For this to be true, the discriminant
must be non-positive:

[—2(a - 9)]* — 4fjal*||7]* < 0
4(a - v)* < 4|l || 9]
(- 9)* < |Jl|*|| 9]

- o) < [lal[|7]

This completes the proof. [1

Note: This inequality is fundamental in linear algebra and has far-reaching applications
in analysis, probability, and optimization. O]



Solutions to Chapter 2: Systems of Lin-
ear Equations

Basic Problems

Solution. 1 Determine whether each equation is linear:

(a) 22 —3y+2=7
(b) 2> +y =

(© 5-4=1

(d) zy +2z =
Solution:

(a) Linear v/

All variables appear to the first power only, with no products of variables. This can be
written as 2z + (=3)y + 1z = 7.

(b) Not linear x

The term 22 means x appears to the second power, not the first. This violates the defini-
tion of a linear equation.

(c) Linear v/

. . 1 1 o . -
We can rewrite this as 5o — 3y = 1, or multiply through by 6 to get 3x — 2y = 6. Each
variable appears to the first power.

(d) Not linear x
The term xy is a product of two variables, which violates the linearity requirement.

Answers: (a) Linear, (b) Not linear, (c) Linear, (d) Not linear O

Solution. 2 Verify that (z,y) = (3, —1) is a solution to:

20 +y =5
r—3y==6

Solution:

13
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Substitute x = 3 and y = —1 into the first equation:
23)+(-1)=6—-1=5v
Substitute into the second equation:

(3) —3(-1)=3+3=6v

Both equations are satisfied, so (3, —1) is indeed a solution.

Answer: Verified. (3, —1) is a solution. O

Solution. 3 Solve by substitution:

r+y="7
20 —y =2
Solution:
From the first equation, solve for y:
y=7—=x

Substitute this into the second equation:

20— (7T—x) =2
20 —T+x =2
3r—T7=2

3z =9

=3

Now find y:
y=7—x=7—3=4

Check in both original equations:

rH+y=3+4=7/
27—y =2(3)—4=6-4=2/

Answer: (z,y) = (3,4) O
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Solution. 4 Write the augmented matrix for:

T—2y+32=95
2r+y—2=1
—r+3y+22=14

Solution:

The augmented matrix has the coefficients of each variable in columns, with the constants
in the last column:

Row 1 corresponds to the first equation, row 2 to the second equation, and row 3 to the
third equation. Columns 1, 2, and 3 correspond to variables z, y, and z respectively.

1 -2 3 1|5
Answer: 2 1 —111 O
-1 3 2 14

Solution. 5 Perform the row operation Ry — 3R; on:
1 24
3 5|7

The operation Ry — 3R; means we replace row 2 with (row 2) minus 3 times (row 1).

Calculate 3R;:

Solution:

3&:ﬂ124:p61ﬂ
Now compute Ry — 3R;:

Ry=3R=[3 5 7-[3 6 12]=|0 -1 —3]

The resulting matrix is:

2

Answer: 1
0 -1

4
| 0
)
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Solution. 6 Determine if each matrix is in row echelon form:

(a) [0 1 5

®) [0 1 3

0 1 2

© 1103

Solution:

Recall that a matrix is in row echelon form if:

1. All nonzero rows are above rows of all zeros
2. The leading entry in each nonzero row is 1

3. Each leading entry is to the right of the leading entry in the row above it

(a) Yes, in REF v
All conditions are satisfied: leading entries are 1, and each is to the right of the one above
(positions: column 1, column 2, column 3).

(b) Yes, in REF v/

The zero row is at the bottom, leading entries are 1, and they progress to the right. (This
is actually in RREF as well, since each leading 1 is the only nonzero entry in its column.)

(c) No, not in REF x

The first entry in row 1 is 0, not 1. Also, the leading 1 in row 2 is to the left of the leading
1 in row 1, which violates the "staircase" pattern.

Answers: (a) Yes, (b) Yes, (c) No O

Solution. 7 Solve using Gaussian elimination:

r+y=3
r—y=1

Solution:

Write the augmented matrix:

1 1
1 -1

1
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Perform Ry — Ry:
1 113
0 —2| -2
Perform —%Rg to make the leading coefficient 1:
1 1|3
0 1)1
This is in REF. Now back-substitute:
From row 2: y =1
From row 1: 4y = 3, so  + 1 = 3, which gives x = 2
Verify:
r+y=2+1=3v
r—y=2—-1=1v
Answer: (z,y) = (2,1) O

Solution. & Solve:

r+2y+2=206
20 4+ 3y +22 =10
r+y+z=4
Solution:
Write the augmented matrix:
1 2 1|6
2 3 2(10
11 1|4
Perform Ry — 2R;y: i i
1 2 1] 6
-1 0|-=2
11 1) 4 |
Perform R3 — Ry: i i
1 2 1] 6
-1 0|-2
|0 -1 0] -2 |
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Perform — Rs:

1 1] 6
1 0] 2
0 -1 0|-2
Perform Rz + Rs:
1 2 1|6
01 0|2
00 0]0
This is in REF. The system becomes:
rT+2y+2=6
y=2

From row 2: y =2
Variable z is free (no pivot in its column). Let z =t where ¢ € R.

From row 1:
r+22)+t=6 = v+4+t=6 = v =21

Answer: (z,y,z) = (2—1t,2,t) for any ¢t € R (infinitely many solutions) O

Intermediate Problems

Solution. 9 Transform to RREF and solve:

2 4 =216
1 3 115
3 5 —1|8

Solution:

First, swap R; and Rs to get a leading 1:
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Perform Ry — 2R;:

Perform Rs — 3R;:

Perform _%RQ:

Perform Rs3 + 4R5:

Perform iRgI

Now continue to RREF. Perform Ry — 2Rj:

Perform R; — Rs:

Perform R; — 3R,:

O =) W

—_

BNl O = DN Ot

NSO

N eSO
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Simplify:
1002
010 %
00 1|1
. —_ (531
Answer: (z,y,2) = (2,2,4) a

Solution. 10 Determine whether the system is consistent and, if so, find all solutions:

r+2y—2z=3
20 +4y — 22 =7
3r+6y—32=9

Solution:

Write the augmented matrix:

(1 2 —1[3]
2 4 =27

3 6 3|9 ]

Perform Ry — 2R;y: i i
1 2 —-11|3
0 0 |1

3 6 3|9 ]

Row 2 now reads: Ox + Oy 4+ 0z = 1, which is 0 = 1 — a contradiction!
This means the system is inconsistent.

Geometric interpretation: The first and third equations represent the same plane
(equation 3 is 3 times equation 1), but equation 2 represents a parallel plane that doesn’t
intersect them.

Answer: The system is inconsistent (no solution). O

Solution. 11 Find all solutions (express free variables as parameters):

Ty + 29 — w3+ 14 =2
201 + 4x9 — 3 — 224 = —1

—I —2$2+2$3+5$4 =6

Solution:
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Write the augmented matrix:

2 4 -1 =-2]-1

Perform Ry — 2R;y:

Perform R3 + R;:

Perform R3 — Rs:

Perform %OR;),:

(00 0 1|1 ]

Continue to RREF. Perform Ry + 4Rj:

12 -1 1| 2 12 -1 1|2
00 1 0/=232 =100 1 5
00 0 1| 2 00 0 1]
Perform R; + Rs:
120 1|4
0010]3%
000 1|3
Perform R; — Rjs:
120 0f2% 120 0|55
0010 £ [=]0010]3%
0001 000 1|3

Now read off the solution. Pivots are in columns 1, 3, and 4, so z is free.
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Let x9 =t where t € R.
From the RREF:

T+ 2 _ 2 = —3—215
EET) FT10
1
33’3:5
13
SRT)
Answer: (x1, 9, x3,T4) = (1% — 2t,t, %, %) for any t € R ]

Solution. 12 A traffic intersection has flows as shown. Find the relationship between z and
Y.
Solution:

By conservation of flow at the intersection (flow in = flow out):

100 + 2 =y + 80

Simplifying:
2+ 100 =y + 80

y=1x+20

This means the outgoing flow y must be 20 vehicles per hour more than the incoming flow
x.

For the system to be physically meaningful, we need:
e = > 0 (non-negative flow)
e y >0, which gives z + 20 > 0, so x > —20

Combined: z > 0 and y = x + 20.
Answer: y = x + 20 (where z > 0) O

Solution. 13 Balance the chemical equation:

F6+02—>F€203

Solution:

Let the coefficients be x1, z9, x3:

I1F€ + 55202 — $3F6203



Contents 23
Balance each element:
Iron (Fe): z1 = 23
Oxygen (O): 25 = 3x3
From the iron equation: z; = 2x3
From the oxygen equation: xo = 3%
To get whole numbers, let z3 = 2:
T3 — 2
Ty =2(2) =14
3(2
Ty = (2 ) =3
Check:
o Fe: Left side = 4, Right side = 2(2) =4 v
o O: Left side = 2(3) = 6, Right side = 3(2) =6 v
Balanced equation: 4Fe + 30, — 2Fe305 O

Solution. 14 Find the equilibrium price and quantity if:

Supply: S =3p—50
Demand: D = —2p 4+ 200

Solution:

At equilibrium, supply equals demand:

3p — 50 = —2p + 200

Solve for p:

3p + 2p =200 + 50
5p = 250
p =250

Find the equilibrium quantity:

S = 3(50) — 50 = 150 — 50 = 100
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Verify with demand:
D = —2(50) 4+ 200 = —100 4 200 = 100v/

Answer: Equilibrium price: p = $50, Equilibrium quantity: @ = 100 units O

Solution. 15 Solve the system and interpret geometrically:

r+y+z=1
T+y+z=2
Solution:
Write the augmented matrix:
_ .
L 2 -
Perform Ry — R;: ) )
1 11
100 01|

Row 2 says: 0z + Oy + 0z = 1, which is 0 = 1 — a contradiction!
The system is inconsistent (no solution).

Geometric interpretation: Each equation represents a plane in 3D space. Both planes
are parallel (they have the same normal vector (1,1,1)) but are at different distances from
the origin. Since they’re parallel and distinct, they never intersect.

Answer: No solution (inconsistent system). The two planes are parallel. O

Challenge Problems

Solution. 16 Prove that if a system of linear equations has more than one solution, it must
have infinitely many solutions.

Solution:
Let’s prove this by considering what happens when we have two distinct solutions.

Suppose the system has two distinct solutions ¥; and 7y where &} # 5. This means both
satisfy all equations in the system.

Consider any linear combination of these solutions:
Ty = (1 =) + t2y

where t is any real number.
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For any equation in the system with coefficients ay, as, ..., a, and constant b:

ar(ze)1 + ag(zy)2 + - 4+ an(@)n = ar[(1 — ) (1)1 + t(x2)1] + -
= (1= t)]ar(z1)1 + - + anlz1)n)]
+tlar(xo)1 + - - + an(@2)y)
— (1 —t)b+tb
=b

So 7, is also a solution for every value of t.

Since t can be any real number, there are infinitely many solutions (one for each value of
t).

Alternative argument: When we row-reduce the augmented matrix, if there are two
solutions, there must be at least one free variable (otherwise there would be exactly one
solution). A free variable can take infinitely many values, leading to infinitely many solu-
tions. [J

Conclusion: A linear system can have exactly 0, 1, or infinitely many solutions—mnever
exactly 2, 3, or any other finite number greater than 1. O]

Solution. 17 Find all values of k for which the system has: (a) no solution, (b) exactly one
solution, (c¢) infinitely many solutions.

T+2y=3
2v+4y =k
Solution:
Write the augmented matrix:
1 213
2 41k
Perform Ry — 2R;:
1 2] 3
0 O0|k—6

The second row represents: Ox + 0y =k — 6

Case (a): No solution

If £k —6 # 0, we have 0 = k — 6 which is a contradiction.
This occurs when k # 6.

Case (b): Exactly one solution
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This would require a unique solution, but notice that even when the system is consistent,
we only have one equation with two variables (after elimination). This means y would be a
free variable, giving infinitely many solutions.

Therefore, there is no value of £ that gives exactly one solution.

Case (c): Infinitely many solutions

If k—6 =0, then k = 6, and the second row becomes 0 = 0, which is always true.
The system reduces to just z + 2y = 3 with y as a free variable.

Solution: x = 3 — 2y for any y € R.

Answers:

« (a) No solution: k # 6 (i.e., k € R\ {6})
 (b) Exactly one solution: impossible (no such k exists)

e (c) Infinitely many solutions: k = 6

Solution. 18 For what value(s) of h does the system have infinitely many solutions?

T —3y =2
—2x 46y =nh
Solution:
Write the augmented matrix:
1 =32
-2 6 |h

Perform Ry + 2R;:

1 =3 2

0 0 |h+4
The second row represents: Oz + 0y = h + 4

For infinitely many solutions, we need this to be consistent (not a contradiction) and have
free variables.

This occurs when h + 4 = 0, giving us 0 = 0 (always true).
Therefore: h = —4

When h = —4, the system reduces to just x — 3y = 2, with y as a free variable:

r=24+3y foranyyeR
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Geometric interpretation: The second equation is —2x + 6y = h, which can be written
as r — 3y = —%. This is the same line as the first equation when —% = 2, i.e., when h = —4.

Answer: h = —4 O

Solution. 19 Solve the system with four variables:

Ty + 29+ 13— x4 =3
2[E1—|—4ZL‘2+31‘3+$4:7
I1+21’2+21’3+21’4:4

Solution:

Write the augmented matrix:

1 21 —-1]3
4 3 1|7
12 2 2 |4
Perform Ry — 2R;y: i i
1 2 —-11]3
00 3 |1
12 2 |4 ]
Perform R3 — R;y: i i
1 2 —11]3
0 0 3
100 3 1]
Perform R3 — Rs: i i
1 2 —11]3
0 3 11
000 00|

Continue to RREF. Perform R; — Rs:

1 20 4|2
001 3|1
000 010

This is in RREF. Pivots are in columns 1 and 3, so x5 and x4 are free variables.
Let 9 = s and x4 = t where s,t € R.

From row 2: z3+ 3z, =1
T3 = 1—3t
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From row 1: x1 4+ 229 — 4x4 = 2
I1:2—2S+4t

Answer:
(r1, 29,23, 24) = (2 — 25+ 4t, 8,1 — 3t, 1)

for any s,t € R (infinitely many solutions with two parameters) O]

Solution. 20 A company produces three products A, B, and C. Each unit of A requires 2
hours of labor and 1 unit of raw material. Each unit of B requires 1 hour of labor and 2
units of raw material. Each unit of C requires 3 hours of labor and 2 units of raw material.
If 100 hours of labor and 80 units of raw material are available, and the company wants to
use all resources, set up and solve the system to find all possible production combinations.

Solution:
Let z, y, and z be the number of units of products A, B, and C produced.

Labor constraint:
2z +y + 3z = 100

Raw material constraint:
r+2y+ 2z =80

Write the augmented matrix:

(2 1 3100 |
12 2|80 |
Swap rows to get a leading 1:
(1 2 2|80 |
2 1 3]100 |
Perform Ry — 2R;:
1 2 2 80
0 -3 —1|—-60
Perform —%RQ:
1 2 2|80
0 1 % 20

Continue to RREF. Perform R; — 2R5:
10 40
01 20

Variable z is free. Let z =t where ¢ > 0 (can’t produce negative units).

Lo ol
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From row 2: 1

1
=20 = y=20— =¢
yt3 Y 3

From row 1:

4 4
—t=40 = =40 — —t
x—|-3 X 3

For physical constraints, we need z,y, z > 0:

e 2=12>20
« y=20—5t>0 = ¢t <60

c x=40—35t>0 = <30

The binding constraint is ¢ < 30.
Answer:

4 1
= (40 — -t,20 — ~t,¢
(:’C7y7z) ( 37 3 7)

where 0 < ¢t < 30.
Examples of valid production plans:
e t=0: (x,y,2) = (40,20,0) — produce 40 A’s, 20 B’s, no C’s
o t=15: (x,y,2) = (20,15,15) — produce 20 A’s, 15 B’s, 15 C’s

e t=230: (x,y,2) = (0,10,30) — produce no A’s, 10 B’s, 30 C’s

O

Solution. 21 Show that if the augmented matrix [A]b] can be transformed to RREF [I|c]
where [ is the identity matrix, then the system has the unique solution z = c.

Solution:

Suppose the augmented matrix [A|b] for an n x n system can be transformed to RREF [I|c]
where [ is the n X n identity matrix.

The identity matrix has the form:

1 0 0
010 0
=10 1 0
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So the RREF is:

1 0 0 C1

0 1 0 (6))

[[|c] =10 1 0] cs

1000 L{cy |
This represents the system:

1 =C
To = Co
T3 = C3
Ty = Cp

Key observations:

1. There is a pivot in every column (columns 1 through n)
2. There are no free variables

3. Each variable is explicitly determined

Therefore, the unique solution is:

L1 €1
xr = . = = C
Tn Cn

Since row operations preserve solutions (they produce equivalent systems), and the solu-

tion to [I|c] is clearly ¥ = ¢, this must also be the unique solution to the original system.
O

Converse: If the RREF is not [I|c] (i.e., some columns don’t have pivots), then there are
free variables and either infinitely many solutions or no solution (if there’s a contradiction).

]



Solutions to Chapter 3: Matrices

Basic Problems

Solution. 1 Given A = [2 _1] and B = [ L 2], compute:
3 4 -1 3
(a) A+ B
(b) 34
(c) 2A—B

Solution:

(a) Add corresponding entries:
2 -1 1 2 24+1 —-1+42 3 1
A B - = =
* [3 4]%—1 3} [3+(—1) 4+3] [2 7}
(b) Multiply each entry by 3:
2 -1 6 —3
A = =
3 3 [3 4 ] [9 12]
(c) First compute 2A, then subtract B:

2A:2[2 -1 :[4 —2

3 4

N i R

Answers: (a) B ﬂ (b) [S IQ?)]’ (c) [i _54]

Solution. 2 Compute the products AB and BA where:

B

31
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Are they equal?

Solution:
Compute AB:
Entry (1,1): (1)(2)+ (2)(1) =2+2 =
Entry (1,2): (1)(0)+(2)(3) =0+6=6
Entry (2,1): (3)(2) + (4)(1) = 6 +4 = 10
Entry (2,2): (3)(0) + (4)(3) =0+ 12 =12
4 6
A Lo 12]
Compute BA:
Entry (1,1): (2)(1)+(0)(3) =2+0=
Entry (1,2): (2)(2) +(0)(4) =4+0 =
Entry (2,1): (1)(1)+(3)(3)=1+9=10
Entry (2,2): (1)(2)+ (3)(4) =2+12=14
2 4
Ba= Lo 14]

Since AB # BA, matrix multiplication is not commutative!

10 12|

Answers: AB = 46
10 14

Solution. 3 Find the transpose of:
23
456

Solution:

The transpose interchanges rows and columns. A is 2 x 3, so AT is 3 x 2.

- T
a

2 4
= [ ], No, they are not equal.

Row 1 of A becomes column 1 of AT:

Row 2 of A becomes column 2 of A”:

becomes column 1

becomes column 2
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Wait, let me reconsider. Column 1 of A is L], which becomes row 1 of A7,

1
AT = |2
3

S

1
Answer: AT = |2
3

SIS
Ul

Solution. 4 Determine if the following matrix is symmetric:

A:

W N =
Ot = N

3
5
6

Solution:
A matrix is symmetric if AT = A, which means a;; = a;; for all 4, 5.

Check each off-diagonal pair:
e ap=2and ay; =2 vV
e a;3=3and az1 =3 vV
e ay3=>band azx =5V

All corresponding entries match, so the matrix is symmetric.

Alternatively, compute the transpose:

AT =

w N
SISO
o onw
Il
2

Answer: Yes, the matrix is symmetric. O

Solution. 5 Find the inverse of A = [2

) ;)] using the 2 x 2 formula.

Solution:
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a . .
For A = [ ] , the inverse is:
c d
1 d —b
A7l =
ad — bc [—c a ]
First, compute the determinant:
det(A) =ad —bc=(2)(2) —(3)(1) =4-3=1
Since det(A) # 0, the matrix is invertible.
Apply the formula:
A’l_} 2 -3 _ 2 =3
11-1 2 -1 2

Verify:

AA’1:23 2—3:4—3—6—1—6:10\/

1 2(|—-1 2 2—-2 —-3+4+4 0 1
Answer: A~! = [2 _3] O]
-1 2
. . 1 —1f. ) 3 1

Solution. 6 Verify that B = [ 5 1 is the inverse of A = [2 11.
Solution:
We need to verify that AB = BA = 1.
Compute AB:

AB:311_1:3_2_3+3:10/

2 11 |-2 3 2—-2 —-2+43 0 1

Compute BA:

BA:1—131:3—2 1—1:10\/

-2 3|21 —-64+6 —24+3 0 1

Since both products equal the identity matrix, B = A~
Answer: Verified. B is the inverse of A. ]

11
Solution. 7 Compute A% and A® where A = [0 1].
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Solution:

Compute A% = AA:
e [V [0 1+1] 12
S0 10 1] [0+0 0+1] |0 1

Compute A3 = A? . A:

A3_1211_1+01+2_13
o 1]]0 1| [04+0 0+1] |0 1

1
Notice the pattern: A™ = [O ﬂ

Answers: A? = L2 , A3 = L3 O
0 1 01

Solution. 8 Which of the following matrices are invertible? (Use the 2 x 2 determinant test)
(a)

(b)

Solution:

A 2 x 2 matrix is invertible if and only if its determinant is nonzero.

wasl?

det(A) = (1)(4) — (2)(2) =4—4 =0

Since det(A) = 0, the matrix is not invertible.

Note: The second row is exactly twice the first row, making the rows linearly dependent.

o[ ]

det(B) = (3)(1) = (1)(1) =3—-1=2#£0

Since det(B) # 0, the matrix is invertible.
Answers: (a) Not invertible, (b) Invertible O
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Intermediate Problems

2

Solution. 9 Let A = L
3 1

a5 |

4 ;l . Verify that (AB)" = BT AT,

Solution:

First, compute AB:
AB:1221:2—|—21—|—4:45
3 4] |1 2 6+4 348 10 11
Now compute (AB)T:

any [t 1]

Next, compute BT and AT:
s 2] 13
1 2|’ 2 4

Note that B is already symmetric, so BT = B.

Compute BT AT:
grr_ [2 [t 3] _[2+2 6+4] _[4 10
1 2|2 4] [1+4 348/ |5 11
Indeed, (AB)T = BTAT v

Answer: Verified.

1 01
Solution. 10 Find the inverse of A= |0 2 1| using row reduction.
110

Solution:

Form the augmented matrix [A|I]:

— O
= NN O
S =
o O =
S = O
_ O O



Contents 37

Perform R3 — R;:

(10 1 0|
0 2 0 10
(01 —1[—1 0 1|
Perform%Rg: ) )
10 1]1 00
01 $]0 %20
(001 —1[—1 0 1|

Perform R3 — Rs:

10 1]1 0 0
1 1
0 1 53 0 51 0
00 —5|-1 —5 1
Perform —%Rgi
10 1|1 0 O
1 1
BN
00115 3 —3
Perform Ry — %Rg:
1011 0 O
11 1
R
001} 35 35 —3
Perform R; — Rs:
1 12
o0
I I
0015 3 -3
Therefore: ) L
s 3 3| |t 1
Al=1-4 L 1 =gl 1 1
2 1 2
503 T3 2 —2
1 -1
Answer: A‘lzé -1 1 1 ]
2 -2

Solution. 11 Solve the system AZ = l;using A1 where:

SN



38 Contents

Solution:

From Problem 5, we know A~! = [ 2 _3].

The solution is:

F=A"

S
Il
| — |
I
—_
|
MOJ
—_
1
Ut Co
—_
Il
| — |
| =
oo O
+ |
—
= o
| I
Il
|
[N
| IS

Verify by substituting back:

1
Answer: ¥ = [2] ]

Solution. 12 Let D = diag(2, 3, —1). Compute D*.
Solution:

For a diagonal matrix, powers are computed by raising each diagonal entry to that power:

2 0 0
D=0 3 0
00 -1
240 0 16 0 0
D=0 3% 0 =10 81 0
0 0 (—1)4 0 0 1
16 0 0
Answer: D*=|0 81 0 O
0 0 1

1 2
Solution. 13 If A = [O 1], find a formula for A™ for any positive integer n.

Solution:

Let’s compute a few powers to find a pattern:

a2
01

el R
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Ag_AzA_i 411 2] N1
B 0 1o 1] [0 1
44— g3 A_'1 61 2] [1
B 010 1] [0 1

Pattern: The upper-right entry is 2n, so:

An:ll 2n]
0 1

Proof by induction:

1 2
Base case: n =1 gives L) 1] =AYV

1 2k

] . Then:
0 1

Inductive step: Assume A* = [

A g [V 2R 2] o2 2k) 12k 1)
0 101 [0 1 0 1

Answer: A" = [1 2”]

0 1

Solution. 14 Prove that if A and B are both invertible n x n matrices, then (AB)™! =
B7tATL
Solution:

To prove that B~1A~! is the inverse of AB, we need to show:
(AB)(B'A™ ) =1 and (B 'AYHYAB)=1
First equation:

(AB)(B™*A™') = A(BB ) A™' (by associativity)
= AIA!
= AA™?
=1V
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Second equation:

(B'A™Y(AB) = BT'(A'A)B  (by associativity)

=B 'IB
=B'B
=1V
Therefore, (AB)™! = B1A™1. O
Note: The order reverses, just like with transposes! O

0.8 0.3

. If the initial state is
0.2 0.7

Solution. 15 A Markov chain has transition matrix P = [

1
Uy = L)]’ find the state after 2 steps.

Solution:

After one step:
. . 0.8 0.3 |1 0.8
V1 = PUO = =
0.2 0.7/ (0 0.2

After two steps:

aerue [ B -2 -

0.2 07| l02] ~ l0.16 +0.14 0.30

Alternatively, we could compute ¥ = P%7:

P2 0.8 0.3] [0.8 03] [0.70 0.45
102 071102 0.7]  10.30 0.55

by = P25, = 0.70 0.45| |1 _ 0.70 Y
0.30 0.55] |0 0.30

Interpretation: After 2 steps, there’s a 70% probability of being in state 1 and 30% in
state 2.

O

Answer: Uy = l().?()]

0.30

Solution. 16 Show that if A is symmetric, then A? is also symmetric.
Solution:

Given: A is symmetric, so AT = A.
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We need to show: (4%)7 = A?
Compute the transpose of A%

(A4%)" = (44)"
= AT AT (property of transpose)
= AA (since AT = A)

Therefore, A? is symmetric. [J

Generalization: By similar reasoning, A" is symmetric for any positive integer n if A is
symmetric.

Answer: Proven. O

Challenge Problems

Solution. 17 Prove that if A is invertible and AB = AC', then B = C'. Does this hold if A
is not invertible?

Solution:
Part 1: If A is invertible and AB = AC, then B = C.
Proof:

AB = AC (given)
A Y(AB) = A"Y(AC) (multiply both sides by A" on left)
(A'A)B = (A*A)C  (associativity)
IB=1IC
B=C

This is called the cancellation law for matrices. O

Part 2: If A is not invertible, this does NOT necessarily hold.

11 0 1

an=[; 3] ] -1

Counterexample: Let A = [1 1], B = [1], C= [O]
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¢ [1 11 [O] [1]
1 1)1 1
So AB = AC but B # C.

Answer: Yes for invertible A (proven above). No for non-invertible A (counterexample

given). O

Solution. 18 Find all 2 x 2 matrices A such that A2 = I.

Solution:
a

LetA:l Z] We need A2 = I:

a blla b |10
c dlle dl |01
a?+be ab+ bd |10
ac+cd be+d?| |0 1

C

This gives us four equations:

a’+bec=1 (1)
ab+bd =0 (2)
ac+cd =0 (3)
be+d® =1 (4)

From equation (2): b(a + d) = 0, so either b=0or a +d = 0.
From equation (3): ¢(a + d) =0, so either c=0or a +d = 0.
Case 1: b=0and c=0

Then equations (1) and (4) become a® = 1 and d* = 1.

So a = +1 and d = %1, giving 4 matrices:

1 0] (=1 O 1 0 -1 0
0O 1/’[0 —=1/’|0 —=1]"|0 1
Case 2: a+d=0 (sod= —a)
From equation (1): a? 4 bc = 1
From equation (4): bc + d* = bc + a* = 1 v (consistent)

So we need bc = 1 — a? for any value of a.
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1—a?
p

For each choice of a, we can choose any b # 0 and set ¢ =

Examples:

e a=0:d=0, bc =1. Example: [(1) (1)1

e a=1:d= -1, bc =0. Covered in Case 1.

General form: All matrices satisfying A% = I are:

A= llfg _ba] for any a € R, b # 0

a

or the four diagonal matrices from Case 1 (when b = 0).

Answer: Infinitely many solutions of the form lli2 b ] where b # 0, plus the four
= —a

+1 0

diagonal matrices +1 and . O]
0 F1

Solution. 19 Prove that the transpose of an upper triangular matrix is lower triangular.

Solution:

Let A be an upper triangular n x n matrix. This means a;; = 0 whenever ¢ > j (all entries
below the main diagonal are zero).

We need to show that A’ is lower triangular, meaning (A”);; = 0 whenever i < j.
By definition of transpose: (AT);; = aj;

If i < j, then j > 4,50 a;; = 0 (since A is upper triangular and the entry is below the

diagonal).
Therefore, (AT);; = 0 whenever i < j, which means A” is lower triangular. [J
Example:
1 2 3 1 00
A=10 45 = A"=]240
00 6 3 5 6
Answer: Proven. ]

Solution. 20 Let A be an n x n matrix. Prove that A + AT is always symmetric.
Solution:

We need to show that (A+ AT)T = A+ AT.
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Compute the transpose:

(A+ AT)T = AT + (AT)T  (property of transpose)
= AT+ A (since (AT)T = A)
= A+ AT (commutativity of addition)

Therefore, A + AT is symmetric. O
Note: Similarly, A — AT is always skew-symmetric (see Problem 23).

Answer: Proven. O

Solution. 21 Find a 3 x 3 matrix A (other than I) such that A> = A (called an idempotent
matrix).

Solution:
We're looking for a matrix where A% = A, or equivalently A2 — A= A(A—1) = 0.

One approach: projection matrices are idempotent. Consider:

1 00
A=10 1 0
000
Verify:
1 001 0O 1 0
A*=10 1 0{[0 1 0|=1[01 0| =AY
00 0|0 0 O 0 0
Another example (not diagonal):
110
A=10 0 0
000
Verify:
1 1 0{{1 1 0 1 10
A*=10 0 0|0 0 0O|=10 0 0| =AYV
00 0|00 O 000
General construction: Any matrix of the form A = [ 0 g] where P is an idempotent

submatrix works.
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o = O
o O O

11
or |0 O
00

o oo
U]

1
Answer: Many possibilities, including |0
0

Solution. 22 Prove that if A is an invertible matrix, then (A")~! = (A~1)" for any positive
integer n.

Solution:

We need to show that (A™!)" is the inverse of A",

Proof by induction on n:

Base case: n =1

(AN 1= A1 = (A1) v

Inductive hypothesis: Assume (A¥)~! = (A~1* for some k > 1.
Inductive step: We need to show (A*1)~1 = (A=),

(Ak+1)—1 o (Ak . A)—l

(AM~1 (property: (BC)™' =C~'B™)
(A Y% (by inductive hypothesis)

1

By the principle of mathematical induction, the result holds for all positive integers n. [
Alternative direct proof:

To show (A™1)™ is the inverse of A", verify that their product is I:

An.(A—l)n:(A.A...A)(A—l.A—l...A—l)
n times n times
=A-A---A-A1. A1t 47E
=1 (each A cancels with an A™")

Similarly, (A~1)" - A" = I.

Answer: Proven. O]
Solution. 23 A matrix A is called skew-symmetric if AT = —A.

(a) Show that the diagonal entries of a skew-symmetric matrix must be zero.

(b) Prove that any square matrix A can be written as the sum of a symmetric matrix
and a skew-symmetric matrix.
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Solution:
(a) Let A be skew-symmetric, so AT = —A.
By definition of transpose, (A”);; = A;; (diagonal entries are unchanged by transpose).
But AT = —A means (AT);; = —A.
Therefore: A;; = —A;;, which implies 24;; = 0, so A; = 0.
All diagonal entries must be zero. [J
(b) For any square matrix A, define:
5= ;(A+AT) and K — ;(A— AT

Claim 1: S is symmetric.

1 r 1 1
ST = [Q(A + AT = (AT 4 (ATYT) = (AT + 4) =S¢
Claim 2: K is skew-symmetric.
1 T
KT = §(A—AT) = (AT—(AT)T)Zg(AT—A) =—-KV

Claim 3: A=S+ K.

1
S+K=;(A+AT)+;(A—AT)=;(A+AT+A—AT)=2(2A)=A/

Therefore, every square matrix can be decomposed into symmetric and skew-symmetric

= 1 2
3 4

g V(U2 [r 3\ 1 25

S 2\[3 4] |2 4]) |25 4

1 —0.

ol 1 2 _ 1 3 _ 0 0.5
2\|3 4 2 4 05 0

|-a¢

parts. [

Example:

1 2
3 4

Answers: (a) Proven. (b) Proven with construction S =

Verify: S+ K = [

1(A+AT) and K = 1(A-AT). O
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Solution. 24 Consider the adjacency matrix of a graph A. Prove that (A¥);; equals the
number of paths of length k from vertex i to vertex j.

Solution:

Proof by induction on k:

Base case: k=1

(AY);; = Ajj equals 1 if there’s an edge from i to j (a path of length 1), and 0 otherwise. v/

Inductive hypothesis: Assume (Ak)ij equals the number of paths of length k£ from 7 to
j.

Inductive step: We need to show that (A*™);; equals the number of paths of length & + 1
from 7 to j.

By matrix multiplication:

Interpretation:
o (A*);, = number of paths of length k& from 4 to £ (by inductive hypothesis)
o Ay; = 1if there’s an edge from ¢ to j, 0 otherwise

o (AF); - Ayj = number of paths from i to j of length k + 1 that go through ¢ as the
second-to-last vertex

Summing over all possible intermediate vertices ¢ gives the total number of paths of length
k + 1 from 7 to j.

By the principle of mathematical induction, the result holds for all £ > 1. [J

Example: Consider the graph with adjacency matrix:

011
A=11 0 1
1 10

2 1
A2=1|1 2
11

O —

(A?);; = 2 means there are 2 paths of length 2 from vertex 1 to itself: 1 — 2 — 1 and
1—-3—=1V

Answer: Proven. O



Solutions to Chapter 4: Determinants

Basic Problems

Solution. 1 Compute the determinants:

(a) 3 2‘

1 4

(b)

-1 5
2 3

(c)

Solution:

For a 2 x 2 matrix [a

(a)

b] , the determinant is ad — bc.

3 2
‘1 4‘ =(3)4)—(2)(1)=12—-2=10
(b)
B - _1)<3) - (5)(2) —_—3-10=—13
o 3=
(c)
6 3
© Y- e - 12—

Note: In part (c), the determinant is zero because the second column is half the first col-
umn (columns are linearly dependent).

Answers: (a) 10, (b) =13, (¢) 0 O

4 2
Solution. 2 Find the area of the parallelogram with adjacent sides v = [1] and vy = [3]

Solution:

48
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The area equals the absolute value of the determinant of the matrix with these vectors as

columns:
Ao [4 2]
1 3
det(A) = (4)(3) — (2)(1) =12—-2=10
Area = |det(A)| = |10| = 10 square units
Answer: 10 square units [

Solution. 3 Determine if the matrix A = B 140] is invertible.

Solution:

A matrix is invertible if and only if its determinant is nonzero.
det(A) = (5)(4) — (10)(2) =20 —-20 =10

Since det(A) = 0, the matrix is not invertible (singular).

Observation: The second column is exactly twice the first column, confirming linear depen-
dence.

Answer: Not invertible O

Solution. 4 Compute det(A) using cofactor expansion along the first row:

1
A=10
0

S B~ N
S Ot W

Solution:

Expand along the first row:

det(A):1-011+2-C’12+3-C’13

where Cz'j = (—1>Z+]Mw
Compute C;:
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Ch = (=1)""1(24) = 24

Compute Cs:

05
M=o gl =06~ 6)0) =0
Clo = (=1)2(0) =0
Compute Cj3:
0 4
M=y o = ©0) - @10) =0

Therefore:
det(A) = 1(24) + 2(0) + 3(0) = 24

Note: Since A is upper triangular, we could have immediately computed det(A) = (1)(4)(6) =
24.

Answer: 24 O
2 0 0

Solution. 5 Find det(A) where A= {0 —3 0].
0 0 5

Solution:

A is a diagonal matrix, so its determinant is the product of the diagonal entries:

det(A) = (2)(—3)(5) = —30

Answer: —30 O

Solution. 6 Compute using cofactor expansion (choose strategically):

1
3
)

S =~ O
~N O N

Solution:

Notice that column 2 has a zero in row 1, and row 2 has a zero in column 3. Let’s expand
along row 2 (which has a zero):

det(A) =-3- 021 +4. 0224—0' 023
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o1

Since the last term is zero, we only need to compute two cofactors.

Compute Cy;:
0 2

6 7
Cy = (—=1)*TH(~12) = —(—12) = 12

My = ‘ — (0)(7) - (2)(6) = —12

Compute Ch:

Therefore:
det(A) =3(12) +4(—-3) =36 — 12 =24

Answer: 24

Solution. 7 Let det(A) = 3 for a 3 x 3 matrix A. Find:
(a) det(2A4)
(b) det(A™1)
(c) det(AT)

Solution:

(a) For an n x n matrix, det(cA) = ¢" det(A). Here n = 3:

det(24) = 2°det(A) =8 -3 = 24

(b) For an invertible matrix:
1 1

det(4™) = G = 3

(c¢) The determinant of a transpose equals the determinant of the original:

det(A”) = det(A) = 3

Answers: (a) 24, (b) 3, (c) 3

Solution. 8 Use row operations to compute:

1
2
1

w Ot N
S
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Solution:
1 21
Let A=12 5 4
1 3 6

Perform Ry — 2R; (doesn’t change determinant):

1 21
Ai=10 1 2
1 6
det(A;) = det(A)
Perform R3 — R;:
1 21
A2 - 1
015
det(As) = det(A)
Perform R3 — Rs:
1 1
A3=10 1 2
0 3

det(A;) = det(A)
Now Aj is upper triangular:

det(As) = (1)(1)(3) = 3

Therefore, det(A) = 3.
Answer: 3 L]

Intermediate Problems

Solution. 9 Solve using Cramer’s rule:

3v+2y="7
r+4y =25

Solution:

The system is AZ = b where:
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First, compute det(A):

det(A) = (3)(4) — (2)(1) =12 -2 =10
Since det(A) # 0, the system has a unique solution.
A — [7 2]
5 4
det(A;) = (7)(4) — (2)(5) =28 =10 =18
det(4;) 18 9

Find z: Replace column 1 with b:

det(As) = (3)(5) — ()(1) = 15— 7 =8
. det(A2 . é _%
Y= Qet(A) 10 5
Verify: 3(2)+2(4) =28 =¥ =7
Answer: (z,y) = (%, %) O

Solution. 10 Compute the determinant:

2 1 3 4
0 -1 2 1
0 0 35
0 0 0 2

Solution:

This is an upper triangular matrix. The determinant is the product of the diagonal en-
tries:

det(A) = (2)(—1)(3)(2) = —12

Answer: —12 O



54 Contents

Solution. 11 Find the volume of the parallelepiped with edges:
1 0

’171 =12 5 172 = |1 5 173 - O
0 3

Solution:

The volume equals the absolute value of the determinant of the matrix with these vectors
as columns:

b

I
S N =
w = O
— O N

Expand along row 3 (has a zero):

det(A):0-031+3-032+1-C'33

Compute Cjss:

Compute Cjs3:

Therefore:
det(A) =3(4)+1(1)=12+1=13

Volume = | det(A)| = |13| = 13 cubic units
Answer: 13 cubic units ]

Solution. 12 If det(A) = 2 and det(B) = —3, find:
(a) det(AB)
(b) det(A*B1)
(c) det(3A) (where A is 3 x 3)
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Solution:

(a) Use the product property:
det(AB) = det(A) - det(B) = (2)(—3) = —6
(b) Use properties of determinants:

det(A*B™!) = det(A?) - det(B™1)

- 2P
1
=4-(-3)
4
=73

(c) For a 3 x 3 matrix:
det(3A4) = 3% det(A) = 27-2 = 54
Answers: (a) —6, (b) —3, (c) 54

Solution. 13 Determine if the vectors are linearly independent:

Solution:

Form the matrix with these vectors as columns:

1
A=10
1

S =N
N = O

The vectors are linearly independent if and only if det(A) # 0.

Expand along row 1:

det(A):1'011+2-012+0‘013

Compute C;:
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Compute Cs:

Therefore:
det(A)=1(2)+2(1)=2+2=4

Since det(A) = 4 # 0, the vectors are linearly independent.

Answer: Yes, linearly independent [

Solution. 14 Find the inverse of A = [2

1
. 3] using the adjugate formula.

Solution:

First, compute det(A):
det(A) = (2)(3) = (1)(5) =6—-5=1

Since det(A) # 0, the matrix is invertible.

Compute the cofactors:

Cofactor matrix:

Adjugate (transpose of cofactor matrix):

adj(A) = O

I
|

O_(OJ
o |
—
1

Inverse:

AT = detl(A)adj(A) -1 [—35 _21] B [—35 _21]
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Verify:
AT — 2 1][3 -1 [6-5 -2+2] |1 o/
5 3| |-5 2| [15—15 —=5+6| |0 1

Answer: A7 = [3 _1] O
-5 2

Solution. 15 For what value(s) of k is the matrix singular?
k 2
A=
s 4

Solution:

A matrix is singular if its determinant equals zero.

det(A) =Fk-k—(2)(3) =k*—6
Set equal to zero:
K> —6=0
k> =6
k=+v6

Answer: k=+6or k= —/6 O

Solution. 16 Prove that if A is a 2 x 2 matrix with det(A) = 1, then det(A!%?) = 1.
Solution:

Using the property that det(AB) = det(A) - det(B):

det(A™) = det(A-A-A---A)
100 times
= det(A) - det(A) - det(A) - - -det(A) (100 times)
= [det(A)]"™
_ 1100

=1

Alternatively, using the general property: det(A™) = [det(A)]™ for any positive integer n.
Therefore, det( A1) = [det(A)]'?° =110 =1. O

Answer: Proven. O
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Challenge Problems

Solution. 17 Prove that det(A”) = det(A) for any square matrix A.
Solution:

We’ll prove this using the cofactor expansion.

For a 2 X 2 matrix A = [a b]:
c d

det(A) = ad — be
AT — a ¢
¥
det(A”) = ad — cb = ad — bc = det(A)v’

General proof (by induction):
Base case: Verified above for n = 2.
Inductive hypothesis: Assume det(B”) = det(B) for all (n — 1) x (n — 1) matrices.

Inductive step: For an n x n matrix A, expand along row i:
det(A) = ZaijC’,»j
j=1

where Cj; = (—1)" M;; and M;; is the determinant of the (n — 1) x (n — 1) minor.

For A, the entry in row j, column 7 is a;;. Expand det(A”) along column i:

det(A") = Z a;;C

where C7; is the cofactor of A™ at position (j, 7).
Key observation: The minor M}; of AT at position (j,1) is the transpose of the minor M;;
of A at position (i, j).
By the inductive hypothesis: M, = det[(M;;)"] = M,
Also, the sign is the same: (—1)7* = (—1)""
Therefore: C7; = Cj;
Thus:
det(AT) = Za” i = det(A)

By mathematical induction, det(AT) = det(A) for all n x n matrices. [J
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Answer: Proven. O

Solution. 18 Show that if A has a row of zeros, then det(A) = 0.
Solution:
Suppose row ¢ of matrix A consists entirely of zeros.

Expand the determinant along row #:

det(A) = > a;Ci; = ainCia + aixCio + - - - + 4 Ci
j=1

Since row ¢ is all zeros: a;; = 0 for all j.
Therefore:

det(A):O'Ci1+0'ci2+“‘+0'0i =0
O

Geometric interpretation: If one edge vector is the zero vector, the parallelepiped is
flat (has zero volume).

Answer: Proven. O

Solution. 19 Prove that det(AB) = det(A) det(B) for 2 x 2 matrices by direct calculation.

Solution:
a b e f
=l gfman=l; )
Compute AB:

AB — ae+bg af + bh
ce+dg cf +dh

Compute det(AB):
det(AB) = (ae + bg)(cf + dh) — (af + bh)(ce + dg)

= aecf + aedh + bgcf + bgdh — afce — afdg — bhce — bhdg
= aecf + aedh + bgcf + bgdh — acef — adf g — bceh — bdgh

Rearrange:

det(AB) = aedh + bgcef — adf g — beeh

= (ad = be)(eh — fg)
= det(A) - det(B)
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Note: The intermediate terms aecf, acef cancel; bgdh, bdgh cancel.
Therefore, det(AB) = det(A) det(B). O

Answer: Proven by direct calculation. [

Solution. 20 Compute the determinant:

=W N
— o W
O R W
W N =

Solution:
This matrix has a circular pattern. We’ll use row operations.

Let A be the original matrix. Perform Ry — 2R;:

1 2 3 4
0o -1 -2 -7
3 4 1 2
4 1 2 3
Perform R3 — 3R;:
1 2 3 4
0o -1 -2 -7
0 -2 -8 —-10
4 1 2 3
Perform Ry — 4R;:
1 2 3 4
o -1 -2 =7
0 -2 -8 -10
0 -7 —-10 —13

Perform R3 — 2R5:

o O O =
(e}
|
I
S
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Perform Ry — 7TRs:

1 2 3 4
0o -1 -2 -7
0 0 —4 4
0o 0 4 36
Perform R, + Rj:
1 2 3 4]
0o -1 -2 -7
0 0 —4 4
0 0 0 40

The matrix is now upper triangular:
det(A) = (1)(—1)(—4)(40) = 160
Answer: 160 L

Solution. 21 A matrix A is called orthogonal if ATA = I. Prove that if A is orthogonal,
then det(A) = £1.

Solution:
Given: ATA=1
Take the determinant of both sides:

det(ATA) = det(I)

Using the product property:
det(AT) - det(A) =1

Using the transpose property det(A”) = det(A):

det(A) - det(A) =1

[det(A))* =1

det(A) = £1
0
Geometric interpretation: Orthogonal matrices represent rotations and reflections,
which preserve volumes (up to sign). Rotations have det = +1 (preserve orientation),
while reflections have det = —1 (reverse orientation).

Answer: Proven. O
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Solution. 22 Find all 2 x 2 matrices A such that det(A + I) = det(A) + det([).

Solution:
a b

Let A = )

wa=[;
Then:

a+1 b
A+1T =
* l c d+ 1]

Compute the determinants:
det(A) = ad — bc

det(I) =1
det(A+1I)=(a+1)(d+1)—bc=ad+a+d+1—bc

The condition is:
det(A+ 1) = det(A) + det(!)

ad+a+d+1—bc=ad—bc+1
a+d=0

Therefore, all matrices with a +d = 0 (i.e., tr(A) = 0) satisfy the condition.

General form:

. [a b ]
c —a
for any a, b, c € R.
Examples:
1 0 2 3 01
0 —=1/" |5 =27 |1 0
Answer: All matrices of the form [a b where a,b,c € R
c —a

Solution. 23 The determinant can be defined recursively. Prove that for an n x n matrix:

det(A) = Z alelj
j=1

is independent of which row or column is chosen for expansion (this is non-triviall).

Solution:

This is a deep result that requires careful proof. We’ll outline the key ideas.
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Key property to prove: For any row ¢ and any row k (i # k):
> aiiCrj = ar;Cy
j=1 =1

Wait, that’s not quite right. We need to show that expanding along different rows gives
the same result.

Correct statement: We need to prove that for any two rows ¢ and k:
n n
> ai;Cyj = _ ai;Cl;
j=1 j=1

Proof sketch using properties:

The determinant satisfies these properties:
1. Multilinearity in rows
2. Alternating property (swapping rows changes sign)
3. Normalization: det(]) =1

These three properties uniquely determine the determinant function. Any formula satisfy-
ing these properties must give the same result.

The cofactor expansion along row ¢ satisfies all three properties:
o It’s linear in row ¢
« Swapping rows changes the signs of cofactors appropriately
o For I, expansion gives 1
Since the determinant is uniquely characterized by these properties, any row (or column)

expansion must give the same result.

Rigorous proof: Requires showing that:

det(A) ifi=k
0 ifi#k

> a;iCrj = {
j=1

The case i # k corresponds to computing the determinant of a matrix with two identical
rows (which is zero).

This is typically proven using the uniqueness of the determinant function or through ex-
plicit calculation using permutations. [

Answer: Proven (sketch provided; full proof requires more advanced techniques). O
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Solution. 24 Compute the determinant:

— = =
N R
D
=
(@]

Solution:
Use row operations to simplify.

Perform Ry — Ry, R3 — Ry, Ry — Ry:

oS O O

W N ==

O Ot N =
NeJ

Perform R3 — 2Ry, Ry — 3R5:

S O O =

O O = =

W = N =
w

Perform R, — 3Rjs:

o O O -
O O = =
S = N =
_ W W =

Now the matrix is upper triangular:

det(4) = (1)(1)(1)(1) = 1

Note: This matrix is related to Pascal’s triangle and combinatorial numbers. The pattern
in row 3 is (1,3, 6, 10) which are triangular numbers.

Answer: 1 O



Solutions to Chapter 5: Vector Spaces

Basic Problems

Solution. 1 Determine if W = {(z,y,0) : z,y € R} is a subspace of R?.
Solution:
To verify W is a subspace, we check three conditions:

1. Contains zero vector:
0=(0,0,00 €W (setz=0,y=0) v
2. Closed under addition: Let @ = (z1,11,0) € W and ¥ = (22,99,0) € W.

ﬁ“‘ﬁz(x1+3327?/1+y2>0+0):(371‘1‘1527914‘?4270)EW v

The third component is still 0.
3. Closed under scalar multiplication: Let @ = (z,y,0) € W and ¢ € R.

cti = c(x,y,0) = (cx,cy,0) e W v

The third component is still 0.
Since all three conditions hold, W is a subspace of R3.
Geometric interpretation: W is the xy-plane.

Answer: Yes, W is a subspace. O

Solution. 2 Is W = {(z,y) € R*: 2y = 0} a subspace of R??
Solution:
W consists of all points on the z-axis or the y-axis (where at least one coordinate is zero).
Check zero vector:
0=(0,00 = (0)(0)=0 v
So 0 € W.
Check closure under addition: Let @ = (1,0) € W (on z-axis) and ¥ = (0,1) € W (on

65
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y-axis).
u+7=(1,1)
Check if (1,1) € W: Is (1)(1) = 07 No, 1 # 0.
Therefore (1,1) ¢ W, so W is not closed under addition. x
W is not a subspace.

Geometric interpretation: The union of the two axes is not a subspace because adding
a vector from one axis to a vector from the other axis gives a vector not on either axis.

Answer: No, W is not a subspace. O

Solution. 3 Determine if the vectors are linearly independent:
1 3
2|7 |6

] = [8] has only the trivial solution.

Solution:

Check if ¢ lﬂ + ¢o l?)

6

Notice that the second vector is 3 times the first:

oo

Therefore:
1 3 -3 3 0
e = 1] el <
This is a nontrivial solution (¢; = —3, ¢y = 1), so the vectors are linearly dependent.
Answer: Linearly dependent O
1
Solution. 4 Find Span{ |0|, [1| ¢ and describe it geometrically.
1
Solution:

The span consists of all linear combinations:

1 0
Span =< c1 |0 + ¢ |1]| tc1,00 ER
1 1
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Any vector in the span has the form:

C1
Co

01+CQ

Let x =ci,y=cy,and 2 =c¢c; +c =2 +y.
So the span is:
Span = {(z,y,2) € R®: z =z + y}
Geometric description: This is a plane through the origin with equation z = = + y (or
r+y—2z=0).
Answer: The plane z = z +y in R? O

Solution. 5 Determine if {1, z, 2%} is a basis for P.

Solution:

We need to verify two properties: linear independence and spanning.

Linear independence: Consider ¢y -1+ ¢; - @ + ¢z - 2% = 0 (the zero polynomial).
This means co + 1z + cp2? = 0 for all z.

For this to be true for all x, we must have ¢y = ¢; = ¢, = 0.

Therefore, the polynomials are linearly independent. v/

Spanning: Any polynomial p(z) € P, has the form p(z) = ag + a1z + asz?.

We can write:

p(z)=ap-1+4+a,-v+ay-2?

So every polynomial in P is a linear combination of {1, x,z?}. v
Since the set is linearly independent and spans P, it is a basis.

Answer: Yes, this is a basis for P, (the standard basis). O

Solution. 6 Find the dimension of Msy3 (the space of 2 x 3 matrices).
Solution:

A general 2 x 3 matrix has the form:
a b c
d e f

This has 6 entries, each of which can be chosen independently.
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A standard basis consists of the matrices with a single 1 and all other entries 0:

1 0 0] 0 1 0] 0 0 1]
Ey = Fio = Ei3 =
HTlooo " looo TP oo 0

0 0 0] 0 0 0] 0 0 0]
7000 TP o1 o TP lo o0 1

Any 2 x 3 matrix can be written as:

b
[Z . ﬂ =aly +bE g + cEi3 + dEy + eFy + fEo3

This basis has 6 elements.

Answer: dim(Msy3) =6

General formula: dim(M,,,) = mn O
1

Solution. 7T1Is { |1],]0],|1] ¢ a basis for R3?
1

Solution:

Since dim(R?) = 3 and we have 3 vectors, we only need to check linear independence (or
spanning, but not both).

Form the matrix with these vectors as columns:
1 10
A=11 0 1
01 1

Check if det(A) # 0:

Expand along row 1:
01

det(A) =1
) =1] |

‘_1’1 1 10’

0 1 0 1
—1(0-1)—1(1-0)+0=—-1—1=—2

)

Since det(A) = —2 # 0, the vectors are linearly independent.
With 3 linearly independent vectors in R3, this is a basis. v’

Answer: Yes, this is a basis for R3. O
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Solution. 8 Find a basis for the null space of A = [1 2 3].

0 00
Solution:

We need to solve AT = 0:

12 3] " o
00 ol " o

x3
This gives the equation: x; 4+ 2z9 + 323 =0
Solve for the leading variable: 1 = —2x5 — 323
Free variables: x5 and z3
General solution:
—21’2 — 3273 —2 -3
= T2 =x9| 1 + 3 0
T3 0 1

A basis for Nul(A) is:

-2 -3

11,10

1
Verification: i
-2
—24+2
al1l = +240 _ 0 Y
0 0
—2 -3
Answer: Basis: 11,10 []
0 1

Intermediate Problems

Solution. 9 Find a basis for W = {(z,y,z,w) € R* : 2 +y =0,z —w = 0}
Solution:

The constraints are x +y =0 and z — w = 0.

From these: y = —x and w = 2

So any vector in W has the form:

(x,y,z,w) = (z,—x,2,2) = x(1,—1,0,0) + 2(0,0,1, 1)
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Every vector in W is a linear combination of:

1 0
DO P R I
1= 07 2_1

0 1

These vectors are linearly independent (not scalar multiples of each other).

1 0
Basis: -1 , 0
0 1
0 1

Dimension: dim(WV) = 2

Answer: Basis given above, dim(W) = 2 O

Solution. 10 Determine if ¢ (2|, [5]|, [8|, |0| ; is linearly independent.

Solution:
We have 4 vectors in R3.

Since dim(R?) = 3, any set of more than 3 vectors in R? must be linearly dependent (by a
fundamental theorem about dimension).

Therefore, these vectors are linearly dependent.

Alternative verification: Form the matrix with these as columns:

1
A=12
3

O Ot >
O o0

1
0
1

This is a 3 x 4 matrix, so the system A7 = 0 has at least one free variable (4 variables, at
most 3 pivots). Therefore, there exist nontrivial solutions, confirming linear dependence.

Answer: Linearly dependent O

Solution. 11 Let B = { lﬂ , lﬂ } be a basis for R2. Find [v]z where ¢ = [176]

Solution:
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We need to find ¢, ¢o such that:
L 1 n 3
V=C 9 Co 5
This gives the system:
c1+ 302 =7
2C1 + 502 =16
From the first equation: ¢; =7 — 3¢s
Substitute into the second:
2(7—3cy) + 5c = 16
14 — 6¢9 + bey = 16
—Cg = 2
Cy = —2
Then: ¢; =7—-3(-2)=7+6=13
Verify:
1 3 13 —6 7
]. —2 — =
ool + 2 [ = oo + [ ] = )¢
O

Answer: [i]s = [1321

Solution. 12 Find a basis for the column space of:

1 2 3 4
A=12 4 6 8
1 3 5 7
Solution:
Row reduce to identify pivot columns:
RQ - 2R1, Rg - Rli
1 2 3 4
0000
0123
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Swap Ry and Rs:

o O =
S =N
S NW
S W =

Pivots are in columns 1 and 2.

A basis for Col(A) consists of the corresponding columns from the original matrix:

1 2
Basis: 2], 14
1 3
Note: rank(A) =2
1 2
Answer: Basis: 2|, 14 O
1 3

1 2
Solution. 13 Verify the Rank-Nullity Theorem for A = [4 5 2] .

Solution:

The Rank-Nullity Theorem states: rank(A) + nullity(A) = n (number of columns).
Here, n = 3.

Find rank:

Row reduce:
1 2 3| py—ar, |1 2 3 —%R2 1 2 3
4 5 6 0 -3 —6 01 2
There are 2 pivots, so rank(A) = 2.

Find nullity:
From the RREF (continuing above):

1 2 3] mam, [1 0 —1
=
01 2 01 2

The system for AZ = 0 is:

xl—x3=0

LE2+2ZE3:O

Free variable: x5
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1
General solution: ¥ = x5 | -2
1

Dimension of null space: nullity(A) =1

Verify Rank-Nullity:

rank(A) + nullity(4) =24+ 1 =3 =nv
Answer: Verified. rank(A) = 2, nullity(A4) = 1, sum = 3. O

Solution. 14 Find a basis for P, consisting of polynomials that all satisfy p(1) = 0.
Solution:
We want polynomials p(z) = ag + a1z + agx? with p(1) = 0.
The condition p(1) = 0 means:
ag+ a1 +ay =0
So ag = —a; — as.

Any such polynomial has the form:
p(z) = (—a1 — az) + a17 + axr® = ay (v — 1) + az(2® — 1)
The set of all such polynomials is:
W = Span{xr — 1,2° — 1}

Check that {x — 1, 2% — 1} is linearly independent:
If ¢;(x — 1) + ea(z? — 1) = 0 for all z, then:

e’ + e+ (—cp—c) =0

This requires: ¢co =0, ¢y =0, and —c; — ¢ = 0.
From the first two: ¢; = o =0. vV

Note: This is a 2-dimensional subspace of P, (which has dimension 3). We've imposed
one constraint, reducing dimension by 1.

Answer: Basis: {x — 1,2% — 1} or equivalently {1 —z,1 — 22} O

Solution. 15 Extend { [1|, |1] ; to a basis for R3.
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Solution:

We need one more linearly independent vector. A systematic approach: try standard basis
vectors.

Try €; =

1
0]:
0
1l 0] |1
Check if ¢ (1|, [1],|0]| p is linearly independent.
of (1| |[O

Form the matrix:
1 01
A=11 1 0
010
Compute determinant:

10
10

11

det(A) =1
e4) = 1] -

’—0+1’ ’:1wy+umzl¢o

Since det(A) # 0, the three vectors are linearly independent.

11 (0] |1
Answer: ¢ |1], |1, |0] ; is a basis for R3.
of (1] 1O
0
Note: Many other choices work, such as adding [0| instead. [l
1

Challenge Problems

Solution. 16 Prove that if {07, i, U3} is linearly independent, then so is {¥;, ¥} + ¥, U1 + U +
U3}
Solution:
Let W = 0, Wy = ¥} + Uy, W = U1 + Uy + U3.
Suppose ¢ + coty + c3wWz = 0.
Substitute:
1t + oy + ) 4 c3(T) + Ty 4 T3) = 0
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Expand:

61171 + 62171 + 02172 + 03171 + 03172 + 03’(73 =0
Group by original vectors:

(01 + co + 03)'171 + (Cz + 03)172 + 63273 = 6

Since {7y, U, U3} is linearly independent, the coefficients must all be zero:

cL+co+c3=0 (5>
CQ+C3:0 (6)
03:0 (7)

From equation (3): ¢35 =0

Substitute into equation (2): ¢a +0 =0, s0 ¢a =0
Substitute into equation (1): ¢; +0+0=0,s0 ¢; =0
Therefore, ¢; = ¢o = ¢3 = 0 is the only solution.

Thus, {u;, Wy, W3} is linearly independent. [J

Answer: Proven. O

Solution. 17 Let U and W be subspaces of a vector space V. Prove that U N W is also a
subspace.

Solution:

To prove U N W is a subspace, we verify the three subspace conditions:
1. Contains zero vector:

Since U is a subspace, 0 € U.

Since W is a subspace, 0 € W.

Therefore, 0 e UNW. v

2. Closed under addition:

Let «,v € UNW. This means u,v € U and u,v € W.
Since U is a subspace and u, v € U, we have © + v € U.
Since W is a subspace and u,v € W, we have 4« +v € W.
Therefore, u + v e UNW. v

3. Closed under scalar multiplication:

Let w e UNW and ¢ € R. This means « € U and © € W.

Since U is a subspace and @ € U, we have cu € U.
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Since W is a subspace and © € W, we have cu € W.
Therefore, cu e UNW. v
Since all three conditions hold, U N W is a subspace of V. [

Answer: Proven. O

Solution. 18 Prove that U U W is a subspace if and only if U CW or W C U.
Solution:

(<) IfUCW or WCU, then UUW is a subspace:

Case 1: If U C W, then U UW = W, which is a subspace.

Case 2: If W C U, then U UW = U, which is a subspace. v/

(=) fUUW is a subspace, then U C W or W C U:

We’ll prove the contrapositive: If U € W and W & U, then U U W is not a subspace.
If U € W, there exists @ € U with @ ¢ W.

If W Z U, there exists @ € W with @ ¢ U.

Consider @ + w:

e vucUandweW,souec UUW and we UUW.

e Butisu+weUUW?

Suppose 4 + w € U. Then:

— —

W= (u+wW)—u

Since U is a subspace, © + w € U and w € U implies @ € U.
But this contradicts our assumption that @ ¢ U. x

Similarly, suppose @ + w € W. Then:

U= (44 W) — o
Since W is a subspace, © + w € W and « € W implies © € W.
But this contradicts our assumption that @ ¢ W. x
Therefore, i+ w ¢ U and i+ w ¢ W, sod+d ¢ UUW.
This means U U W is not closed under addition, so it’s not a subspace. []

Answer: Proven both directions. O

Solution. 19 If dim(V') = n and {#},...,7,} spans V, prove that it’s a basis.

Solution:
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We're given:
o dim(V)=n
e {U,...,0,} spans V

We need to prove that {#,...,,} is linearly independent (then it’s a basis).
Proof by contradiction:

Suppose the set is linearly dependent. Then one vector can be written as a linear combina-
tion of the others. Without loss of generality, assume:

Uy = C1U1 + €U + + -+ + Cp1Up1

This means {01, ...,7,_1} also spans V (we can replace ©,, wherever it appears).
If this set is still linearly dependent, we can remove another vector, and so on.

Eventually, we obtain a linearly independent spanning set with fewer than n vectors. This
set is a basis for V.

But this contradicts dim(V') = n, since all bases must have exactly n vectors. x
Therefore, our assumption was wrong, and {7y, ..., #,} must be linearly independent.
Since it’s linearly independent and spans V, it’s a basis. [J

Answer: Proven. O

Solution. 20 Let A be an m x n matrix. Prove that rank(A) = rank(A7).
Solution:

Key insight: Row operations don’t change the row space, and they reveal the dimension
of the column space through pivot positions.

Let r = rank(A) = dimension of column space = number of pivot columns.

When we row reduce A to row echelon form, we get r nonzero rows. These r rows are
linearly independent and span the row space.

Therefore, the dimension of the row space of A is r.

Now consider AT:

o The rows of A become the columns of A
« The row space of A becomes the column space of AT

o Therefore, rank(A”) = dimension of column space of AT = dimension of row space of

A=r
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Thus, rank(A) = rank(AT) =r. O

Alternative argument using rank-nullity:

For A (size m x n): rank(A) + nullity(4) =n

For AT (size n x m): rank(A”) + nullity(AT) = m

The dimension of the left null space of A equals nullity(AT).
The dimension of the row space of A equals rank(A”).

By the fundamental theorem of linear algebra, these are related such that rank(A) =
rank(AT).

Answer: Proven. O

Solution. 21 Find the dimension of the subspace of Mj3y3 consisting of all symmetric matri-
ces.

Solution:

A 3 x 3 symmetric matrix has the form:

O

A:

o o

b
d
e

~

where a;; = aj; (symmetric across the diagonal).

The independent entries are: a,b, ¢, d, e, f (6 entries).

3

2) = 3 entries.

The diagonal has 3 entries, and above the diagonal has (
Total: 3+ 3 = 6 independent entries.

A basis consists of the matrices with a single 1 in one position (and its symmetric posi-
tion), with all other entries 0:

(1 0 0 010 00 1
E;=10 00|, Ey=110 0|, Es=10 0
0 0 0 0 0 0 1 0 0
0 0 0] [0 0 0] [0 0 0]
E,=10 1 0|, E;=10 1|, Es=10 0 0
0 0 0 0 1 0 0 0 1

Any symmetric 3 X 3 matrix can be written as:

A = ClEl + bE2 + CE3 + dE4 + €E5 + fEG
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General formula: For symmetric n x n matrices, the dimension is:

dim:n+<n>:n+n<n_1) n(n+1)

P 2 2
For n = 3: dim:%zfi

Answer: dim = 6 OJ

Solution. 22 Prove the Rank-Nullity Theorem: If A is m x n, then rank(A) + nullity(A) = n.
Solution:
Let r = rank(A) = number of pivot columns.
When we row reduce A, there are r pivot columns and n — r free variable columns.
For the column space:
The r pivot columns form a basis for Col(A).
Therefore, dim(Col(A)) = r = rank(A).
For the null space:
The general solution to A% = 0 has n — 7 free variables (one for each non-pivot column).
Each free variable contributes one vector to the basis of Nul(A).
Therefore, dim(Nul(A)) = n — r = nullity(A).
Conclusion:
rank(A) + nullity(A) =r+(n—7r)=n
This completes the proof. [J

Intuitive interpretation: The n columns of A divide into two groups:

7 pivot columns that contribute to the column space (independent)

« n —r free columns that contribute to the null space (dependencies)
Answer: Proven. ]

Solution. 23 Let V' be the vector space of all polynomials. Show that V' is infinite-dimensional.
Solution:

We'll show that for any positive integer n, there exists a linearly independent set with
more than n elements.

Claim: The set {1,z,2% 23, ... 2% ...} (all monomials) is linearly independent.
Proof:

Consider any finite subset {1,z, 2%, ... z"}.
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Suppose ¢y + c1x + cox® + - -+ + ¢, 2" = 0 (the zero polynomial).

For this to be the zero polynomial, the polynomial must equal zero for all values of x.
The only way this can happen is if all coefficients are zero: ¢co = ¢y =co =--- =¢, =0.
Therefore, any finite subset of monomials is linearly independent.

Conclusion:

Since we can find linearly independent sets with arbitrarily many elements (take {1,z,..., 2"}
for any n), the space V' cannot have a finite basis.

Therefore, V' is infinite-dimensional. [

Contrast: P, (polynomials of degree < n) has dimension n + 1 (finite), but V' (all polyno-
mials, no degree restriction) is infinite-dimensional.

Answer: Proven. V is infinite-dimensional. ]



Solutions to Chapter 6: Linear Transfor-
mations

Basic Problems

Solution. 1 Determine if T': R? — R? defined by T' QxD = [2:1; * y} is linear.
Y r—yY

Solution:

We need to verify both linearity conditions.

1. Additivity: T'(d + v) = T(a) + T'(?)

Let 4 = rl] and U = [le
n Yo

T(ii + ) :T(Biiiﬂ)

20z z) + (o + Z/z)]

L (e w2) = (1 + )

- 22, + 29 + 1+ yzl

B | 1+ T2 — Y1 — Yo

_ 221 + 911 N [2952 + yz]
L T1 — Y T2 — Y2

—T(@) +T@) v

2. Homogeneity: T'(ct) = ¢T'(V)

81
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WGHIR ()
]
lzca: + cy]

cx —cy

2
:Clx—i-y]
r—y

) -

Both conditions hold, so 7' is linear.

Answer: Yes, T is linear.

Solution. 2 Find the standard matrix for 7 : R? — R3 where:

()| o

The standard matrix has columns 7'(€}) and T'(€3).

Find T(&,):

Solution:

1+2(0) 1
1
o(0)-[ 3
0—-1 -1
Find T'(é,):
0 0+ 2(1) 2
T ([J) = 3(0) =10
1—-0 1
The standard matrix is:
1 2
A= 0
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Verification:
1 2 x+ 2y
x
[ ] = 3z v
BRI T IS B SIS
1 2
Answer: A=|3 0
-1 1

Solution. 3 Find the matrix for rotation by 180f in R2.
Solution:

The rotation matrix by angle @ is:

0 —sind
mo= [y )
For 6 = 180r:
cos(180r) = —1
sin(1801) = 0
Therefore:

-1 0
Rusor =
[0

Verification: This negates both coordinates, which is equivalent to rotating by 1807
about the origin.

0
Solution. 4 What transformation does the matrix [O 21 represent?

Solution:

Apply this to a general vector:
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This multiplies every vector by 2, which is scaling by factor 2 (uniform scaling or dila-
tion).
Geometric effect: Every point moves twice as far from the origin along the same ray.

Answer: Uniform scaling by factor 2 m

Solution. 5 Find ker(T') where T : R* — R is defined by:

x
Tyl | =x+2y—=
z

Solution:

The kernel consists of all vectors that map to zero:

x
ker(T) =< |y| :x+2y—2=0
z
From the constraint: z = x + 2y
So any vector in ker(7") has the form:
x x 1
y| = Y =z |0l +y|l
z T+ 2y 1
Therefore:
1
ker(T') = Span ¢ |0| , |1
1

Geometric interpretation: This is a plane through the origin in R? with equation x +
2y — 2z = 0.
1
Answer: ker(7') = Spany (0
1

, 1] ¢, which is a 2-dimensional plane O]

1 2
Solution. 6 Find the range of T : R? — R? with matrix A = [2 4] .

Solution:
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The range is the column space of A:

range(T) = Span { m ’ ﬁ }

Notice that the second column is twice the first: Lﬂ =2 1]

So they’re linearly dependent, and:

range(T) = Span { m }

1
This is the line through the origin with direction vector [21 .

:tER}

1
Parametric form: range(7") = {t [2

Equation form: The line y = 2z.

1
Answer: range(7’) = Span { [21 }, the line y = 2z O
x
Solution. 71Is T : R* — R? defined by T ([ﬂ) = |y| one-to-one? Onto?
Y 0
Solution:

The standard matrix is:

One-to-one?

Check if ker(T') = {0} by solving AZ = 0:

o O =
S = O

This gives: z =0 and y = 0.
So ker(T) = {0}, and T is one-to-one. v’
Onto?
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The range is:

1
range(7T") = Spany (0], |1
0
This is the xy-plane in R? (2-dimensional).
Since range(T') # R3, T is not onto. x
0
For example, |0 is not in the range.
1
Answer: One-to-one: Yes. Onto: No. O

Solution. 8 If T : R® — R? with dim(ker(T)) = 1, find dim(range(T)).
Solution:

Use the Rank-Nullity Theorem:

dim(ker(T")) + dim(range(7")) = dim(domain)

Here:
1 + dim(range(7")) = 3
Therefore:
dim(range(7T)) = 2
Answer: dim(range(7)) = 2 O

Intermediate Problems

Solution. 9 Let T} : R? — R? be rotation by 45i and 75 : R? — R? be reflection across the
zr-axis. Find the matrix for 77 o T3 and 15 o T7.

Solution:

Matrix for 77 (rotation by 457):

_ |cos(45F) —sin(451)|
A= sin(45F)  cos(45¥) ] B [

wlSelS
W&Jé



Contents 87

Matrix for 7, (reflection across z-axis):

For T) o T, (reflect, then rotate):
The matrix is AB:

V2 V20 V2 V2
AB = | 2 2 — |2 2
V2 V2 [0 _11 V2 V2
2 2 2 2
For T, o T} (rotate, then reflect):
The matrix is BA:
1 0] 2 V2 V2
BA — 2 2 | — | 2 2
[() _1] V2 V2 V2 V2
2 2 2 2

Note: AB # BA, so order matters!

Answers:
V2

TloTQI 72

2
2

Solution. 10 Find a basis for ker(7") and range(7") where:

T T+y
Tyl | =1 2r+2y
z rT+y—=z
Solution:
The standard matrix is:
11 0
A=12 2 0
1 1 —1

Find ker(7):

Solve AZ = 0. Row reduce:

1 1 0 1 1 0
2 2 0 w 00 0
1 1 -1 00 —1
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The equations are:

r+y=0
—z=10
So z=0and x = —y.
T —y —1
General solution: |y| =y | =y | 1
z 0 0
—1]

Basis for ker(T): 1

Find range(7):
The range is the column space. From the row reduction, pivots are in columns 1 and 3.

Basis from original matrix:

1 0
Basis for range(7") : ¢ (2], ] 0
1 -1

Verify Rank-Nullity:

dim(ker(T)) + dim(range(T)) = 1 + 2 = 3 = dim(R?) v

—1 1 0
Answers: ker(T'): 1| p;range(T): ¢ |2|,] 0 O
1 -1

Solution. 11 Prove that T': Py — P, defined by T'(p(z)) = p(z) + p'(x) is linear.
Solution:

We need to verify the two linearity conditions.

1. Additivity:

Let p(z),q(x) € Ps.
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2. Homogeneity:
Let p(z) € P, and ¢ € R.

T(cp(x)) = cp(z) + (cp(z))’
= cp(x) + ¢p'(z) (derivative property)
= c[p(z) + p'(x)]
=T (p(x)) v
Both conditions hold, so 7" is linear. [
Answer: Proven. O

Solution. 12 Show that the derivative operator D : Py — P, defined by D(p) = p is onto
but not one-to-one.

Solution:
Onto:
Let q(x) = ag + a1x + axx® € P, be arbitrary.
We need to find p(z) € Ps such that D(p) = ¢.
Choose: p(z) = apgx + %o + La®
Then:
D(p) =7/ (z) = ap + a1z + agz® = q(z) v
Since every g € P is the image of some p € P3, D is onto. v/
Not one-to-one:
Find ker(D): polynomials p(z) with p'(z) = 0.
If p(x) = ap + a1z + asx? + azx®, then:

P (z) = a; + 2axx + 3azx® = 0

This is the zero polynomial, so a; = as = a3 = 0.
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Thus: p(x) = ag (constant polynomials).

ker(D) = {ap : ap € R} = Span{1}

Since ker(D) # {0}, D is not one-to-one. x

Interpretation: Many different polynomials (differing by a constant) have the same

derivative.

Answer: Proven: onto but not one-to-one. O

Solution. 13 Find all linear transformations 7' : R?> — R? such that T (Lﬂ) = [21 and

A

A linear transformation from R? to R? is completely determined by where it sends the
standard basis vectors.

Since T'(€1) and T'(€3) are specified, there is exactly one such transformation.

The standard matrix is:

A=t @)= ;|

{71 bt

This is the unique linear transformation satisfying the given conditions.

Therefore:

or 0]
Answer: T (|7 )= | > Y (unique solution) O
Y 3z + 4y |
1 2 3
Solution. 14 Let T : R? — R3 have matrix A= [0 1 4/|. Is T an isomorphism?
0 01

Solution:
For T to be an isomorphism, it must be both one-to-one and onto.

Since the domain and codomain have the same dimension (both R?), we only need to
check one condition.

Check one-to-one:

T is one-to-one if ker(T) = {0}, which happens if the columns of A are linearly indepen-
dent.



Contents 91

We can check this using the determinant:
det(A4) = (1)(1)(1) =1 #0

(For upper triangular matrices, the determinant is the product of diagonal entries.)
Since det(A) # 0, the matrix is invertible, so its columns are linearly independent.
Therefore, T is one-to-one. v

Conclusion:

For a transformation from R" to R™:

one-to-one < onto < isomorphism

Since T' is one-to-one, it’s also onto, so 1" is an isomorphism. v’

Answer: Yes, T is an isomorphism. O

Solution. 15 Find the matrix for projection onto the line y = 2z in R

Solution:

1
The line y = 2x has direction vector v = [2] .

The projection of vector & onto ¥ is:

. _;_5'17—»
pI'O_]ﬁ(Qf) - 1717,0
. . 1
For 7 = l ] andv:l]
Y 2
T-U=x+2y

Therefore:

o 42y 1 z+2y 42y
prOJg(ZL‘) = 5 l2‘| = |F(:Jci2y)] = [21—?—43;]

The projection matrix is:
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General formula: For projection onto line with direction -

-y
v
P:?.\
oLy
1 2
Answer: P = |5 O
5 5

Challenge Problems

Solution. 16 Prove that if T" : V' — W is linear and one-to-one, then 7" maps linearly
independent sets to linearly independent sets.

Solution:
Let {4, ¥, ..., U, } be linearly independent in V.
We need to show that {T'(¢;), T(v3),...,T(t,)} is linearly independent in T.
Suppose:
aT(0) + T(0) + -+ e, T(T,) =0

By linearity of 7"
T(cr@y + ety + -+ + o) = 0
Since T is one-to-one, ker(T") = {0}.
Therefore:
1 + Caly + -+ + €Uy = 0

Since {1y, ...,7,} is linearly independent, we must have:

co=c=---=¢,=0

This proves that {T'(¢}),...,T(t,)} is linearly independent. [J

Answer: Proven. O

Solution. 17 Let T : V' — W be linear. Prove that T is one-to-one if and only if the only
solution to T(7) = 0 is 7 = 0.

Solution:

This is equivalent to proving: T is one-to-one < ker(T) = {0}.

(=) If T is one-to-one, then ker(T) = {0}:

We know that T'(0) = 0 (property of linear transformations).
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Suppose 7 € ker(T'), so T(%) = 0.

Since T(7) = 0 = T'(0) and T is one-to-one, we must have ' = 0.

Therefore, ker(T) = {0}. v/

(<) If ker(T) = {0}, then T is one-to-one:
Suppose T'(4) = T'(v) for some @, € V.
Then:

By linearity:

So i — ¥ € ker(T).

Since ker(T) = {0}, we have @ — ¥ = 0, which means @ = 7.

Therefore, T is one-to-one. v
This completes the proof. [J

Answer: Proven both directions.

Solution. 18 Prove the Rank-Nullity Theorem: If 7' : V' — W is linear with dim(V') = n,

then:

dim(ker(T")) + dim(range(7")) = n

Solution:

Let k = dim(ker(7T)) and let {#,..., 7} be a basis for ker(7T).

By the extension theorem, we can extend this to a basis for all of V:

(D1, e By, o Wy}

This is a basis for V' with n vectors.

Claim: {T'(@,), ..., T (W, 1)} is a basis for range(T).
Proof of spanning:

Let ¢ € range(T), so y = T'(¥) for some Z € V.

Since {vy, ..., U, Wy, ..., W,_k} is a basis for V:

T = 61171 + - +ck17k+d1u71 + .- +dn,ku?n,k
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Apply T

y=T(Z) = T(0) + -+ cT(0x) + diT(W1) + - - - + dp_ T (W)
=04+ a0+ dT(@) + -+ dy g T(@ns)
=d,T(Wh) + -+ dpi T (Wy—p)

So {T' (), ...,T(W,—x)} spans range(T). v’
Proof of independence:
Suppose:
T (W) + -+ dpy_t T (W) =0

By linearity:

T(dyity, + -+ + dp_ i) = 0

So dywy + -+ + dp Wk € ker(T)

Therefore, it can be written as a linear combination of {7, ..., v\}:

d1u71 + -+ dn,kwn,k = 61?71 + -+ Ck’l7k

Rearranging:
61771 + -+ Ckﬁk — dlwl — e — dn_kwn_k =0
Since {1, ..., Uy, Wy, ..., W,_x} is linearly independent, all coefficients must be zero:

Therefore, {T(;),...,T(W,—x)} is linearly independent. v/

Conclusion:
{T(w),...,T(W,—_x)} is a basis for range(T") with n — k vectors.
Therefore:

dim(range(T)) =n —k
Rearranging:

E+(n—k)=n
dim(ker(T")) + dim(range(7")) = n

This completes the proof. [J

Answer: Proven. O
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Solution. 19 Show that composition of linear transformations is associative: (130 Ty) o1y =
T3 @) (T2 (¢] Tl)

Solution:
Let T : U =V, Ty : V — W, and T3 : W — X be linear transformations.
We need to show that for any @ € U:

(T3 0Ty) o T1)(@) = [T3 0 (T o T)|(W)

Left side:

Right side:

[T 0 (T o Th)] (@) = T3[(T o Th)(w)]
= T3[T5(T: ()]

Both expressions equal T3[T3(77(@))], so they’re equal.

Therefore, composition is associative. [J

Connection to matrices: This corresponds to the associativity of matrix multiplication:
(AB)C = A(BC).

Answer: Proven. O

Solution. 20 Let T : R™ — R" be linear. Prove that T is onto if and only if T" is one-to-
one.

Solution:
Setup: Let A be the standard matrix for 7.

Since the domain and codomain have the same dimension n, we can use the Rank-Nullity
Theorem:

dim(ker(7")) + dim(range(7")) = n
(=) If T is onto, then 7T is one-to-one:
If T is onto, then range(T) = R™, so dim(range(T)) = n.
By Rank-Nullity:
dim(ker(T)) +n=n

Therefore, dim(ker(T')) = 0, which means ker(T) = {0}.
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So T' is one-to-one. v’
(<) If T is one-to-one, then T is onto:
If T is one-to-one, then ker(T) = {0}, so dim(ker(T)) = 0.
By Rank-Nullity:
0 + dim(range(T)) =n
Therefore, dim(range(7")) = n.
Since range(T) is a subspace of R™ with dimension n, we have range(7’) = R™.
So T' is onto. v/
This completes the proof. [J

Note: This theorem is special to transformations where domain and codomain have the
same dimension. It’s not true in general (see Problem 7).

Answer: Proven. O

Solution. 21 Find the matrix for reflection across the line y = ma in R2.

Solution:

The line y = mx has direction vector v = [ 1
m

For reflection across a line through the origin, we use the formula:

R=2P -1

where P is the projection matrix onto the line and I is the identity.

Find projection matrix:
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Compute reflection:

2 (1 om 10

S 1+m2m om?] |0 1

L |2 2m] [10
~1+m? |2m 2m? 0 1

1 2= (14+m? 2m

S 1+m? | 2m 2m? — (1 +m?)

1 [1 — m? 2m
1+m?| 2m m?-1

Wait, let me recalculate:

R:

1 [2 Qm] 1+m2[1 0]

L+m?(2m 2m?| 1+m?2 |0 1
1 'lz Qm]_[l—l—m? 0 H
L+m? [[2m 2m? 0 1 +m?
1 [2-(1+m?) 2m 1
1+m?|  2m 2m? — (1 + m?)
1 [1-m? 2m ]
1+m?| 2m 2m*>—1-m?

B 1 1 — m? 2m
1+m?| 2m m?-1

Special case: For m =1 (line y = z):
110 2 01
R_2[2 o}‘L 0]

This swaps x and y, which is correct for reflection across y = z. v/

1 [1—m2 2m 1

Answer: R = TTm? om m2 1

Solution. 22 Prove that if V and W are finite-dimensional vector spaces with dim(V') =
dim (W), then V and W are isomorphic.

Solution:

Let n = dim(V) = dim(W).
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Let {t1,...,7,} be a basis for V' and {u,...,w,} be a basis for W.
Define transformation:

Define T': V' — W by specifying where it sends the basis vectors:

—

T(0;) =w; fori=1,...,n
For any v € V, we can write uniquely:
U= 01'171 + .- +Cn'l7n

Define:

Prove T is linear:

This follows from the construction: T is defined by its action on a basis and extended
linearly.

Prove T is one-to-one:

Suppose T (%) = 0.

Then ¢,@ + - - - + a0, = 0.

Since {, ..., w,} is linearly independent, ¢; = --- = ¢, = 0.
Therefore, 7 = 0, so ker(T) = {0} and T is one-to-one. v’
Prove T is onto:

Let @ € W. Write:

g
I

Let v = dyvy +--- +d,0, € V.
Then:
TW)=d,T(%)+ -+ d,T(0,) = dyith + -+ + d, 0, = @0
So every w € W is the image of some ¥ € V', and T is onto. v/
Conclusion:
Since T is both one-to-one and onto, it’s an isomorphism, so V' and W are isomorphic. [

Answer: Proven. O

Solution. 23 Let T : V. — W be an isomorphism. Prove that 7! : W — V is also a linear
transformation.

Solution:
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Since T is an isomorphism, it’s one-to-one and onto, so 7! exists as a function.
We need to prove 7! is linear.

1. Additivity:

Let wy,wy € W.

We need to show: T () + wy) = T~ (1) + T ()

Let ¢, = T(w) and 0, = T~ (1y).

Then T'(0,) = @, and T'(,) = Ws.

Since T' is linear:
Applying T~! to both sides:

But ) + vy = T () + T~ ().
Therefore:
TN + ) =T () + T () v
2. Homogeneity:
Let w € W and ¢ € R.
We need to show: T~ (cw) = T ()
Let ¢ = T~(w), so T(¥) = .

Since T is linear:
Applying T~! to both sides:

But ¢t = ¢TI~ ().
Therefore:
T Y ew) = T Hw) v

Since both conditions hold, 77! is linear. [

Answer: Proven. O
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Solutions to Chapter 7 Practice Problems
Basic Problems

2 1 2
Problem 1. Determine if v = lg] is an eigenvector of A = [3 2]. If so, find the eigen-

value.

Solution: Compute Av:
L [1 2] ﬂ B [1(2)+2(3)] B [8]
AU = = —
3 2|13 3(2) +2(3) 12

Check if this is a scalar multiple of v:
81 _ i 2
12 3

This requires 8 = 2k and 12 = 3k, which gives k£ = 4 in both cases.

2
Therefore, v = [3] is an eigenvector with eigenvalue A = 4.

Problem 2. Find the eigenvalues of each matrix:

(a) 4= B —03]

Solution: This is a diagonal matrix, so the eigenvalues are the diagonal entries: \; = 5

and Ay = —3.

wo- ]

Solution: Form the characteristic equation:

2—X 1
det(B — ) = det =(2-)\?=
Y R ] N EICE
Therefore, A = 2 with algebraic multiplicity 2.
0 1
C pu—
©c=" |
Solution:
— 1
det(C' — \I) = det [_i _A] =X +1=0
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This gives A = —1, s0 A = +i. The eigenvalues are \; = i and Ay = —i (complex
eigenvalues).

20

(a) Find the characteristic polynomial

Problem 3. For A = [3 2]:

Solution:

-\
=B =A(=A) - (2)(2)
= -3+ -4
=\ -3\ —4

det(A — \) = det [‘EA 2 ]

The characteristic polynomial is p(A) = A\* — 3\ — 4.
(b) Find all eigenvalues

Solution: Factor the characteristic polynomial:
M3\ —4=A—-4)\+1)=0

The eigenvalues are \; =4 and Ay = —1.
(c) Find an eigenvector for each eigenvalue
Solution:

For \; = 4:
a2 2]

This gives —vy + 2vy = 0, so v; = 2vy. Choosing vy = 1:

For Ay = —1:
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4 -2
Problem 4. Find the eigenvalues and eigenvectors of A = L 1 ]

Solution: Characteristic equation:

4—-X =2
det(A — ) —det[ . 1_)\1

=(@=)1-2)-(=2)01)
=4—AA= A+ XN +2
=N -5\ +6
=(A=2)(A=3)=0

Eigenvalues: \; =2 and Ay = 3.

For A\ = 2:
=[S =

1
This gives v; = vy. Eigenvector: v, = L]

For \y = 3:

2
This gives v; = 2vy. Eigenvector: vy = l .

—_
[ E—

100
Problem 5. Let A= |0 2 1|. Find the eigenvalues and their algebraic multiplicities.
0 0 2

Solution: This is an upper triangular matrix, so the eigenvalues are the diagonal entries:
det(A—X)=(1-X)(2-X1)*=0

Eigenvalues:

e )\ = 1 with algebraic multiplicity 1

e )y = 2 with algebraic multiplicity 2

Problem 6. Determine if A = B ﬂ is diagonalizable. If so, find matrices P and D such
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that A= PDP 1.

Solution: Find eigenvalues:

det(A— )= (1—-))*>—4
=1-2 4+ X\ —4
=\ -2\ -3
—(A=3)A+1)=0

Eigenvalues: \; = 3 and Ay = —1 (two distinct eigenvalues, so A is diagonalizable).
For A\ = 3:
-2 9 S
(A—BI)J:l ] M =0
2 —2 (%)

1
This gives v; = vy. Eigenvector: v, = L]

For Ay = —1: )
. 2 2| |v o
e [
This gives v; = —vy. Eigenvector: v = l—ll )
Therefore: _

0
0 3], compute A'° using diagonalization.

Solution: Since A is already diagonal with eigenvalues A\; = 2 and Ay = 3:

Problem 7. If A = [2

qo_ [2°0 1024 0
0 3 0 59049

Problem 8. Show that if ) is an eigenvalue of A, then \? is an eigenvalue of A2

Solution: If ) is an eigenvalue of A, there exists a nonzero vector ¢ such that:

AT = AU
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Multiply both sides by A:
A(AD) = A(\D) = AAD) = A(\D) = N0

Therefore:
A0 =\

This shows that 7 is an eigenvector of A% with eigenvalue \2.

Intermediate Problems

1 10
Problem 9. For A= |0 2 2|, find all eigenvalues and a basis for each eigenspace.
00 3

Solution: Since A is upper triangular, the eigenvalues are the diagonal entries: \; = 1,
Ay = 2, A3 = 3 (all with algebraic multiplicity 1).

For A\ = 1:

(A= I)i =

o O O

1
1
0

NN O
S

[\

I

(=1}

From the third equation: 2v3 = 0 = v3 = 0. From the second equation: vy + 2v3 =0 = vy =
0. vy is free.

1
Basis for Ey: 0
0
For Ay = 2:
—1 1 0| |n
(A=2DT=|0 0 2| |vy]| =0
0 0 1| |vs

From the third equation: v3 = 0. From the first equation: —v; + vy =0 = vy = v;.

1
Basis for Ey: 1
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For A3 = 3:
-2 1 0] [w
(A=3DT=|0 -1 2| |v] =0
0 0 0f|vs

From the second equation: —wvy + 2v3 = 0 = vy = 2v3. From the first equation: —2v; + vy =
0= v = %2 = V3.
Choosing v3 = 1: vy = 1,v9 = 2,v3 = 1.
1
Basis for FEj: 2

1

7

2
Problem 10. Diagonalize A = [ 3] and use it to compute A°.

Solution: Find eigenvalues:

det(A— M) =(7T=N(B =X\ —(=2)(2)
=21 —TA=3A+ )\ +4
=M — 10\ +25
=(A=5?2=0

So A = 5 with algebraic multiplicity 2.

For A =5:
A—-50v= =0
o= 5L
1
This gives v; = —vo. We can find two linearly independent eigenvectors: v, = l 1] and

o]

1 4 o
Wait, let me check: (A — 51) L] = [_4] # 0.

1
Let me recalculate. The eigenspace is one-dimensional with basis { [ 11 } Since the geo-

metric multiplicity is 1 but algebraic multiplicity is 2, this matrix is NOT diagonalizable.

However, we can still compute A% directly or using other methods. Let’s compute it di-
rectly:

S B
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This becomes tedious. The matrix is actually not diagonalizable, so we cannot use the
diagonalization method as stated in the problem.

Note: This problem as stated cannot be solved using diagonalization since the matriz is not
diagonalizable. The geometric multiplicity (1) is less than the algebraic multiplicity (2).

010
Problem 11. Let A= |0 0 1|. Find the eigenvalues and show that A is diagonalizable.
1 00

Solution: Find the characteristic polynomial:

A 1 0
det(A—A)=det| 0 -\ 1
1 0 -\

Expanding along the first row:

= —\det [_OA 1 1 — 1det [0 11

—A 1 =X
=—A\) = 1(=1)
=-X+1
=-(\-1)

= A=\ +X+1)
The eigenvalues are:

L4 )\1:1

o« Ny = 7_1§i‘/§ = 2™/ (complex)

o« \3= 7_1_2“5 = ¢72m/3 (complex)

Since we have three distinct eigenvalues for a 3 x 3 matrix, A is diagonalizable (over the
complex numbers).

1

Problem 12. Prove that if A is invertible and X is an eigenvalue of A, then

is an eigen-
value of A1

Solution: If ) is an eigenvalue of A, then there exists a nonzero vector v such that:

AT = \U
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Since A is invertible, multiply both sides by A~!:
7= AT
Dividing both sides by A (note: A # 0 since A is invertible):
1
XU =A%

This shows that ¥ is an eigenvector of A~! with eigenvalue %

Problem 13. Show that the trace of a matrix (sum of diagonal entries) equals the sum of
its eigenvalues, and the determinant equals the product of its eigenvalues.

Solution: Let A be an n X n matrix with characteristic polynomial:
p(A) = det(A — \I)
This is a polynomial of degree n that can be written as:
PO = (1A= A)(A = A) - (A= )
where Aj, Ao, ..., A, are the eigenvalues (counting multiplicity).
Expanding this:

PO = (“1)"A" = (A 4 g+ AN o (D) A A

Now, let’s compute det(A — A\I) directly. For a 2 x 2 matrix A = [a Z}
c

-A b

a
det(A — ) = det
et( ) e[c d— A

]:(a—)\)(d—/\)—bc

=ad — (a+d)A+ X —bc =\ — (a+d)\ + (ad — bc)
Comparing coefficients:
o Coefficient of \: —(a+d) = —(A1 + Aa), s0 tr(A) =a+d= A\ + X
« Constant term: ad — bc = A\ Ay, and we know det(A) = ad — be

This generalizes to n x n matrices:

o tr(A) =20 A
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o det(A) = IT", A

2

Problem 14. Find the eigenvalues and eigenvectors of A = [

diagonalize it.

Solution: Find eigenvalues:

det(A—X)=(2—-))?*—-1
=4 4N+ XN -1
=22 —4\+3
—(A=3)(A=1)=0

Eigenvalues: A\ = 3 and Ay = 1.

For A\ = 3:
I e B A I KON
=1 [ <o

1
This gives v; = —vy. Eigenvector: v = [ 1].

For Ay = 1:

1
This gives v; = vy. Eigenvector: v, = L]

Verify orthogonality: o - v = (1)(1) + (=1)(1) =0 v

Normalize the eigenvectors:

. 1 |1 R 1 |1
U = — , Uy = —=
Vel el
Orthogonal diagonalization:
1 11 1 3 0
Q_Z[—l 1]’ _lo 1]

and A = QDQ?T.

-1
5 ] and orthogonally

Problem 15. Suppose A has eigenvalues \; = 3 and Ay = —1 with corresponding eigen-
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vectors U; = [ﬂ and ¥, = [ 11]‘ Find A100 B]

5
Solution: First, express [3] as a linear combination of the eigenvectors:
5 1 n 1
=c c
] I B e
This gives:
C1+ Ccyg = 5
Cl — Cy = 3
Adding: 2¢; = 8 = ¢; = 4. Subtracting: 2¢, =2 = ¢ = 1.
So ﬂ — 47, + 18,
3
Now:
5
] s
= 4A19%, 4 A%,
= 4NF, + A0,
1 1
— 4(3)100 L] + (_1)100 l 1]

]|

B [4-3100+ 1]

43100 1
Problem 16. Solve the system of differential equations:

kAL |

4
dt

1 2
2 1

x
Y

x
Y

o)
1 2

Solution: Let A =
2 1

|

2
0

|
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Find eigenvalues:

det(A— X)) =(1-))?>—4
=1-2 4+ )\ —4
=\ -2\ -3
—(A=3)A+1)=0

Eigenvalues: \; =3 and Ay = —1.
For A\ = 3:

1
Eigenvector: v} = L]

For Ay = —1:

1
Eigenvector: vy = [ 1

General solution:
Apply initial condition:

This gives:

So ¢ = ¢y = 1.

Solution:
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Challenge Problems

Problem 17. Prove that eigenvectors corresponding to distinct eigenvalues are linearly
independent.

Solution: We’ll prove this by induction on the number of eigenvectors.
Base case: A single nonzero eigenvector is linearly independent by definition.

Inductive step: Suppose eigenvectors oy, U, . . ., Uy corresponding to distinct eigenvalues
AL, Ag, ..., A, are linearly independent. We need to show that adding v, with eigenvalue
Aiy1 (distinet from all previous eigenvalues) maintains linear independence.

Suppose:

01171 + 02172 +-F Ckl_fk + Ck+117k+1 = 6
Multiply both sides by A:
C1 AU, + AUy + - - - + i, AUy + Ck+1A’l7k+1 =0

iU + CeAoUs + -+ + Cp AU + Cry1 Ak 1 U1 = 0

Now multiply the original equation by Agy:
C1 A e11T1 + Co A1V + -+ - + Ce M1 Uk + Chr1 Ao 1Tk41 = 0
Subtract this from the equation after multiplying by A:
c1(A = Ae1) 01+ (A2 — Ap1) o + -+ + (A — Apgr) B = 0
By the inductive hypothesis, v7, ..., U} are linearly independent, so:
i\ = Mgr1)=0fori=1,2,... k

Since all eigenvalues are distinct, A\; # Ap11, 80 ¢; =0 fori=1,2,... k.

Substituting back into the original equation:
Chi1Us1 =0

Since U1 # 0, we have ¢;,1 = 0.

Therefore, all coefficients are zero, proving linear independence.

Problem 18. Let A be a 3 x 3 matrix with eigenvalues 2,3,5. What are the possible values
of det(A) and tr(A)?
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Solution: From Problem 13, we know:

o det(A) =X -A2-A3=2-3-5=230

e tr(A) =M +X+X3=2+3+5=10
There is only one possible value for each:

o det(A4) =30

e tr(A) =10

Problem 19. Prove that if A is a real symmetric matrix, then eigenvectors corresponding
to distinct eigenvalues are orthogonal.

Solution: Let ¢ and 95 be eigenvectors corresponding to distinct eigenvalues A\; and \s.
We have:
A’l_)'l = )\1’[71 and A’UQ = )\2172

Consider the dot product vy - (Avh):
U1 - (ATy) = U - (Aatly) = Ao(T7 - U2)
Since A is symmetric, AT = A. Therefore:
U1 - (ADy) = (AU T, = (WD) 0 = M(TTT,) = M\ (7, - 1)

Combining these two results:
)\2(171 . ’172) = /\1(’[71 . ’172)

()\2 - )\1)('171 . 172) = O

Since \; # Ay (distinct eigenvalues), we must have:

Therefore, the eigenvectors are orthogonal.

Problem 20. A matrix A satisfies A2 = A (called idempotent). Show that the only
possible eigenvalues are 0 and 1.

Solution: Let A be an eigenvalue of A with eigenvector v. Then:

AT = \U
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Apply A to both sides:
A(AD) = A(\D) = AAD) = A(\D) = N0

So:

But we're given that A% = A, so:

Therefore:
A0 =\
AN =No=0
MA=17=0

Since ¥ # 0 (eigenvectors are nonzero), we must have:
AA—=1)=0

Therefore, A\ =0 or A = 1.

Problem 21. Consider the Fibonacci matrix F' = L 0

1 1
1. Diagonalize F' and use it to
derive a formula for the nth Fibonacci number.

Solution: Find eigenvalues:

det(F — M) = (1 =\ (=\) -1
= -2+ -1
=N -1

Using the quadratic formula:

1xV/1T+4 1£45
B 2 2

A

S

So Ay = 1+T‘/5 = ¢ (the golden ratio) and Ay = 1=

For Ay = ¢:
(F — ¢l)7 = [i‘ﬁ ! ] H =0
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Since ¢*> = ¢+ 1, wehave l —p=—¢p+1=—(¢—1) = —i.
From the first equation: (1 — ¢)v; + vy =0, so vy = (¢ — 1)v; = %
Actually, it’s easier to note that from A2 =X —1 = 0, weget \> = A+ 1,50 A\ = ¥ =
A+1—-1=A\

Let me use the relation (1 — A)v; + vy = 0 directly. For A\; = ¢: v5 = (¢ — 1)v;. Since
o—1= é, we can use vy = ¢v; from the second row.

Actually, from the second row: vy — ¢vy = 0, so v, = ¢vy. Choosing vy = 1:

1—\/5:

Similarly, for Ay = =

o 5P o 0
LetP:[1 i and D = 0 12|

The Fibonacci sequence satisfies:

Using diagonalization:
F"=PpPD"pP~*

After computing (the algebra is tedious), we get Binet’s formula:

ACSNERIRS

F, =

Problem 22. Find the eigenvalues of the circulant matrix:

b
C = a
c

O R
ISEEN N
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Solution: The characteristic polynomial is:

det(C—AX)=det| ¢ a—X b

Expanding (using cofactor expansion or other methods):

= (a — N)[(a—\)? —bc] — b[c(a — \) — b*] + ¢[c® — bla — )]
=(a—X)?—(a—Abc—bc(a— )+ b+ —bela— N
=(a—\)?—3bcla—\)+b*+ ¢

This is complex to factor in general. However, circulant matrices have a special property:
their eigenvectors are related to roots of unity.

For a 3 x 3 circulant matrix, the eigenvalues are:

)\1:a—|—b—|—c
Ao = a + bw + cw?
A3 = a+ bw? + cw

where w = €2™/3 = _1%“/3 is a primitive cube root of unity.
1
These can be verified by computing C' times the eigenvectors | w* | for k = 0,1, 2.
2%
w

Problem 23. Suppose A is a 5 x 5 matrix with characteristic polynomial p(A) = (A —
2)3(A + 1)%. What can you conclude about the diagonalizability of A?

Solution: The characteristic polynomial tells us:

e )\ = 2 with algebraic multiplicity 3

e Ay = —1 with algebraic multiplicity 2

For A to be diagonalizable, we need the geometric multiplicity to equal the algebraic multi-
plicity for each eigenvalue. That is:

o dim(FEs,) = 3 (eigenspace for A = 2 must be 3-dimensional)

o dim(E_;) = 2 (eigenspace for A = —1 must be 2-dimensional)
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We know that:
1 < geometric multiplicity < algebraic multiplicity

So:

e 1 <dim(E;) <3

e 1<dim(E_4) <2
**Conclusion:** We cannot definitively determine if A is diagonalizable from the char-
acteristic polynomial alone. We would need to compute the eigenspaces to check if their

dimensions match the algebraic multiplicities. The matrix is diagonalizable if and only if
dim(E,) = 3 and dim(F_;) = 2.

Problem 24. A population is modeled by p,.1 = Ap, where A = [O 5 0 7] and pj,

represents the population distribution between two locations. Find the long-term steady-
state distribution.

Solution: The steady-state distribution p* satisfies Ap* = p*, which means p* is an eigen-
vector with eigenvalue A = 1.

First, verify that A = 1 is an eigenvalue:

— (—0.2)(—0.3) — (0.3)(0.2) = 0.06 — 0.06 = 0

det(A — 1) = det [_0'2 03 ]

0.2 —-0.3

Yes, A =1 is an eigenvalue.

Solve (A — I)p' = 0:
—-0.2 03 | |pt| |0
02 —0.3] |p2] |0
From the first equation: —0.2p; + 0.3py = 0, so p; = 8%;’]92 = 1.5ps.

1.5
The steady-state eigenvector is p = [ ) ] (or any scalar multiple).

Since we want a probability distribution, normalize so that p; + ps = 1:

1.5+1=25

7= = od

Therefore:

In the long run, 60
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Problem 25. Prove the Cayley-Hamilton theorem for 2 x 2 matrices: every matrix satisfies
its own characteristic equation. That is, if p(A\) = det(A — AI), then p(A) = 0.

c d

The characteristic polynomial is:

Solution: Let A = [a b}.

p(A) =det(A— M) =(a—A)(d—A) —be
=\ — (a+d)) + (ad — be)
= A2 —tr(A)A + det(A)

The Cayley-Hamilton theorem states that p(A) =0, i.e.:

A? —tr(A)A + det(A) =0
Let’s verify this directly:

A2:[a b] [a b]:[aubc ab+bd]

c d|l|c d ac+ cd be+ d?

a b] _ la(cH—d) b(a+d)]

cla+d) d(a+d)

det(A)I = (ad — be) [(1] (1)] _ [ad a be y 0_ bc]

Now compute A% — tr(A)A + det(A)I:

Entry (1,1):
= a® + bc — a(a + d) + (ad — be)
= a® 4 bc — a® — ad + ad — be
=0

Entry (1,2):

=ab+bd—bla+d)+0
=ab+ bd —ab — bd
=0



118 Contents

Entry (2,1):
=ac+cd—cla+d)+0
=ac+cd — ac— cd
=0
Entry (2,2):
=bc+ d* —d(a+d) + (ad — be)
=be+d® —ad— d* + ad — be
=0
Therefore:

A2 — (r(A)A + det(A)] = [8 8} —0

This proves the Cayley-Hamilton theorem for 2 x 2 matrices.

Problem 26. For the quadratic form Q(z,y) = 5x?+4xy+5y?, find the matrix A such that

Q(z,y) = [:c y} A lxl . Orthogonally diagonalize A and identify the type of conic section
)

described by Q(z,y) = 1.

Solution: Expand the matrix form:

{:1: y} [Z Z] lﬂ = {x y} [Zj—l—i—_flz] = az”® + bry + cxy + dy?

Comparing with 522 + 4zy + 5y*:

a=>5
b+c=4
d=25

For a symmetric matrix, b = ¢ = 2:
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Find eigenvalues:

det(A— M) =(5—-)\)?%—4
=25 —10A+ )\ —4
=\ — 101 +21
—A=T)(A=3)=0

Eigenvalues: Ay =7 and Ay = 3.
For Ay = T7:

(A—TIo = [_22 _22] M =0

: — 1 o 7 1
Eigenvector: v; = L], normalized: 1, = 7 [

For Ay = 3:

1 1
11, normalized: @y = —= [ ]

Eigenvector: vy = [

Orthogonal diagonalization:

/
In the rotated coordinates (using Q7 lﬂ = [Z] ):

Q(z,y) =T(x")* +3(y)* =1

@P W)

7 Ty !

This is an **ellipse™* with semi-axes of length %ﬁ and %, rotated 45° from the standard

axes.
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Solutions to Chapter 8 Practice Problems

Basic Problems

Problem 1. Verify that (@, 7) = 2uv; + 3ugvy defines an inner product on R2.
Solution: We need to verify the four axioms:
(1) Positivity:
(U,7) = 2v] +3v5 >0
since it’s a sum of non-negative terms (and the coefficients are positive). v’

(2) Definiteness: If (v, ) = 0, then 2v} + 3v3 = 0. Since both terms are non-negative, this
means v? = 0 and v = 0, s0 v; = vy = 0, thus ¥ = 0. v’

(3) Symmetry:

<1_[, 17> = QUﬂ)l + 3u2v2 = 21}1U1 + 31)2U2 = <17, ﬁ>
v
(4) Linearity:

(U, cU 4 W) = 2uy(cvr + wr) + 3ug(cvy + w2)
= 2cuq v + 2uiwy + 3cugvy 4 uswo
= ¢(2uyv1 + 3ugve) + (2ujwy + 3ugws)

= c(u, v) + (0, w)

v

All four axioms are satisfied, so this defines an inner product.

Problem 2. Using the inner product (p,q) = [ p(z)q(z) dz on Py:
(a) Compute (z,x?)

Solution:

(b) Find |1 + 2
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Solution:
1
Hl—l—:cHQ:(l—i—x,l—i—:c):/ (14 2)dz
0

1
:/ (1+ 2z +2%) dax
0

1
= w+m2+$—3
3

0

I 7
=14+1+=-=-
++33

Solution:

x? 213 !
- lz B 31

1 2 3-4
= - - = —— = —— 0
2 3 6 6 7
No, they are not orthogonal.
2 1
Problem 3. Show that @ = |—1| and ¥ = |2| are orthogonal.
1 0

Solution:
- =2+ (-1)(2)+1(0)=2—-2+0=0

Since the dot product is zero, the vectors are orthogonal.

1 2
Problem 4. Find the angle between « = |2| and v = |0].
2 1

Solution: First compute the dot product:

T=1(2)+2(0)+2(1) =2+0+2=4

£y

Compute the norms:

i = V12 +224+22 =9 =3
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9]l = v22 + 02+ 12 =5

Therefore:
g U7 4 45
COS = - - = =
lallllo]  3v5 15
4
0 = arccos ﬁ ~ 53.3r
15
1 1 0
Problem 5. Determine if ¢ [1|, |—1|, |0| p is an orthogonal set. Is it orthonormal?
0 0 1

Solution: Check pairwise orthogonality:
U - Uy =1(1) 4+ 1(=1)+0(0) =0 v

vy -3 =1(0) + 1(0) +0(1) =0 v

Uy - U3 = 1(0) + (=1)(0) +0(1) =0 v
The set is orthogonal.

Check norms:

I = VEF 07 = V2 £ 1

Since the vectors don’t all have norm 1, the set is **orthogonal but not orthonormal™*.

3 1
Problem 6. Find the projection of ¥ = |1| onto « = [0].
2 1
Solution: oo
rojz(v) = L
p Ju l_l,' . a’
Compute:
v-u=3(1)+1(0)+2(1) =5
i-i=1"+0"+1>=2
Therefore:
[ 5/2
projz(v) = 5 |0 = | 0
1 5/2
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1 1
Solution: Let v; = L] and U, = [2]

1
Stepl:[ﬁ:ﬂ:[]

1

Step 2:

R L Tyl

2 =V — o —= W
Uy - Uy
Compute:
Uy -ty = 1(1) +2(1) =3

Ut =12 4+12=2

Therefore:

=B

—1] 1
We can multiply by 2 to get: s = [ . (or [ ])

The orthogonal basis is: { [H , [ 11] }

1 0
Problem 8. Find an orthonormal basis for the subspace spanned by |0| and [1].
1 1
1 0
Solution: Let v; = (0| and v5 = |1].
1 1
Apply Gram-Schmidt:
1
Step 1: u; =v; = |0
1

Step 2:

o] [ ~1/2
i= 1 =50 =| 1
1 1 1/2
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-1
Multiply by 2: @y = | 2
1
Now normalize:
1
. . 1
@] = V2, i =—= |0
2
1
] -1
ol = VIFTFT= V6, o= | 2
1
1 -1
Orthonormal basis: % 0f, % 2
1 1

Intermediate Problems

Problem 9. Prove that if @ and ¥ are orthogonal, then ||d+d|* = ||@]|*+]|¢]|* (Pythagorean

theorem).
Solution:
1@+ 0])* = (@ + ¥, @ + )
— (@) + (7,8 + (7,8 + (7,7)
Since @ and ¥ are orthogonal, (i, ¥) = 0:
1+ 9" = (@, @) + (¥,9) = [[a]]* + ||7]|”

This is the Pythagorean theorem in inner product spaces! [J

Problem 10. Apply the Gram-Schmidt process to find an orthogonal basis for the col-
umn space of:

— = O
N
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1 0 1
Solution: The columns are v; = |1|, v = |1|, U3 = |2].
0 1 1
1
Step 1: 1_[1 :171 =1
0
Step 2:
Ty iy = 0(1) + 1(1) + 1(0) = 1
Uy - Uy =2
o] [ [-12
iy = |1 =5 |1 = | 1/2
1 0 1
—1
Multiply by 2: @y = | 1
2
Step 3:

U3 -ty = 1(1) +2(1) + 1(0) = 3
Ug -ty =1(—1)+2(1)+1(2)=-14+2+2=3

N L
gy =2 -5 (1| -2 | 1
1 0 2 |

1 3/2 —-1/2] o

= 12| - (3/2| - |1/2 | = |0

1 0 1 0

This means ¥3 is in the span of {7}, 2}, so the column space has dimension 2.

1 —1
Orthogonal basis: 1,1
0 2

Problem 11. Find the QR factorization of A =

— = =
W N =
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1
Solution: The columns are ¢, = |1| and U, = |2].
3

Apply Gram-Schmidt:
1
Step 1: ﬁl :171 = |1
1

1
’|ﬁ1|| = \/g, SO 121 = % 1
1

Step 2:
_’2 ﬁ1:1+2+3:
61'61:3
1 6 1 1 2 -1
1_[2—2—51*2—2: 0
3 1 3 2 1
-1
|ta]] = V1I+0+ Z\/ﬁ,soﬂ2:% 0
1
Thus:
1/vV3 —1/V2
Q=|1v3 0
1/vV3 1/V2
To find R, use R = QT A:
11
R 1/vV3 1/v/3 1//3 -
—V20 VR
First column of R: ]
T11=%(1+1+1)=\/§
1
Tzlzﬁ(—l—i—o—l-l):()

Second column of R:

1+2+3):£:2\/§

1
=gl V3
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2
—140+3)=-—"==V2

B 1
== V2

Therefore:
R V3 2V3
=10 3
1] [0] 1
0 |1 . " L2
Problem 12. Let W = span ool 1 Find the projection of v = 5 onto W.
0] |1 4
(1] 0
. : . 0 . 1
Solution: The basis vectors u; = | and Uy = 0 are already orthogonal (check:
10] 1
’ljl . 712 = 0)
The projection is:
. (_;) 17' _’1 — + U. _»2 —
rojy (V) = u U
Projw T - 1 Ty - il 2
Compute:
v =1(1)4+2(0) + 3(1) + 4(0) = 4
U-1y =1(0)+2(1) +3(0) +4(1) =6
Uy U =0+14+04+1=2
Therefore:
1 0 1 0 2
0 6 |1 0 1 3
1 U) = — — = 2 3 =
projw(® =5 14| T3 |o 1| 20| T |2
0 1 0 1 3

Problem 13. Show that if {iy, #s, @3} is an orthonormal basis for R?, then for any v €
R3:

19117 = [{&, @) + (7, d2) [P + (7, d@3) |
(This is Parseval’s identity.)

Solution: Since {u, s, W3} is a basis for R?, we can write:

U = c1Uy + Coliy + C3l3



128 Contents

For an orthonormal basis, ¢; = (U, ;).
Compute the norm:
171> = (7, )
= <Cl’ljl + CQ?IQ + Cgﬁg, Clﬁl + CQ’JQ + Cgﬁg>
= c{(ily, 1) + 3y, UWa) + 5(is, Us)
+ 2c109(Uy, Us) + 2¢1¢5(Uy, Us) + 2¢oc3(Us, Us)
Since the basis is orthonormal:
J <ﬁz,ﬁl> =1 for all ¢
i <ﬁl,ﬁ]> =0 for ¢ 7&]

Therefore:
1001 = ¢ + ¢ + ¢ = (0, dn)|* + (U, d@2)|* + (¥, )|

O

Problem 14. Find the least squares solution to:

2
Bl
i) A

Solution: Use the normal equations: AT Az = ATb.

Compute AT A:

N
N e

11
ATA:F 2 11 5 1 _lG 5]
11 2
1 9 5 6
ComputeATg:
2
AT — 1 21 5| = 12
1 1 2 4 13

Solve:

Using the inverse:
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@_176 5| [12] 1 [72-65] 1 [7
11 |=5 6| |13] 11]|-60+78| 11|18

Therefore: 7 = 7/11 .
18/11

Problem 15. Find the best-fit line y = ma + ¢ through the points (1, 2), (2, 3), (3,5), (4,4).
Solution: Set up the system:

11 2
2 1) m| |3
3 1| lc] |5
4 1 4
Compute AT A:
11
a2 34 |2 1] [0 10
1 11 1113 1 10 4
4 1

Compute ATb:

[t 234
1111

] ¥
o[-

From the second equation: 10m + 4c =14 = 5m + 2c =17.

= Ot W N

Solve:

From the first equation: 30m + 10c = 38 = 3m + ¢ = 3.8.

From bm +2c=7: ¢ = 7’257”.

Substitute into 3m + ¢ = 3.8:

7—5m

3m + =38=6m+7—-55m=76=m=0.6

L_T=5(06) T3,
2 2

The best-fit line is: y = 0.6x + 2.
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Problem 16. Using (f,g) = " f(x)g(x) dz, show that sin(z) and cos(z) are orthogonal

on [—m, .
Solution:
(sin(z), cos(x)) = /7; sin(x) cos(x) dz
1
= /7r 5 sin(2x) dx
1
=3 [ cos(2x }
= le[cos(%r) — cos(—2m)]
nsgoo
i

Therefore, sin(z) and cos(z) are orthogonal.

Challenge Problems

Problem 17. Prove the Cauchy-Schwarz inequality: for any vectors , ¥ in an inner prod-
uct space, (4, 0)| < ||| [|7]].

Solution: If 7 = 0, both sides are zero and the inequality holds.

Assume ¥ # 0. Consider the vector:

—~

L

u,v)
(%

W=1u—

—~

L

v,

This is the component of 4 orthogonal to ¢ (i.e., @ minus its projection onto v).

We can verify that (&, ) = 0:

iy = (i {805 5
0.0 = (5= {3374)
— (@) - 5.
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Since ||w]|? > 0:

Y PR
(v, 0) (¥, U)
o di e <’L_[717> — = |<fl”_1:7/17‘>|2 — =
= <u,u> o 2<17 1—)»> <U,U> + <1—)» 17>2 <U,’U>
i LEDP
’ (v, 0)
Therefore: it _)>|2
U, v oL
(@, D)|? < (@, @) (v, 0) = ||a]|*||v]®

Taking square roots:
(@, )] < [l ]

O

Problem 18. Prove the triangle inequality: ||@ + || < ||| + ||¢/]| using the Cauchy-Schwarz

inequality.
Solution:
@ + o> = (@ + v, + ¥)
= (U, ) + 2(u, V) + (¥, V)
= |lall* + 2(a, ) + ||7]]?

By Cauchy-Schwarz, (i, v) < (i, )] < [|a]|[|v]]:

—

i+ 91 < flal* + 2fja |7 + [|o]]*

= (llall + [191)*

Taking square roots:
la+ 0| < [l + |7

O

Problem 19. Show that the distance function d(u, v') = ||& — ¥/|| satisfies:

1. d(4,v) > 0 with equality iff @ = ¢
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2. d(@,v) = d(, i)

~—~

3. d(u,w) < d(u,v) + d(v,w) (triangle inequality)

Solution:
(1) Since the norm is always non-negative, d(u, ') = || — ¢|| > 0.

Equality holds iff || — @] = 0, which by definiteness of the norm occurs iff @ — 7 = 0, i.c.,
U=1. v
(2)
A(@, ) = 17— 5] = [(~1)(@ - D = | - 17— @] = |7 — @] = (7, 3)
v
(3) Using the triangle inequality for norms:

d(t, W) = || — |
= [I(@ = ?) + (v = )
< @ = 9| + |7 — o

= d(ii, ) + d(7, F)

v

These three properties define a metric, so any inner product space is a metric space. [

Problem 20. Let W be a subspace with orthonormal basis {1, ..., 4 }. Show that the
projection matrix P = @t} + - - - + tyt; satisfies P> = P and P = P.

Solution:

Showing P” = P (symmetry):

v
Showing P? = P (idempotent):

s
Il
i

)
[\
I
N
]~
S
IS
SL
~
PR
]~
m:l
£y
S
~

I
M =
M =
S,iﬂ
w:l
SY

N
Il
i
.
Il
—

I
M =
M =
£
5,%
uﬁl
Al

N
Il
—
.
Il
—
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Since the basis is orthonormal, @} @; = d;; (Kronecker delta):

k k k
=1 j=1 =1

v

A matrix satisfying P? = P is called idempotent, and projection matrices always have this
property. [

Problem 21. Find the polynomial p(x) = a + bz that best approximates f(z) = e* on [0, 1]
using the inner product (f, g) = Ji f(2)g(x) dz.

Solution: We want to find p(z) = a + bxr that minimizes ||f — p||*>. This is equivalent to
finding the projection of f onto span{1l,z}.

First, apply Gram-Schmidt to {1, x}:

U =1
yS— <:E,1>
Uy =T — 75 -1
Compute:
1 1
(x,l}z/ r-ldr ==
0 2
1
<1,1>:/ 1 1de =1
0
So: Uy =x — %

2
The best approximation is:

B (e*,x —1/2)
o ez E T2

Compute the needed inner products:
1
(e*,1) :/ e“dr=[e"]p=e—1
0
1
(e*,x—1/2) = / e (x —1/2)dx
0
Using integration by parts (let u = x — 1/2, dv = e*dz):

TP
9 €

[\CRGV]

= (o= 1/~ [ erdr = (1/2)e ~ (-1/2) (e~ 1) =

[N
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1 1
w1201/ = [(@-1/2Pdr = [ 2~z +1/4)dr = 5 —
0 0 3
Therefore:

(3/2 —e/2) 3—e
12 = - D412 (555 @12

plr) =(e—1)+

Simplifying:
p(z) =(e—1)+ (18 = 6e)(z —1/2) = (e — 1) + (18 — 6e)x — (9 — 3e)
=e—1—-9+3e+ (18 —6e)xr = 4e — 10 + (18 — 6e)x

Or in the form a + bz:
a~087, b=x1.72

The best linear approximation is p(z) ~ 0.87 + 1.72x.

Problem 22. Suppose {¥;, U, U3} is a linearly independent set. Show that after applying
Gram-Schmidt, the resulting orthogonal set {u;, Uiz, i3} satisfies:

span{dy, ..., U} = span{uy, ..., Uy}

for k=1,2,3.

Solution: We’ll prove this by induction.

Base case (k =1): u; = 3, so span{t¢; } = span{u;}. v/
Inductive step: Assume span{vy,...,k - 1} = span{d, ..., U1}
By the Gram-Schmidt formula:

k

!

= ! <17k7 7,>
k= Vg — =
i=1 <Ui, z>

—

U

!

.
Il

This shows that i}, is a linear combination of o, and uy, ..., ;.
By the inductive hypothesis, i1, ..., Ux_1 € span{ty, ..., Ux_1}.
Therefore, iy € span{ty, ..., Uk}

Conversely, we can solve for 7:
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This shows v}, € span{uy, ..., u}.

Combined with the inductive hypothesis, we have:
span{dy, ..., U} = span{dy, ..., Uy}

O

Problem 23. Let A be an m x n matrix with linearly independent columns. Show that
AT A is invertible.

Solution: We need to show that ATA has trivial null space, i.e., if ATAZ = 0, then # = 0.
Suppose AT AZ = 0. Multiply both sides on the left by #7:

FTAT Az = 770 =0
The left side can be rewritten:
iT AT AT = (AD)T(AZ) = ||AZ)?

So we have ||AZ||? = 0, which means AZ = 0.
Since the columns of A are linearly independent, Null(A) = {0}. Therefore, Z = 0.
This proves that Null(ATA) = {0}, so AT A is invertible. O

1 0

. . . 0 1

Problem 24. Find the distance from the point (1,1,1,1) to the subspace W = span 1o
0 1

1
. . . 1 )
Solution: The distance from v = 1 to W is:
1

Q.
—~
=
=
Il
=N
|
ol
=
o
—e
S
—
<y

)

From Problem 12, we found:

W N W N
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Wait, let me recalculate with v =

—_ = = =

?761:1+0+1+0:2, Ul'U1:2

projy (¥) =

N DO
O = O =
= = =

This means v is already in W! So the distance is 0.

Actually, let’s verify: is (1,1,1, 1) in the span of those two vectors?

—_ = = =

1 0

0 1
C11+020—

0 1

This gives ¢; = 1 and ¢ = 1, so yes!

The distance is @

Problem 25. Using Fourier series ideas, find the best approximation to f(x) = x on
[—m, 7| using span{1, sin(z), cos(z)} with inner product (f,g) = [, f(z)g(x) dz.

Solution: First, note that {1,sin(x), cos(x)} is already orthogonal on [—m, 7| (we can
verify this).
The best approximation is:

(x,cos(z))
(cos(x), cos(x))

(x,sin(z))
(sin(z), sin(x))

cos(z)

sin(z) +

Compute each term:

Constant term: i
(:c,1>:/ rdr = [IQ] =0

(by symmetry)
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Sine term:

Using integration by parts:

= [~z cos(z)]", + /_W cos(z) dx = —m(—1) — (—7)(=1) + 0 = —2r

(sin(z),sin(x)) = /7r sin(z)dr =7

—T

Cosine term:

(by symmetry: odd function)

Therefore:

sin(z) + 0 = —2sin(z)
m

The best approximation is p(z) = —2sin(x).

Problem 26. Prove that if Q) is an n x n orthogonal matrix (i.e., QTQ = I), then multipli-
cation by @ preserves inner products: (Qu, Qv) = (i, v) for all @, v € R".

—

Solution: Using the standard dot product (which equals @’ 7)
(Qu, Q) = (Qu)" (QV) = 7' Q" QU
Since @ is orthogonal, QTQ = I:

(a, )

I
N

4
~
<y
I
]
<y
I

O

This means orthogonal transformations preserve angles and lengths—they are rigid mo-
tions (rotations and reflections).
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Solutions to Chapter 9 Practice Problems

Basic Problems

0.7 0.2]

Problem 1. For the transition matrix P =
0.3 0.8

(a) Verify that it’s a valid transition matrix
Solution: Check that all entries are non-negative: Yes, all entries are between 0 and 1. v

Check that each column sums to 1:

e Column 1: 0.7+0.3=1.0 v
e Column 2: 0.2+08 =10V
Therefore, P is a valid transition matrix.

(b) Find the steady-state vector
Solution: Solve (P — I)7 = 0:

(=1}

—03 02 |[w]
0.3 —0.2| |vg]|

From the first equation: —0.3v; + 0.2v, = 0 = 0.3v; = 0.2vy = v = %1)2.

Since probabilities sum to 1: v; + v, =1 = %vg +v=1= %vg =1=vy= g
2
5

3

Therefore: vy = £ and vy = .

0.4
Steady-state vector: v = [O 6]

(c) If you start in state 1, what’s the probability of being in state 2 after 2 transitions?

0
7 = P, = 0.7 021 _ 0.7
0.3 0.8] (0 0.3
After 2 transitions:

oera 3 2]

1
Solution: Starting state: 7y = [ ]

After 1 transition:

0.3 0.8] 0.3 0.21 +0.24 0.45

The probability of being in state 2 after 2 transitions is [0.45]
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Problem 2. A factory produces products A and B. Product A requires 2 hours and yields
$20 profit. Product B requires 3 hours and yields $25 profit. With 30 hours available, set
up and solve a linear programming problem to maximize profit.

Solution: Let x = number of product A, y = number of product B.
Objective: Maximize P = 20z + 25y

Constraints:

2+ 3y <30 (time)
z,y >0 (non-negativity)

Find vertices of feasible region:
« (0,0): P=0
e (15,0): P =20(15) 4+ 25(0) = 300
« (0,10): P =20(0) + 25(10) = 250

The maximum profit is | $300 |, achieved by producing 15 units of product A and 0 units of
product B.

Problem 3. Find the singular values of A = B g] :

Solution: For a diagonal matrix with non-negative entries, the singular values are simply
the diagonal entries.

The singular values are o1 = 4 and o, = 3.

We can verify by computing A7 A:
g [£ 0] [4 0] _[16 0
0 3110 3 0 9
The eigenvalues of ATA are 16 and 9, and V16 =4, v/9=3.

Problem 4. Given data points (1,2), (2,4), (3,7), (4,8), compute the covariance between
the z and y coordinates.

Solution: First, compute the means:

1424344 10
N B e R,
v 4 4

2444+7+8 21
jo o TETITe 2 5o
y 4 A
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The covariance is:

Cov(z,y) En: — )
Compute deviations:
(1 —-25)(2—-5.25) = (—1.5)(—3.25) = 4.875
(2—2.5)(4—-5.25) = (—0.5)(—1.25) = 0.625
(3 —2.5)(7—5.25) = (0.5)(1.75) = 0.875
(4—2.5)(8 —5.25) = (1.5)(2.75) = 4.125

Sum: 4.875 + 0.625 4 0.875 + 4.125 = 10.5

10.5
Cov(z,y) = 5 = 3.5

Problem 5. Write the 4 x 4 homogeneous coordinate matrix for translating by (2, —1, 3) in

3D space.
Solution:
1 00 2
T 01 0 —1
001 3
000 1

Problem 6. Solve the system % = B 011 7 with 7(0) = B]

Solution: The matrix is diagonal, so eigenvalues are \; = 2 and Ay = —1.

The eigenvectors are the standard basis vectors:

ol ol

e oo

1 1 0
[2] =C |\(;| + o |\];| :>01:]_702:2

General solution:

Apply initial condition:
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Therefore:
1 0 e?t
—‘t — 2t 2 —t —
w0 = | <2 i)
0
Problem 7. For lighting calculation, if the surface normal is 7 = |0| and light direction
1
1/v2
isl=1| 0 |, what is the light intensity (using 7 - [)?
1/v2
Solution:

- 1 1 1 V2
7 l=0-—=+0-0+1-—==—==-"~0.707
" NG NI A

The light intensity is or approximately 70.7% of maximum.

1
V2

Problem 8. Determine the stability of Z—f = l_l 2 ] z.
0 -3

Solution: For an upper triangular matrix, the eigenvalues are the diagonal entries: A\ =
—1 and Ay = —3.

Since both eigenvalues have negative real parts (—1 < 0 and —3 < 0), the system is stable.
Solutions decay exponentially to zero as t — oc.

Intermediate Problems

0.5 0.3 0.2

Problem 9. A Markov chain has transition matrix P = (0.2 0.6 0.4|. Find the steady-
0.3 0.1 04

state distribution.

Solution: Solve (P — I)7 = 0:

—05 0.3 02] [v
02 —04 04| |vn] =0
0.3 0.1 —06] |vs
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Using row reduction:

-0.5 03 0.2 10 -1
02 —-04 04 |~|0 1 —1.5
03 0.1 -06 00 O

This gives:

v1 —v3=0= v =vs3

v9 — 1.bvg = 0 = vy = 1.5v3
With V1 + Vg + U3 = 1:

2
?}3+1.5U3+U3:1:>3.5’03:1:>03:?

Therefore: v; = %, vy = %, Vg = %

2/7]  [0.286
Steady-state vector: v = [3/7| ~ |0.429
2/7|  [0.286

Problem 10. A company produces three products with constraints on labor and materi-
als. Set up the linear programming problem:

Product 1: 2 labor hours, 1 material unit, $15 profit

Product 2: 3 labor hours, 2 material units, $20 profit

Product 3: 1 labor hour, 1 material unit, $10 profit

e Available: 100 labor hours, 60 material units

Solution: Let x1, 9, x5 be the quantities of products 1, 2, and 3.
Objective: Maximize P = 15x; + 2025 + 10x3

Constraints:

2x1 + 3x9 + 23 < 100  (labor)
x1 + 229 + 23 < 60 (materials)

x1, 22,3 > 0 (non-negativity)

In matrix form:
Maximize & 7 subject to AZ < b, @ >0
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where
1o 2 31 100
¢= |20 A:L p 1]’ 52[60]
10

(Solving this requires the simplex method or numerical optimization software.)

11
Problem 11. Find the SVD of A = [O 1] by computing eigenvalues of AT A.

Solution: Compute AT A:
[Py
1 1]1]0 1 1 2
Find eigenvalues:

1-X 1

ATA—\I) =
det( M) det[ L 91

]:(1—)\)(2—)\)—1:)\2—3)\+1:0

Using the quadratic formula:

3+v9-4 3+.5
2 2

A:

So: A = 355 ~ 2,618, Ay = 25 ~ 0.382

o] = \/)\71: \/3+2\/S ~ 1.618
[3— /5
02 = Ao = 2\/_ ~ 0.618

To find the complete SVD, we’d need to find the eigenvectors of ATA (for V') and AAT
(for U).

The singular values are:

Problem 12. For the dataset:

0 O = N
© oo Ot W

Find the principal component (eigenvector of covariance matrix with largest eigenvalue).

Solution: Step 1: Center the data.
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Means: r; = % =05, Ty = w =6.25
Centered data:
-3 —3.25
X, = -1 —1.25
1 175
3 275
Step 2: Compute covariance matrix.
-3 —-3.25
1 11 -3 -1 1 3 -1 —1.25
C= XX, =~
n—1"°¢ 3 [—3.25 ~1.25 1.75 2.75] 1 175
3 275

120 215 ] [6.667 7.167
©31(21.5 24.1875| |7.167 8.063

Step 3: Find eigenvalues.
det(C — M) = (6.667 — \)(8.063 — \) — 7.167* = 0

Computing: A2 — 14.73\ + 2.366 = 0

Using quadratic formula: A\; & 14.57, Ay =~ 0.16
Step 4: Find eigenvector for A;.

Solve (C' — 14.571)7 = 0:

-790 7.167 | ., =
v=20
7.167 —6.507

From the first equation: —7.90v; 4+ 7.167v, = 0 = v; =~ 0.907v,

' 672
Normalizing with v, = 1: ¥ = [0 ?0717 or normalized: v~ [8?21]

0.67
The first principal component is approximately lo 74] .

Problem 13. Create the composite transformation matrix that rotates by 90° about the

z-axis, then translates by (1,2,0).
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Solution: Rotation by 90° about z-axis:

cos(90f) —sin(90f) 0 0O 0 -1 00
R sin(90f)  cos(90f) O Of |1 0 0 0
] 0 0 1ol |00 10
0 0 0 1 0 0 01
Translation by (1,2,0):
1 001
T_ 010 2
0010
0001

Composite transformation (translation after rotation): M =T - R

O = O O
]
S = O O

0
0
0
1

O O O =
o O = O
— O N -
o O = O
o
O O = O
o O
o = O O
— O N

01 Z with Z(0) = ! .
-4 —4 0

Solution: Find eigenvalues:

Problem 14. Solve % = [

—-A 1

det(A — AI) = det [_4 4

1:—A(—4—>\)+4:/\2+4)\+4:(A+2)2:O

So A = —2 with algebraic multiplicity 2.

Find eigenvectors:

1
This gives 2v; + v9 = 0 = vy = —2v;. Eigenvector: v; = [ ]

Since we have only one linearly independent eigenvector but algebraic multiplicity 2, we
need a generalized eigenvector.

For a repeated eigenvalue with deficient eigenspace, the general solution is:

f(t) = €72t (Cl’ljl + Co (tﬁl + 117))



146 Contents

where 0 is the generalized eigenvector satisfying (A + 21)w = .

e

From the first equation: 2w; + wo = 1. Choosing w; = 0: wy = 1.

sow:m.

Solving:

1

General solution:

1
Apply initial condition #(0) = [ ]:

Lol -l

This gives: ¢ =1 and —2¢; + ¢ =0 = ¢ = 2.

Therefore:
1 1 0 1+ 2t
—’t — —2t 2 —2t t — —2t
= | v o+ []) = 2]

Problem 15. In a simple PageRank example with 3 pages where page 1 links to pages 2
and 3, page 2 links to page 1, and page 3 links to pages 1 and 2, find the PageRank scores.

Solution: Construct the transition matrix (equal probability for each outgoing link):
« Page 1 — pages 2, 3 (probability 1/2 each)
« Page 2 — page 1 (probability 1)

« Page 3 — pages 1, 2 (probability 1/2 each)

0 1 1/2
P=|1/2 0 1/2
1/2 0 0

Find steady-state: (P — I)o =0
~1 1 1/2

1/2 -1 1/2|5=0
/2 0 -1
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Using row reduction and the constraint v; 4+ vy + v = 1:

From the equations, we get: vy = vy + %Ug and %Ul = Uy — %’U?,.

Solving: vy = %, Vg = %, V3 = %
0.4
PageRank scores: v = 0.4
0.2

Pages 1 and 2 tie for highest rank (40% each), while page 3 has rank 20%.

Challenge Problems

Problem 16. Prove that every transition matrix has A 1 as an eigenvalue. (Hint:
Consider what PT1 equals, where 1 is the vector of all 1’s

)
1
- 1
Solution: Let P be an n x n transition matrix and 1 =
1
Since each column of P sums to 1, when we multiply PT by I, each row of PT (which is a
column of P) sums to 1.

Therefore:
> Dit
PTl —_ p 2 =| | = 1

This shows that 1 is an eigenvector of PT with eigenvalue 1.

Since P and PT have the same eigenvalues (they have the same characteristic polynomial),
P also has A =1 as an eigenvalue. [J

Problem 17. For the feasible region defined by z +y < 5, 2x +y < 8, x,y > 0, find all
vertices and determine which maximizes 3x + 2y.

Solution: Find intersection points (vertices):

Vertex 1: (0,0) (origin) f(0,0) =0

Vertex 2: x =0 and x +y =5: (0,5) Check: 2(0)+5=5<8 v f(0,5) =3(0) + 2(5) = 10
Vertex 3: y =0and 2z +y =8: (4,0) Check: 4+0=4 <5V f(4,0) =3(4) +2(0) = 12
Vertex 4: Intersection of z +y = 5 and 2z +y = 8: Subtract: 2z +y) — (r+y)=8—-5=
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2 =3 Then: 3+y=>5=y =2 Point: (3,2) f(3,2) = 3(3) +2(2) = 13
The vertices are: (0,0), (0,5), (4,0), (3,2).
The maximum value of 3z + 2y is , achieved at (3,2).

Problem 18. Show that the singular values of A are the square roots of the eigenvalues
of ATA.

Solution: By definition, the SVD of A is A = ULVT where:

o U and V are orthogonal matrices

e Y is diagonal with singular values o4,...,0, >0

Compute AT A:
ATA = UxvhHT(oxsvh) =vtutusv?

Since UTU = I (orthogonal matrix):
ATA=VyTsvT = vszy?

where Y2 is diagonal with entries ¢%,03,...,02

Y r*

This is the eigenvalue decomposition of AT A with:

« Eigenvalues: 0%, 03,...,0°

» Eigenvectors: columns of V'

Therefore, the singular values of A are the square roots of the eigenvalues of AT A. [J

Problem 19. Prove that the covariance matrix is always symmetric and positive semi-
definite.

Solution: Let X be an n x p centered data matrix (rows are observations, columns are
features).

The covariance matrix is: ]

XT'x
n—1

C:

Symmetry:

T 1 T T 1 T\T
(J_< 1XX> b xmyrx -
—

n—1

1
n—1

XT'X =C
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Positive semi-definite: For any vector v € RP:

1

n —

1 1 1
ior =i ( L XTXG = o (X0)T(X0) = —— | X7 > 0
/”L —_—

n — n —

XTX) U=
1
Since ¥7 CT > 0 for all 7, the matrix C is positive semi-definite. [J

Problem 20. Explain why the product of rotation matrices is another rotation matrix.
What property ensures this?

Solution: Rotation matrices are orthogonal matrices with determinant 1. Let Ry and Rs
be rotation matrices.

Property 1: Orthogonality is preserved

(RiRy)T(RiRy) = RFRTRIRy = RJIRy = RIRy =1

So Ry R; is orthogonal. v/

Property 2: Determinant equals 1

v
Therefore, the product of rotation matrices is also a rotation matrix.

The key property is that orthogonal matrices form a group under multiplication:

e Closure: product of orthogonal matrices is orthogonal

Associativity: matrix multiplication is associative

Identity: [ is orthogonal

 Inverses: if R is orthogonal, so is RT = R~!

Geometrically, composing two rotations gives another rotation (possibly about a different
axis and angle).

Problem 21. For the system Call—f = A7 where A has complex eigenvalues A\ = a + bi, show
that solutions spiral inward when a < 0 and spiral outward when a > 0.

Solution: For a 2x2 matrix with complex eigenvalues A = a + bi, the eigenvectors are also
complex conjugates.
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The general real solution can be written as:
. cos(bt) — sin(bt)
t — at
Tt) =e <Cl lsin(bt)] o [ cos(bt)

(This is a linear combination of the real and imaginary parts of e*#.)

The key observation: the term e controls the amplitude:

e Ifa<0: e — 0ast— oo, so the radius decreases — spiral inward
o Ifa>0: e — 0o as t — 00, so the radius increases — spiral outward

e If a =0: e* =1, so the radius is constant — circular motion

The terms cos(bt) and sin(bt) cause rotation with angular frequency b.

Therefore: solutions spiral inward when a < 0 and spiral outward when a > 0. [J

Problem 22. A more realistic PageRank includes a damping factor d = 0.85:

1—d-

7 = d(P7) + I

n

Explain why this modification is necessary (consider pages with no outlinks).
Solution: The damping factor addresses several problems:
Problem 1: Dangling nodes (pages with no outlinks)

If a page has no outlinks, the corresponding column in P would be all zeros, violating the
transition matrix requirement that columns sum to 1. A random surfer reaching such a
page would be "stuck."

Problem 2: Closed loops

Groups of pages that only link to each other (with no external links) can trap all the
PageRank within that group.

Solution: Random jumping

The modified equation:

1_d—»
1

<y

— d(P?) +

models a surfer who:

o With probability d = 0.85: follows a link from the current page

o With probability 1 — d = 0.15: jumps to a random page
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This ensures:

« Every page has a non-zero probability of being visited (no dead ends)
o The transition matrix is "ergodic" (strongly connected and aperiodic)
o A unique steady-state distribution exists

o The system can escape from closed loops

The value d = 0.85 is empirically chosen to balance the influence of the link structure
against random exploration.

Problem 23. In PCA, prove that projecting data onto the first k principal components
minimizes the reconstruction error || X — Xj|*.

Solution: Let X be the centered n x p data matrix. The SVD is:
X =U0sV" =" o,
i=1

where r = rank(X).

The rank-k approximation using the first k£ singular values is:

This is equivalent to projecting onto the first k& principal components (columns of V).

Eckart-Young-Mirsky Theorem: Among all rank-k matrices B, the matrix X, mini-
mizes:

IX — Bl =Y (i — by)*

1,3
(where || - || is the Frobenius norm).
Proof idea: The reconstruction error for X is:
2

.
- o2

Fo =kl

T

1=k+1

1% — Xill7 =

For any other rank-k matrix B, the error would include contributions from singular values
larger than o1, ..., 0., making the error larger.

Therefore, PCA (projecting onto the first k£ principal components) gives the optimal rank-
k approximation. [
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Problem 24. Show that homogeneous coordinates can represent perspective projection,
which makes distant objects appear smaller.

Solution: In perspective projection, points are projected onto a plane (the image plane)
from a center of projection (the camera).

For simplicity, consider projection onto the plane z = d with center at the origin.

A 3D point (z,y, z) projects to (2,3, d) where the ratios are:

¥ oz oy dx
- = — xr = —
d =z z

y oy dy

—_— = = = y/:
z z

In homogeneous coordinates, we represent the point as:

x
Y
z
1
The perspective projection matrix is:
10 0 0
P 01 0 0
00 1 0
00 1/d 0O
Applying this:
x x
plyl _ |
z z
1 z/d

Converting back to 3D by dividing by the fourth coordinate:

x/(z/d) dx/z
y/(z/d)| = |dy/z
z/(z/d) d

This gives us 2/ = dz/z and y' = dy/z, showing that:

« Points farther away (larger z) have smaller 2" and y’ coordinates
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o This creates the illusion of depth: distant objects appear smaller

The fourth coordinate in homogeneous coordinates allows us to represent this non-linear
transformation as a matrix multiplication! []

- —b
Problem 25. For the predator-prey model Z—f = [a d] Z with a,b,c,d > 0, find condi-
c —

tions on the parameters for oscillatory behavior (purely imaginary eigenvalues).
Solution: Find the characteristic polynomial:

—b

a— A\
det(A — AI) = det
et ) e[ ¢ —d—\

]:(a—)\)(—d—)\%l—bc

= —ad —aX+d\+ \* + be = N + (d — a)\ + (bc — ad)

Using the quadratic formula:

A\ =

—(d —a) £/(d — a)2 — 4(bc — ad)
2

For purely imaginary eigenvalues A = +wt, we need:

1. The real part to be zero: d —a=0=a=4d

2. The discriminant to be negative: (d —a)? — 4(bc — ad) < 0

With a = d:
0—4(bc—d*) <0=bc—d* < 0= bc<d

Wait, but if @ = d, then bc — ad = bc — d?. For purely imaginary eigenvalues:

N+ (be—d*) =0 = \ = +ivVd2 —be

This requires d* — be > 0 = be < d>.

Actually, let me reconsider. For purely imaginary eigenvalues, we need the real part to be
exactly zero.

From )\ = —(d—a)£+/(d—a)?—4(bc—ad)

2

Realpartzwzo:a:d

With a = d, the eigenvalues are:
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For this to be real (as 4 times a real number), we need bc — d? > 0, or:

Conditions for oscillatory behavior:

\a:d and bc>ad\

Biologically: prey growth rate equals predator death rate, and the interaction terms domi-
nate the individual rates.



Solutions to Chapter 7: Eigenvalues and
Eigenvectors

Basic Problems

1 2

Problem 1. Determine if 7 = lﬂ is an eigenvector of A = [3 2]. If so, find the eigen-

value.

Solution: Compute A#:
0=y 2l B = o ) < o

Check if this is a scalar multiple of v:
81 _ i 2
12 3

This requires 8 = 2k and 12 = 3k, which gives k£ = 4 in both cases.

2
Therefore, v = [3] is an eigenvector with eigenvalue A = 4.

Problem 2. Find the eigenvalues of each matrix:

(a) 4= B —03]

Solution: This is a diagonal matrix, so the eigenvalues are the diagonal entries: \; = 5
and Ay = —3.

wo- ]

Solution: Form the characteristic equation:

2—-A 1

B— )=
det( ) det[ 0 9

=(2-))?=0
)\] ( )
Therefore, A = 2 with algebraic multiplicity 2.

155
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(C)C:[O 1]

-1 0
Solution:
— 1
det(C—)\I):detl i A] =X +1=0
This gives A = —1, s0 A = #i. The eigenvalues are \; = i and Ay = —i (complex
eigenvalues).

Problem 3. For A = B 31

(a) Find the characteristic polynomial
Solution:
33—\ 2
det(A — M) = det [ 5 _)\1
=B =M= -12)(©2)
=-3\+)\ -4
=M —-3\—4

The characteristic polynomial is p(\) = A\* — 3\ — 4.
(b) Find all eigenvalues

Solution: Factor the characteristic polynomial:
M3\ —4=A—-4)A+1)=0

The eigenvalues are A\ =4 and Ay = —1.
(c) Find an eigenvector for each eigenvalue
Solution:

For A\ = 4:
i P B

This gives —vy + 2vy = 0, so v; = 2vy. Choosing vy = 1:

o[
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For Ay = —1:
o= -8

This gives 4v; 4+ 2vy = 0, so v = —2v;. Choosing v, = 1:

v

4 =2
Problem 4. Find the eigenvalues and eigenvectors of A = L ] ]

Solution: Characteristic equation:

det(A — \I) = det [4 A 2 ]

11—
=(@-=-N1-XN-(-2)1)
=4 — AN = A+ A2 +2
=X —5\+6
=A=2)(A=3)=0

Eigenvalues: A\; = 2 and A\ = 3.
For A\ = 2:

1
This gives v; = v9. Eigenvector: v = L}

For Ay = 3:

—_
—

2
This gives v; = 2vy. Eigenvector: vy = l )

1
Problem 5. Let A = |0
0

o N O
N = O

. Find the eigenvalues and their algebraic multiplicities.
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Solution: This is an upper triangular matrix, so the eigenvalues are the diagonal entries:

det(A—AX)=(1-X)2-X1)*=0
Eigenvalues:

e )\ = 1 with algebraic multiplicity 1

e )y = 2 with algebraic multiplicity 2

1

Problem 6. Determine if A = [2 ﬂ is diagonalizable. If so, find matrices P and D such

that A = PDP 1.

Solution: Find eigenvalues:

det(A— X)) =(1-X)?*—4
=1-2X2+X\"—4
=X -2\-3
—(A=3)(A+1)=0

Eigenvalues: \; = 3 and Ay = —1 (two distinct eigenvalues, so A is diagonalizable).
For A\ = 3:
-2 2 R
(A— 307 = e -
2 -2 V2
. . . 1
This gives v; = vy. Eigenvector: v} = L}
For \y = —1: )
A+ v = =0
(A+1)0 2 2] L;j
L . R 1]
This gives v; = —vy. Eigenvector: vy = [ 1
Therefore:

2
Problem 7. If A = [O g], compute A using diagonalization.
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Solution: Since A is already diagonal with eigenvalues \; = 2 and Ay = 3:

410 _ lQlo o] B l1024 0 ]

0 31 0 59049

Problem 8. Show that if ) is an eigenvalue of A, then A\? is an eigenvalue of A2

Solution: If X is an eigenvalue of A, there exists a nonzero vector v such that:
AT = \U
Multiply both sides by A:
A(AD) = A(ND) = AAD) = A(\D) = N0

Therefore:
A%0 =\

This shows that ¥ is an eigenvector of A% with eigenvalue \2.

Intermediate Problems

1 10
Problem 9. For A= |0 2 2|, find all eigenvalues and a basis for each eigenspace.
00 3

Solution: Since A is upper triangular, the eigenvalues are the diagonal entries: A\ = 1,
Ao =2, A3 = 3 (all with algebraic multiplicity 1).

For \; = 1:

(A—I)i =

o O O

1
1
0

N OO
<
[\
I
=]

U3

From the third equation: 2v3 = 0 = v3 = 0. From the second equation: vy + 2v3 = 0 = vy =
0. vy is free.

Basis for Ej: 0
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For Ay = 2:
—1

I
=)

1 0
01 V3

0
0

From the third equation: v3 = 0. From the first equation: —v; + v9 = 0 = vy = vy.

1
Basis for Ey: 1
0
For \3 = 3:
—2 1 0 (%]
(A=3DT=|0 —1 2| |v| =0
0 0 0] |vs

From the second equation: —wvy + 2v3 = 0 = vy = 2v3. From the first equation: —2v; + vy =
0=v =% =u;3.
Choosing v3 = 1: vy = 1,v3 = 2,v3 = 1.
1
Basis for FEj: 2

1

2
Problem 10. Diagonalize A = l 72 3] and use it to compute A°.

Solution: Find eigenvalues:

det(A — X)) = (T—= N3 =X — (=2)(2)
=21 —TA=3\+ X\ +4
=\ —10A+25
=(A=52?=0

So A = 5 with algebraic multiplicity 2.

For A = 5:
2 2 (%1 -
A—=50v= =0
o= 5L
L . . . S 1
This gives v; = —vy. We can find two linearly independent eigenvectors: v; = [ 11 and

a-[)
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Wait, let me check: (A —51) [ﬂ = [ 44] 0.

1
Let me recalculate. The eigenspace is one-dimensional with basis { [ 1] } Since the geo-

metric multiplicity is 1 but algebraic multiplicity is 2, this matrix is NOT diagonalizable.

However, we can still compute A% directly or using other methods. Let’s compute it di-
rectly:

22 T2 7 2 _ 45 20
-2 3| |-2 3 -20 5
This becomes tedious. The matrix is actually not diagonalizable, so we cannot use the

diagonalization method as stated in the problem.

Note: This problem as stated cannot be solved using diagonalization since the matriz is not
diagonalizable. The geometric multiplicity (1) is less than the algebraic multiplicity (2).

010
Problem 11. Let A= |0 0 1|. Find the eigenvalues and show that A is diagonalizable.
1 00

Solution: Find the characteristic polynomial:

-2 1 0
det(A—X)=det | 0 -\ 1
I 0 =X

Expanding along the first row:

= —Adet [ O/\ _1)\1 — ldet [(1) _1)\1
= —A() ~1(-1)

=-N+1

= —(X* - 1)
=—A=DN+X+1)

The eigenvalues are:

e A =1
o Ny = 7—1?\5 = €2™/3 (complex)
o N3 = 7’1’2i*/§ = e~ 2m/3 (complex)
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Since we have three distinct eigenvalues for a 3 x 3 matrix, A is diagonalizable (over the
complex numbers).

1

Problem 12. Prove that if A is invertible and X is an eigenvalue of A, then

is an eigen-
value of A1

Solution: If X is an eigenvalue of A, then there exists a nonzero vector v such that:
AU = \J
Since A is invertible, multiply both sides by A~!:
T=MNATY
Dividing both sides by A (note: A # 0 since A is invertible):
/1\17 = Aty
This shows that ¥ is an eigenvector of A~! with eigenvalue %

Problem 13. Show that the trace of a matrix (sum of diagonal entries) equals the sum of
its eigenvalues, and the determinant equals the product of its eigenvalues.

Solution: Let A be an n X n matrix with characteristic polynomial:
p(A) = det(A — \I)
This is a polynomial of degree n that can be written as:
P = (1" (A= M)A~ dg) -+ (A= A,)

where A1, Ao, ..., A, are the eigenvalues (counting multiplicity).

Expanding this:

PO = (D) = (A dg -+ M)A (D) A - A

Now, let’s compute det(A — AI) directly. For a 2 x 2 matrix A = la Z}
c

det(A—Af):det[a;A db 1:(a—)\)(d—/\)—bc
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=ad — (a+d)A+ X —bc= )\ — (a+d)) + (ad — bc)
Comparing coefficients:
o Coefficient of \: —(a+d) =—(A\1 + Xa), s0 tr(A) =a+d= X\ + X\
« Constant term: ad — bc = A\ A2, and we know det(A) = ad — be

This generalizes to n X n matrices:
o tr(A) =X A
o det(A) =TI, N

2

-1
Problem 14. Find the eigenvalues and eigenvectors of A = [ 5 ] and orthogonally

diagonalize it.

Solution: Find eigenvalues:

det(A— X)) =(2-X)?—1
=4 —4N+ N -1
=N —4\+3
—(A=3)(A—=1)=0

Eigenvalues: Ay =3 and Ay = 1.
For A\ = 3:
-1 -1 R
(A— 307 = =0
-1 -1 (%)

1
This gives v; = —vy. Eigenvector: v = [ 1].

For Ay = 1:

1
This gives v; = v9. Eigenvector: vy = L}

Verify orthogonality: @) - v = (1)(1) + (=1)(1) =0 v

Normalize the eigenvectors:
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Orthogonal diagonalization:

and A =QDQ".

Problem 15. Suppose A has eigenvalues \; = 3 and Ay = —1 with corresponding eigen-

1 1
vectors U] = L} and U, = [ 1]' Find AL00 B]

Solution: First, express B] as a linear combination of the eigenvectors:
5 1 i 1
=c c
3 ] -t

01+62:5

01—02:3

This gives:

Adding: 2¢; = 8 = ¢; = 4. Subtracting: 2c; =2 = ¢ = 1.
5

So l ] :4171 + 1172
3

Now:

5

AIOO
3

]:Am@m+@)

= 44107, + A1g,

— AN, 4 A,
— 4(3)100 l1‘| 4 (_1)100 [ 11]

][

4.3190 41
= 4.3100 _q
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Problem 16. Solve the system of differential equations:
dijz| |1 2| |z z(0)| |2
dt ly| |2 1| |ly|" |y(0)] |0

Solution: Let A = [1 21.
2 1

Find eigenvalues:

det(A—X)=(1-)\)?*—4
=1—-2X2+)*—4
=\ —-2)\-3
—(A=3)A+1)=0

Eigenvalues: \; =3 and Ay = —1.
For A\ = 3:

1
Eigenvector: v; = L]

For Ay = —1:

1
Eigenvector: vp = [ 1

General solution:
Apply initial condition:

This gives:

8001202:1.
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-l L)

Solution:

Challenge Problems

Problem 17. Prove that eigenvectors corresponding to distinct eigenvalues are linearly
independent.

Solution: We’ll prove this by induction on the number of eigenvectors.
Base case: A single nonzero eigenvector is linearly independent by definition.

Inductive step: Suppose eigenvectors oy, U, . . ., Uy corresponding to distinct eigenvalues
AL, Ag, ..., A, are linearly independent. We need to show that adding v, with eigenvalue
Ai+1 (distinet from all previous eigenvalues) maintains linear independence.

Suppose:

01171 + 02172 +--- 4+ Ckl_fk + Ck+117k+1 =0

Multiply both sides by A:
C1 AU, + AUy + - - - + ¢, AU + Ck+1A’l7k+1 =0

CiA UL + CoAoUs + -+ + Cp AU + Cry1 A1 U1 = 0

Now multiply the original equation by Agy:
C1Ae+1T1 + Co A1V + -+ - + Cu M1 Uk + Chr1 Aot 1Tk41 = 0
Subtract this from the equation after multiplying by A:
c1(A = Ap1) By 4 (A2 — Ap1)Ba + -+ + (A — Apgr) B = 0
By the inductive hypothesis, v7, ..., U} are linearly independent, so:
i\ = A1) =0fori=1,2,... k

Since all eigenvalues are distinct, A\; # Api1, 80 ¢; =0fori=1,2,... k.

Substituting back into the original equation:

Cr41Uk1 = 0
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Since U1 # 0, we have ¢z = 0.

Therefore, all coefficients are zero, proving linear independence.

Problem 18. Let A be a 3 x 3 matrix with eigenvalues 2, 3,5. What are the possible values
of det(A) and tr(A)?

Solution: From Problem 13, we know:

J det(A):/\l/\2>\3:235:30
e tr(A) =M +X+X3=2+3+5=10
There is only one possible value for each:

e det(A) =30

e tr(A) =10

Problem 19. Prove that if A is a real symmetric matrix, then eigenvectors corresponding
to distinct eigenvalues are orthogonal.

Solution: Let ¢, and 9, be eigenvectors corresponding to distinct eigenvalues A; and As.
We have:
Aﬁl = )\1171 and Aﬁg = )\2172

Consider the dot product vy - (Avs):
U - (Aly) = Uy - (Aal) = Ao(¥) - Ta)
Since A is symmetric, AT = A. Therefore:
U1 - (ATy) = (AU 0y = (\0) 0 = M (T Th) = A\ (V) - 1)

Combining these two results:
)\2(171 . ’172) - )\1(’171 . '172)

(Mg — \)(T - ) = 0

Since A; # Ay (distinct eigenvalues), we must have:

Therefore, the eigenvectors are orthogonal.
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Problem 20. A matrix A satisfies A> = A (called idempotent)
possible eigenvalues are 0 and 1.

Solution: Let A\ be an eigenvalue of A with eigenvector ¢. Then:
AU =\
Apply A to both sides:

A(AD) = ANT) = MAD) = XAD) = \20

So:
A% = N\
But we're given that A% = A, so:
A% = AT = \v
Therefore:
N0 =\
(N =N7=0
AMA=1)7=0

Since v # 0 (eigenvectors are nonzero), we must have:
AA=1)=0
Therefore, A =0 or A = 1.

1

Problem 21. Consider the Fibonacci matrix F' = L 0

derive a formula for the nth Fibonacci number.

Solution: Find eigenvalues:

det(F — X)) = (1 = \)(=\) — 1
=-A+A -1
=M -)-1

Using the quadratic formula:

C1xV1T+4 1£45
B 2 2

A

. Show that the only

1
]. Diagonalize F' and use it to
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So /\1=1+T“/5:¢(the golden ratio) and )\2:1*2\/5:_%
For Ay = ¢:
— 1—¢ 1 Ul —
F—o¢l)v= =0
w-ono= 10 L)Y
Since¢2:¢+1,wehave1—¢:—¢+1:—(¢_1):_i'

From the first equation: (1 — ¢)v; + vy =0, so vy = (¢ — 1)v; = 3.

Actually, it’s easier to note that from A\ — A —1 = 0, we get A2 = A+ 1,50 A = ¥ =
A+1-1=A\

Let me use the relation (1 — A)v; + vy = 0 directly. For A\; = ¢: vy = (¢ — 1)v;. Since
o—1= é, we can use vy = ¢uv; from the second row.

Actually, from the second row: vy — ¢vy = 0, so v; = ¢vy. Choosing vy = 1:

o[

1—/5.
PRt

Similarly, for Ay =

6 50
LetP:[1 i]andD:[O Vi |

The Fibonacci sequence satisfies:

Using diagonalization:
F"=pD"P!

After computing (the algebra is tedious), we get Binet’s formula:

P = \}5 [(1 +2\/5>"_ (1—2\/5>”] _ ¢n_<\/%¢>—n
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Problem 22. Find the eigenvalues of the circulant matrix:

b
C = a
c

0 R
[SEER LN

Solution: The characteristic polynomial is:

det(C—AX)=det| ¢ a—X b

Expanding (using cofactor expansion or other methods):

= (a—MN)[(a — \)? = bc] —b[c(a — \) — b*] + c[c® — b(a — )]
=(a—))?—(a—Abc—bec(a— )+ b+ —bela— N
= (a—\)?—3bcla—\)+b*+ ¢

This is complex to factor in general. However, circulant matrices have a special property:
their eigenvectors are related to roots of unity.

For a 3 x 3 circulant matrix, the eigenvalues are:

AM=a+b+c
o = a + bw + cw?
A3 = a+ bw? + cw

where w = e2™/3 = _1%“/3 is a primitive cube root of unity.
1
These can be verified by computing C' times the eigenvectors | w* | for k = 0,1, 2.
2k
w

Problem 23. Suppose A is a 5 x 5 matrix with characteristic polynomial p(A) = (A —
2)3(A + 1)%2. What can you conclude about the diagonalizability of A?

Solution: The characteristic polynomial tells us:

e )\ = 2 with algebraic multiplicity 3

e Ay = —1 with algebraic multiplicity 2

For A to be diagonalizable, we need the geometric multiplicity to equal the algebraic multi-
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plicity for each eigenvalue. That is:

o dim(F3) = 3 (eigenspace for A = 2 must be 3-dimensional)

o dim(E_;) = 2 (eigenspace for A = —1 must be 2-dimensional)

We know that:
1 < geometric multiplicity < algebraic multiplicity

So:

e 1<dim(E) <3

e 1<dim(E_4) <2
**Conclusion:** We cannot definitively determine if A is diagonalizable from the char-
acteristic polynomial alone. We would need to compute the eigenspaces to check if their

dimensions match the algebraic multiplicities. The matrix is diagonalizable if and only if
dim(F) = 3 and dim(F_;) = 2.

and p,
0.2 0.7
represents the population distribution between two locations. Find the long-term steady-

Problem 24. A population is modeled by p,.1 = Ap, where A = [

state distribution.

Solution: The steady-state distribution p* satisfies Ap* = p*, which means p* is an eigen-
vector with eigenvalue A = 1.

First, verify that A = 1 is an eigenvalue:

— (—0.2)(=0.3) — (0.3)(0.2) = 0.06 — 0.06 = 0

det(A — 1) = det —0.2 03
02 —0.3

Yes, A =1 is an eigenvalue.

Solve (A — I)p' = 0:
—0.2 03| |p| |0
0.2 —0.3|[p2| |0
From the first equation: —0.2p; + 0.3py = 0, so p; = %pQ = 1.5ps.

1.5
The steady-state eigenvector is p = [ 1 ] (or any scalar multiple).

Since we want a probability distribution, normalize so that p; + ps = 1:

1.5+1=25



172 Contents

7=['hs )= o4

Therefore:

In the long run, 60

Problem 25. Prove the Cayley-Hamilton theorem for 2 x 2 matrices: every matrix satisfies
its own characteristic equation. That is, if p(\) = det(A — AI), then p(A) = 0.

Solution: Let A = [a b].
c d

The characteristic polynomial is:

p(A) =det(A—A) = (a—A)(d— ) —be
=\ — (a+d)\ + (ad — be)
= A2 —tr(A)\ + det(A)

The Cayley-Hamilton theorem states that p(A) = 0, i.e.:

A? —tr(A)A + det(A)T =0

Let’s verify this directly:

2| bl [a b] [a®+bc ab+bd
e d||e d| |lac+cd be+ d?

det(A)T = (ad — be) Ll) ﬂ _ [ad - be y 0 bc]

Now compute A% — tr(A)A + det(A)I:
Entry (1,1):

= a® + bc — a(a+ d) + (ad — be)
=a®+bc — a® — ad + ad — be
=0
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Entry (1,2):
=ab+bd—bla+d)+0
=ab+bd — ab — bd
=0
Entry (2,1):
=ac+cd—cla+d)+0
=ac+cd —ac—cd
=0
Entry (2,2):
=bc+ d* — d(a+d) + (ad — be)
=bc+d* —ad —d* + ad — be
=0
Therefore:

A2 — tr(A)A + det(A)] = B 8} 0

This proves the Cayley-Hamilton theorem for 2 x 2 matrices.

Problem 26. For the quadratic form Q(z,y) = 52%+4xy+5y?, find the matrix A such that

Q(z,y) = [:zc y} A lx] . Orthogonally diagonalize A and identify the type of conic section
Yy

described by Q(z,y) = 1.

Solution: Expand the matrix form:

{aj y} [Z 2] Lﬂ = {3: y} [Zji_sz] = ax’® + bry + cxy + dy?

Comparing with 522 + 4xy + 5y
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For a symmetric matrix, b = ¢ = 2:

Find eigenvalues:

det(A—X)=(5-)\)?%—4
=25 —10A+ )\ —4
=\ — 101 +21
—A=T)(A=3)=0

Eigenvalues: \y =7 and Ay = 3.
For \{ = T7:
(A—TI)o = [_2 2 ] H =0

: - 1 T 1
Eigenvector: v; = L], normalized: u; = 7 [

For Ay = 3:

1 1
Eigenvector: vp = [ 11, normalized: @y = —= [ ]

Orthogonal diagonalization:
11 1 70
= — D:
= ll —1]’ lO 3]

/
In the rotated coordinates (using Q7 lﬂ = [x 1 ):

/

Y

Q(z,y) =T(z")* +3(y)* =1

(=) @) _
1/7 * 1/3 =1

This is an **ellipse™* with semi-axes of length \% and %, rotated 45° from the standard
axes.



Solutions to Chapter 8: Inner Product
Spaces

Basic Problems

Problem 1. Verify that (@, 7) = 2uv; + 3ugvy defines an inner product on R
Solution: We need to verify the four axioms:
(1) Positivity:
(U, 7) = 207 + 303 > 0
since it’s a sum of non-negative terms (and the coefficients are positive). v/

(2) Definiteness: If (7,7) = 0, then 20v? + 3v3 = 0. Since both terms are non-negative, this
means v? = 0 and v = 0, 50 v; = vy = 0, thus ¥ = 0. v/
(3) Symmetry:

<ﬁ, 17> = 2U1’Ul + 3U2U2 = 2U1U1 + 3U2U2 = <17, 17:>

v
(4) Linearity:

(U, cU 4 W) = 2uq (cvr + wy) + 3ua(cvy + wo)
= 2cu1v1 + 2uw1 + 3cusvy + 3usws
= ¢(2u1v1 + 3ugve) + (2uwy + 3ugws)

= c(u, v) + (4, @)

v

All four axioms are satisfied, so this defines an inner product.

Problem 2. Using the inner product (p,q) = [ p(z)q(z) dz on Py:
(a) Compute (z,z?)

Solution:

(b) Find ||1 + x|

175
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Solution:
1
Hl—l—:cHQ:(l—i—x,l—i—:c):/ (14 2)dz
0

1
:/ (1+ 2z +2%) dx
0

1
= w+m2+$—3
3

0

I 7
=14+1+-=-
++33

Solution:

1 2 3-4
= - - = —— = —— 0
2 3 6 6 7
No, they are not orthogonal.
2 1
Problem 3. Show that « = |—1| and ¥ = |2| are orthogonal.
1 0

Solution:
- v=21)+(-1)(2)+1(0)=2—-2+0=0

Since the dot product is zero, the vectors are orthogonal.

1 2
Problem 4. Find the angle between « = |2| and v = |0].
2 1

Solution: First compute the dot product:

T=1(2)+2(0)+2(1) =2+0+2=4

£y

Compute the norms:

i = V12 +224+22 =9 =3
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9]l = v22 + 02+ 12 =5

Therefore:
g U7 4 45
COS = - - = =
lallllo]  3v5 15
4
0 = arccos ﬁ ~ 53.3r1
15
1 1 0
Problem 5. Determine if ¢ [1|, |—1|, |0| p is an orthogonal set. Is it orthonormal?
0 0 1

Solution: Check pairwise orthogonality:
U1 - U =1(1)+ 1(=1)+0(0) =0 v

vy -3 =1(0) + 1(0) +0(1) =0 v

Uy - U3 = 1(0) + (=1)(0) +0(1) =0 v
The set is orthogonal.

Check norms:

I = VEF 07 = V2 £ 1

Since the vectors don’t all have norm 1, the set is **orthogonal but not orthonormal™*.

3 1
Problem 6. Find the projection of ¥ = |1| onto « = [0].
2 1
Solution: oo
rojz(v) = L,
p Ju l_l,' . a’
Compute:
v-u=3(1)+1(0)+2(1) =5
i-i=1*"+0"+1>=2
Therefore:
[ 5/2
proj(#) = > |0| = | 0
1 5/2
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1 1
Solution: Let v; = L] and U, = [2]

H

Step 1: ﬁlz _)1: [

Step 2:

R L Tyl

2 =V — o —= W
Uy - Uy
Compute:
Uy -ty = 1(1) +2(1) =3

Ut =12 4+12=2

Therefore:

31 [1-3/2]  [-1/2

2 (1] |2-3/2] [ 1/2
. . —1] 1

We can multiply by 2 to get: s = [ . (or [ ])

The orthogonal basis is: {[H , [ : ]}

-1
1 0
Problem 8. Find an orthonormal basis for the subspace spanned by |0| and [1].
1 1
1 0
Solution: Let v; = [0| and U5 = |1].
1 1
Apply Gram-Schmidt:
1
Step 1: u; =v; = |0
1

Step 2:

o] [t ~1/2
B= 1 =50 =| 1
1 1 1/2
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-1
Multiply by 2: @y = | 2
1
Now normalize:
1
. . 1
@] = V2, @ =—= |0
2
1
] -1
ol = VIFTFT= V6, o= | 2
1
1 -1
Orthonormal basis: % 0f, % 2
1 1

Intermediate Problems

Problem 9. Prove that if @ and ¥ are orthogonal, then ||d+d|* = ||@]|*+]|¢]|* (Pythagorean

theorem).
Solution:
@+ 0))* = (@ + ¥, @ + )
— (@) + (7,8 + (7,8 + (7,7)
Since @ and ¥ are orthogonal, (i, ¥) = 0:
1+ 9" = (@, @) + (¥,9) = [[a]]* + ||7]|"

This is the Pythagorean theorem in inner product spaces! [J

Problem 10. Apply the Gram-Schmidt process to find an orthogonal basis for the col-
umn space of:

— = O
N
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1 0 1
Solution: The columns are v; = |1, v = |1|, U3 = |2].
0 1 1
1
Step 1: 1_[1 :171 =1
0
Step 2:
Ty iy = 0(1) + 1(1) + 1(0) = 1
Uy - Uy =2
o] [ [-12
i = |1 =5 1] = | 1/2
1 0 1
—1
Multiply by 2: @y = | 1
2
Step 3:

U3 -ty = 1(1) +2(1) + 1(0) = 3
Uy -ty =1(—1)+2(1)+1(2)=-14+2+2=3

1 1 -1
= 2| =31 =2
3: _— _—

2 6
1 0 |
1 3/2 —-1/2] o
= 12| - (3/2| - |1/2 | = |0
1 0 1 0

This means ¥3 is in the span of {7}, 5}, so the column space has dimension 2.

1 —1
Orthogonal basis: 1,1
0 2

Problem 11. Find the QR factorization of A =

— = =
wW N =
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1
Solution: The columns are ¢, = |1| and U, = |2].
3

Apply Gram-Schmidt:
1
Step 1: ﬁl :171 =11
1

1
’|ﬁ1|| = \/g, SO 121 = % 1
1

Step 2:
_’2 ﬁ1:1+2+3:
61'61:3
1 6 1 1 2 -1
1_[2—2—51*2—2: 0
3 1 3 2 1
-1
|ta]] = V1I+0+ Z\/ﬁ,soﬂ2:% 0
1
Thus:
1/vV3 —1/V2
Q=|1v3 0
1/vV3 1/V2
To find R, use R = QT A:
11
R 1/vV3 1/v/3 1//3 -
SR VACIN UNR VAVEI [ B
First column of R: ]
T11=%(1+1+1)=\/§
1
Tzlzﬁ(—l—l—o—l-l):()

Second column of R: 6
14243)=— =23

1
=gl V3
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2
—140+3)=-"F==V2

B 1
= V2

Therefore:
R V3 2V3
=10 3
1] [0] 1
0 |1 . " L2
Problem 12. Let W = span ool 1 Find the projection of v = 5 onto W.
0] |1 4
(1] 0
. : . 0 . 1
Solution: The basis vectors u; = | and Uy = 0 are already orthogonal (check:
10] 1
’ljl : 712 - 0)
The projection is:
rojy (V) = U u
Projw T - 1 Ty - iy 2
Compute:
v =1(1)4+2(0) + 3(1) + 4(0) = 4
U-1y =1(0)+2(1) +3(0) +4(1) =6
Uy Uy =0+14+04+1=2
Therefore:
1 0 1 0 2
0 6 |1 0 1 3
1 U) = — — = 2 3 =
projw(® =5 14| T3 |o 1| 20| T |2
0 1 0 1 3

Problem 13. Show that if {iy, #s, @3} is an orthonormal basis for R?, then for any v €
R3:

1917 = [{&, @0)|? + (@, d2) [* + [(7, d@3) |
(This is Parseval’s identity.)

Solution: Since {u, s, W3} is a basis for R?, we can write:

U = c1Uy + Coliy + C3l3
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For an orthonormal basis, ¢; = (U, ;).
Compute the norm:
171> = (7, 0)
= <Cl’ljl + CQ?IQ + Cgﬁg, Clﬁl + CQ’JQ + Cgﬁg>
= c{(ily, ) + 3y, UWa) + 5(is, Us)
+ 2c109(Uy, Us) + 2¢1¢5(Uy, Us) + 2¢oc3(Us, Us)
Since the basis is orthonormal:
U <ﬁz,ﬁl> =1 for all ¢
i <ﬁl,ﬁ]> =0 for ¢ 7&]

Therefore:
1001 = ¢ + &5 + ¢ = (0, dn)|” + (0, i@2)|* + (¥, Us) |

O

Problem 14. Find the least squares solution to:

2
Bl
i) A

Solution: Use the normal equations: AT Az = ATb.

Compute AT A:

N
N =

11
ATA:F 2 11 5 1 _lG 5]
11 2
1 9 5 6
ComputeATg:
2
AT — 1 21 5| = 12
1 1 2 4 13

Solve:

Using the inverse:




184 Contents

ﬁ__g 6 —5][12] 1[72-65] 1[7
11 |=5 6| (13| 11]|-60+78| 11|18

Therefore: 7 = 7/11 .
18/11

Problem 15. Find the best-fit line y = ma + ¢ through the points (1, 2), (2,3), (3,5), (4,4).
Solution: Set up the system:

11 2
2 1) m| |3
3 1| lc] |5
4 1 4
Compute AT A:
11
g 123 4|2 1] [0 10
1 11 1113 1 10 4
4 1

Compute ATb:

[t 234
1111

] ¥
o [

From the second equation: 10m + 4c =14 = 5m + 2c = 1.

= Ot W N

Solve:

From the first equation: 30m + 10c = 38 = 3m + ¢ = 3.8.

From bm +2c=7: ¢ = 7’257”.

Substitute into 3m + ¢ = 3.8:

7—5m

3m + =38=6m+7—-55m=76=m=0.6

L_T=5(06) _T-3_,
2 2

The best-fit line is: y = 0.6x + 2.
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Problem 16. Using (f,g) = [ f(x)g(x) dz, show that sin(z) and cos(z) are orthogonal
on [—m, .
Solution:

i sin(x) cos(x) dz

(sin(x), cos(x)) = -
i sin(2z) dx
[ cos(2z }
= i[cos(?w) — cos(—27)]

_iu_u =0

l\D\»—t

Il
l\:)\»—t\\

Therefore, sin(z) and cos(z) are orthogonal.

Challenge Problems

Problem 17. Prove the Cauchy-Schwarz inequality: for any vectors , ¥ in an inner prod-
uct space, (4, 0)| < [|a]|[|7]].

Solution: If 7 = 0, both sides are zero and the inequality holds.

Assume ¥ # 0. Consider the vector:

—~

L

u,v)
U

W=1uU— 5
U?

—~

L

This is the component of 4 orthogonal to ¥ (i.e., @ minus its projection onto v).

We can verify that (), v) = 0:

5,0 = (a— B0 5
.0 = (5= {534)
= (@) - 5.

—~
S

Il
T
&
3
|
—
s
Il
(@)
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Since ||w]|? > 0:

G (@)
(v, 0) (¥, U)
— <’L_[717> — = |<fl”_1:7/17‘>|2 — =
= <u,u> - 2<17 1—)»> <U,U> + <1—)» 17>2 <U,’U>
i LEDE
’ (v, 0)
Therefore: (i _)>|2
U, v oL
(@, D)|? < (@, @)(v,0) = ||a]|*||v]®

Taking square roots:
(@, )] < [l ]

O

Problem 18. Prove the triangle inequality: ||@ + || < ||| + ||¢/]| using the Cauchy-Schwarz

inequality.
Solution:
@ + o> = (@ + v, + ¥)
= (U, ) + 2(u, V) + (¥, V)
= |lall* + 2(a, ) + ||7]]?

By Cauchy-Schwarz, (i, v) < (i, )] < [Ja]|[|v]]:

—

i+ 91 < flal* + 2fja |7 + [|o]]*

= (llall + [191)*

Taking square roots:
la + 0| < [lal + [|7]]

O

Problem 19. Show that the distance function d(u, v') = ||& — ¥/]| satisfies:

1. d(4,v) > 0 with equality iff @ = ¢
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2. d(@,v) = d(v, i)

~~

3. d(u,w) < d(u,v) + d(v,w) (triangle inequality)

Solution:
(1) Since the norm is always non-negative, d(u, ') = || — ¢]| > 0.

Equality holds iff || — @] = 0, which by definiteness of the norm occurs iff @ — 7 = 0, i.e.,
U=1. v
(2)
A(@, ) = 17— 5 = (=)@ - D = | - 17— @] = |7 — @] = (7, 3)
v
(3) Using the triangle inequality for norms:

d(ti, W) = || — |
= [[(@ = 7) + (v = @)
< @ = 9| + |7 — o

= d(ii, ) + d(7, ¥)

v

These three properties define a metric, so any inner product space is a metric space. [

Problem 20. Let W be a subspace with orthonormal basis {1, ..., 4 }. Show that the
projection matrix P = @ u] + - - - + uyt; satisfies P> = P and PT = P.

Solution:

Showing P” = P (symmetry):

v
Showing P? = P (idempotent):

<.
Il
i

i)
[\
I
N
]~
S
<
SL
~
~
[~]=
u:l
£y
S
~

Il
M =
M =
S,iﬂ
w:l
SY

N
Il
i
.
Il
—

I
M =
M =
£
5,%
uﬁl
Al

N
Il
—
.
Il
—
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Since the basis is orthonormal, @} @; = d;; (Kronecker delta):

k k k
=1 j=1 =1

v

A matrix satisfying P? = P is called idempotent, and projection matrices always have this
property. [

Problem 21. Find the polynomial p(z) = a + bz that best approximates f(z) = e* on [0, 1]
using the inner product (f,g) = Ji f(2)g(x)dz.

Solution: We want to find p(z) = a + bxr that minimizes || f — p||*>. This is equivalent to
finding the projection of f onto span{1l,z}.

First, apply Gram-Schmidt to {1, x}:

i =1
=o— g -1
Compute:
1 1
(x,l}z/ r-ldr ==
0 2
1
<1,1>:/ 1-1de =1
0
So: Uy =x — %

2
The best approximation is:
(e*, 1) (e*,x —1/2)

P =0 Yt asiea oy @ VY

Compute the needed inner products:
1
(e*,1) :/ e“dr=[e"]p=e—1
0
1
(e*,x —1/2) = / e (x —1/2)dx
0
Using integration by parts (let u = x — 1/2, dv = e*dz):

1
+

- — 1
5 e+

[\CRNGV]

(= 1/2)e} — /01 e dr = (1/2)e — (~1/2) ~ (e~ 1) = ¢

oo
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1 1
@120 -1/ = [(a =120 do= [[@ — 2+ 1/)do = 5 - 3
0 0 3
Therefore:

3

B2 =122 w12

p(r) = (e—1)+ D
Simplifying:
p(x) = (e — 1) + (18 — 6e)(z — 1/2) = (e — 1) + (18 — 6e)ar — (9 — 3¢)
=e—1—9+3e+ (18— 6e)z = de — 10 + (18 — Ge)z

Or in the form a + bz:
a~087, b=1.72

The best linear approximation is p(z) ~ 0.87 + 1.72x.

Problem 22. Suppose {¥;, U, U3} is a linearly independent set. Show that after applying
Gram-Schmidt, the resulting orthogonal set {u;, Uiz, i3} satisfies:

span{dy, ..., U} = span{uy, ..., Uy}

for k=1,2,3.

Solution: We’ll prove this by induction.

Base case (k =1): u; = 3, so span{t} } = span{u;}. v/
Inductive step: Assume span{vy,...,k - 1} = span{d, ..., U1}
By the Gram-Schmidt formula:

k

1

= ! <17k7 7,>
k= Vg — =
i=1 <Ui, z>

—

U

!

.
Il

This shows that i, is a linear combination of o, and uy, ..., ;.
By the inductive hypothesis, i1, ..., Ux_1 € span{vy, ..., Ux_1}.
Therefore, iy € span{ty, ..., Uk}

Conversely, we can solve for j:
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This shows v}, € span{uy, ..., u}.

Combined with the inductive hypothesis, we have:
span{dy, ..., U} = span{dy, ..., Uy}

O

Problem 23. Let A be an m x n matrix with linearly independent columns. Show that
AT A is invertible.

Solution: We need to show that AT A has trivial null space, i.e., if ATAZ = 0, then @ = 0.
Suppose AT AZ = 0. Multiply both sides on the left by #7:

FTAT A7 = 770 =0
The left side can be rewritten:
iT AT AT = (AD)T(AZ) = ||AZ)?

So we have ||AZ||? = 0, which means AZ = 0.
Since the columns of A are linearly independent, Null(A) = {0}. Therefore, Z = 0.
This proves that Null(AT A) = {0}, so AT A is invertible. O

Problem 24. Find the distance from the point (1,1,1,1) to the subspace W = span

1
. . . 1 )
Solution: The distance from v = 1 to W is:
1

Q.
—~
=
=
Il
=
|
ol
=
o
—e
S
—
<y

)

From Problem 12, we found:

W N W N
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Wait, let me recalculate with v =

—_ = = =

U =14+0+140=2, U -u; =2

<y

projy (¥) =

NN \)
O = O =
= = =

This means v is already in W! So the distance is 0.

Actually, let’s verify: is (1,1,1, 1) in the span of those two vectors?

—_ = = =

1 0

0 1
C11+020—

0 1

This gives ¢; = 1 and ¢ = 1, so yes!

The distance is @

Problem 25. Using Fourier series ideas, find the best approximation to f(x) = x on
[—m, 7] using span{1, sin(z), cos(z)} with inner product (f,g) = [, f(z)g(x) dz.

Solution: First, note that {1,sin(x), cos(x)} is already orthogonal on [—m, 7| (we can
verify this).

The best approximation is:

(x,cos(z))
(cos(x), cos(x))

(x,sin(z))
(sin(z), sin(x))

cos(z)

sin(z) +

Compute each term:

Constant term: i
(:c,1>:/ rdr = [IQ] =0

(by symmetry)
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Sine term:

Using integration by parts:

= [~z cos(z)]", + /_W cos(z) dx = —m(—1) — (—7)(=1) + 0 = 2

(sin(z),sin(x)) = /7r sin(z)dr =7

-7

Cosine term:

(by symmetry: odd function)

Therefore:

sin(z) + 0 = —2sin(z)
m

The best approximation is p(z) = —2sin(x).

Problem 26. Prove that if Q is an n x n orthogonal matrix (i.e., QTQ = I), then multipli-
cation by @ preserves inner products: (Qu, Qv) = (i, v) for all @, v € R".

—

Solution: Using the standard dot product (which equals @’ 7)
(Qu, Q) = (Qu)" (QV) = 7' Q" QU
Since @ is orthogonal, QTQ = I:

(a, )

Il
N

4
~
<y
I
]
<y
I

O

This means orthogonal transformations preserve angles and lengths—they are rigid mo-
tions (rotations and reflections).



Solutions to Chapter 9: Applications and
Advanced Topics

Basic Problems

0.7 0.21

Problem 1. For the transition matrix P =
0.3 0.8

(a) Verify that it’s a valid transition matrix
Solution: Check that all entries are non-negative: Yes, all entries are between 0 and 1. v/

Check that each column sums to 1:

e Column 1: 0.74+0.3=1.0 v

e Column 2: 0.24+0.8=1.0V

Therefore, P is a valid transition matrix.
(b) Find the steady-state vector
Solution: Solve (P — I)7 = 0:

—0.3 02] [ 5
0.3 —0.2| |vg]|
2

From the first equation: —0.3v; + 0.2v9 = 0 = 0.3v; = 0.2vy = v; = 302

Since probabilities sum to 1: v; + v =1 = %vg +uv=1= %vg =1=vy = g

3

Therefore: v; = % and vy = %.

. |04
Steady-state vector: v =
0.6
(c) If you start in state 1, what’s the probability of being in state 2 after 2 transitions?

1
Solution: Starting state: 7y = [0]

o _ pm |07 02][1] _Jo7
72707 03 08l o]~ (0.3

193

After 1 transition:
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After 2 transitions:

. . 0.7 0.2] ]0.7 0.49 4 0.06 0.55
']’/‘2 —_= le = = —_=
0.3 0.8] (0.3 0.21 +0.24 0.45

The probability of being in state 2 after 2 transitions is |0.45].

Problem 2. A factory produces products A and B. Product A requires 2 hours and yields
$20 profit. Product B requires 3 hours and yields $25 profit. With 30 hours available, set
up and solve a linear programming problem to maximize profit.

Solution: Let x = number of product A, y = number of product B.
Objective: Maximize P = 20x + 25y

Constraints:

2r 4+ 3y <30 (time)
z,y > 0 (non-negativity)

Find vertices of feasible region:
« (0,0): P=0
e (15,0): P =20(15) 4+ 25(0) = 300
e (0,10): P =20(0) + 25(10) = 250

The maximum profit is | $300 |, achieved by producing 15 units of product A and 0 units of
product B.

Problem 3. Find the singular values of A = B g]

Solution: For a diagonal matrix with non-negative entries, the singular values are simply
the diagonal entries.

The singular values are o1 = 4 and oy = 3.

We can verify by computing AT A:
a4 0] 0] _[16 0
0 3/(0 3 0 9

The eigenvalues of AT A are 16 and 9, and V16 =4, V9 =3. vV
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Problem 4. Given data points (1,2), (2,4), (3,7), (4,8), compute the covariance between
the x and y coordinates.

Solution: First, compute the means:

1+24+3+4 10

r == — =2,
T 1 1 5
_ 244+7+8 21
= = _— =525
Y 4 ;=0
The covariance is: .
Cov(z,y) Z — )
Compute deviations:
(1 -2.5)(2—5.25) = (—1.5)(—3.25) = 4.875
(2—2.5)(4 —5.25) = (—0.5)(—1.25) = 0.625
(3 —2.5)(7—5.25) = (0.5)(1.75) = 0.875
(4 —2.5)(8 —5.25) = (1.5)(2.75) = 4.125

Sum: 4.875 + 0.625 4 0.875 +4.125 = 10.5

10.5
Cov(z,y) = — = 3.5

Problem 5. Write the 4 x 4 homogeneous coordinate matrix for translating by (2, —1,3) in
3D space.

Solution:

o o o~
= = R
=
|
—_

- 2 1
Problem 6. Solve the system fl—f = [0 01] Z with Z(0) = [2]
Solution: The matrix is diagonal, so eigenvalues are \; = 2 and Ay = —1.

The eigenvectors are the standard basis vectors:
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General solution:

Z(t) = cre* Ll)] + coe! [ﬂ

1 1 0
[2] =C |\(;| + o |\];| :>01:]_702:2

Apply initial condition:

Therefore: ,
1 0 e?t
0= ] e ] )
0
Problem 7. For lighting calculation, if the surface normal is 7 = |0| and light direction
1
1/v2
isl=| 0 |,what is the light intensity (using 71 - 1)?
1/v2
Solution: Y
- 1 1 1 2
n-l=0-—4=4+0-04+1-—4==—7=—=0.707
V2 V2o V22
. . | . .
The light intensity is E or approximately 70.7% of maximum.

-3
Solution: For an upper triangular matrix, the eigenvalues are the diagonal entries: \; =
—1 and )\2 = -3.

Since both eigenvalues have negative real parts (—1 < 0 and —3 < 0), the system is stable.

- -1 2
Problem 8. Determine the stability of fl—f = l 0 1 z.

Solutions decay exponentially to zero as t — oo.
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Intermediate Problems

0.5 0.3 0.2

Problem 9. A Markov chain has transition matrix P = (0.2 0.6 0.4|. Find the steady-
0.3 0.1 04

state distribution.

Solution: Solve (P — I)% = 0:

—05 03 021 [
02 —04 04 |vg] =0
0.3 0.1 —06] |vs

Using row reduction:

-05 03 02 10 -1
02 —-04 04 |~|0 1 —1.5
03 0.1 -06 00 O

This gives:

v —v3=0= v =v3

vy — 1.bvg = 0 = vy = 1.5v3
With V1 + v + V3 = 1:

2
113+1.5’U3+113:1:>3.5U3:1:>113:?

Therefore: v; = 2, vy = 2, v3 = 2.
2/7]  [0.286
Steady-state vector: 7= [3/7| ~ [0.429
2/71  [0.286

Problem 10. A company produces three products with constraints on labor and materi-
als. Set up the linear programming problem:

Product 1: 2 labor hours, 1 material unit, $15 profit

Product 2: 3 labor hours, 2 material units, $20 profit

Product 3: 1 labor hour, 1 material unit, $10 profit

e Available: 100 labor hours, 60 material units



198 Contents

Solution: Let x1, 9, x5 be the quantities of products 1, 2, and 3.
Objective: Maximize P = 15x1 + 2025 + 10x3

Constraints:

2x1 + 3x9 + 23 < 100 (labor)
x1 + 229 + 23 < 60 (materials)

x1, 22,3 > 0 (non-negativity)

In matrix form:
Maximize & 7 subject to AZ < b, @ >0

A:[Q 3 1]7 :[1001
1 21 60

(Solving this requires the simplex method or numerical optimization software.)

where

oy
|
DO
o
Sl

10

Problem 11. Find the SVD of A = [0 )

11
] by computing eigenvalues of AT A.

Solution: Compute AT A:
g [P
1 1110 1 1 2
Find eigenvalues:

1

1—A
ATA—)\I) =
det( M) det[ 1 9.

]:(1—/\)(2—)\)—1:/\2—3>\+1:0

Using the quadratic formula:

3+/0—-4 3445
B 2 2

So: Ay = 35 2,618, \y = 25 ~ 0.382

r— /3 5}

o1 = )\1 = _'_2\/_ ~ 1.618
[3—+/D

o9 =\ A2 = 2\/_ ~ 0.618

The singular values are:




Contents 199

To find the complete SVD, we’d need to find the eigenvectors of ATA (for V') and AAT
(for U).

Problem 12. For the dataset:

o O = N
© oo Ut W

Find the principal component (eigenvector of covariance matrix with largest eigenvalue).

Solution: Step 1: Center the data.

Means: r; = % =05, Ty = w =6.25
Centered data:
-3 —-3.25
X, = -1 —1.25
1 1.75
3 275
Step 2: Compute covariance matrix.
-3 —-3.25
1 11 -3 -1 1 3 -1 —1.25
C = XX, =~
n—1"°¢ 3 l—3.25 ~1.25 1.75 2.75] 1 175
3 275

120 215 ]  [6.667 7.167
310215 24.1875| |7.167 8.063

Step 3: Find eigenvalues.

det(C — M) = (6.667 — \)(8.063 — \) — 7.167* = 0

Computing: A2 — 14.73\ + 2.366 = 0
Using quadratic formula: A\; & 14.57, Ay =~ 0.16
Step 4: Find eigenvector for A;.

Solve (C' — 14.571)% = 0:
—7.90 71677 . -~
v=20
[7.167 —6.507]

From the first equation: —7.90v; 4+ 7.167v, = 0 = v; =~ 0.907v,
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Normalizing with v, = 1: v = 0-907 , or normalized: v ~ 0.672
1 0.741
o . . 0.67
The first principal component is approximately 074l

Problem 13. Create the composite transformation matrix that rotates by 90° about the
z-axis, then translates by (1,2,0).

Solution: Rotation by 90° about z-axis:

cos(90F) —sin(90f) 0 0O 0 -1 00
R sin(90f) cos(90f) O Of |1 0 0 0O
|0 0 1o 0o 0 10
0 0 01 0 0 01
Translation by (1,2,0):
1 001
T 010 2
0010
0 0 01

Composite transformation (translation after rotation): M =T - R

S = O O
O = O O

0
0
0
1

o O O
o O = O
—_ o N
S O = O
o O O

o O = O
o O O

o = O O
_ o N =

Problem 14. Solve % = [ 04 14] Z with Z(0) = [11

Solution: Find eigenvalues:

- 1

A—-)) =
det( Al) = det [_4 4

]:_A(—4—A>+4:A2+4A+4:(A+2)2:o

So A = —2 with algebraic multiplicity 2.

Find eigenvectors:
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1
This gives 2v; + vo = 0 = vy = —2v;. Eigenvector: v = [ 2]

Since we have only one linearly independent eigenvector but algebraic multiplicity 2, we
need a generalized eigenvector.

For a repeated eigenvalue with deficient eigenspace, the general solution is:
I_"(t) = 6_2t (01171 + CQ(tUl + 117))
where 0 is the generalized eigenvector satisfying (A + 21)w = .

e

From the first equation: 2w; + wy = 1. Choosing w; = 0: wy = 1.

. 10
So W = [1]

General solution:

Solving:

7(t) = cre [_12] + s (t [—12] + m>

Apply initial condition #(0) = [11:

Lol

This gives: ¢y =1 and —2¢; + ¢, =0 = ¢ = 2.

- [ ([ )2

Problem 15. In a simple PageRank example with 3 pages where page 1 links to pages 2

Therefore:

and 3, page 2 links to page 1, and page 3 links to pages 1 and 2, find the PageRank scores.

Solution: Construct the transition matrix (equal probability for each outgoing link):
« Page 1 — pages 2, 3 (probability 1/2 each)
« Page 2 — page 1 (probability 1)

« Page 3 — pages 1, 2 (probability 1/2 each)
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0 1 1/2
P=|1/2 0 1/2
1/2 0 0
Find steady-state: (P — I)o =0
11 1/2
1/2 -1 1/2|5=0
12 0 -1

Using row reduction and the constraint v; + vo +v3 = 1:

From the equations, we get: v; = vy + %’03 and %vl = Uy — %'Ug.

1

Solving: v = %, vy = %, v3 = .

0.4
PageRank scores: v = (0.4
0.2

Pages 1 and 2 tie for highest rank (40% each), while page 3 has rank 20%.

Challenge Problems

Problem 16. Prove that every transition matrix has A 1 as an eigenvalue. (Hint:

Consider what PTT equals, where 1 is the vector of all 1’s.)

1

. 1
Solution: Let P be an n X n transition matrix and 1 =

1

Since each column of P sums to 1, when we multiply P? by T, each row of PT (which is a

column of P) sums to 1.

Therefore:
> Dit 1
. > i Di 1 .
PTl p— .p 2 p— . pr— 1

This shows that 1 is an eigenvector of PT with eigenvalue 1.

Since P and PT have the same eigenvalues (they have the same characteristic polynomial),
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P also has A = 1 as an eigenvalue. [

Problem 17. For the feasible region defined by z +y < 5, 2x +y < 8, x,y > 0, find all
vertices and determine which maximizes 3x + 2y.

Solution: Find intersection points (vertices):

Vertex 1: (0,0) (origin) f(0,0) =0

Vertex 2: x =0 and z +y =5: (0,5) Check: 2(0)+5=5<8v f(0,5) =3(0)+2(5) =10
Vertex 3: y =0 and 2x +y =8: (4,0) Check: 4+0=4 <5V f(4,0) =3(4) + 2(0) = 12

Vertex 4: Intersection of z +y =5 and 2x +y = 8: Subtract: 2x+y) — (z+y)=8—-5=
2 =3Then: 3+y=>5=y=2Point: (3,2) £(3,2) = 3(3) +2(2) = 13

The vertices are: (0,0), (0,5), (4,0), (3,2).
The maximum value of 3z + 2y is [ 13], achieved at (3,2).

Problem 18. Show that the singular values of A are the square roots of the eigenvalues
of ATA.

Solution: By definition, the SVD of A is A = ULVT where:

e U and V are orthogonal matrices

o Y is diagonal with singular values oq,...,0, > 0

Compute AT A:
ATA = wUxvhHTwosvh) = vxfutusv?

Since UTU = I (orthogonal matrix):
ATA=vyTsv! =vsrv?

where ¥ is diagonal with entries 07,03, ..., 02

Y T

This is the eigenvalue decomposition of AT A with:

o Eigenvalues: 0%,02,...,0°

« Eigenvectors: columns of V'

Therefore, the singular values of A are the square roots of the eigenvalues of ATA. O

Problem 19. Prove that the covariance matrix is always symmetric and positive semi-
definite.
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Solution: Let X be an n x p centered data matrix (rows are observations, columns are
features).

The covariance matrix is: ]

XT'x
n—1

C:

Symmetry:

1
n—1

XT'X =C

T
or = ( ! XTX> _ b xmyrx -

n—1 n—1
v

Positive semi-definite: For any vector v € RP:

' XT X =
n—1 n —

1
O = & <1XTX) 7=

1
XNT(XD) = —— || XT|I2>0
— (X0)T(X0) = —||1X7]* 2

Since ¢7 CT > 0 for all ¥, the matrix C is positive semi-definite. [J

Problem 20. Explain why the product of rotation matrices is another rotation matrix.
What property ensures this?

Solution: Rotation matrices are orthogonal matrices with determinant 1. Let Ry and Rs
be rotation matrices.

Property 1: Orthogonality is preserved
(RiRy)"(RiRy) = RIRTRIRy = RJIRy = RIRy = 1

So Ry R is orthogonal. v/

Property 2: Determinant equals 1

v

Therefore, the product of rotation matrices is also a rotation matrix.

The key property is that orthogonal matrices form a group under multiplication:

o Closure: product of orthogonal matrices is orthogonal
o Associativity: matrix multiplication is associative
o Identity: I is orthogonal

o Inverses: if R is orthogonal, so is RT = R~!
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Geometrically, composing two rotations gives another rotation (possibly about a different
axis and angle).

Problem 21. For the system Ccll—‘f = A7 where A has complex eigenvalues A\ = a + bi, show
that solutions spiral inward when a < 0 and spiral outward when a > 0.

Solution: For a 2x2 matrix with complex eigenvalues A = a + bi, the eigenvectors are also
complex conjugates.

The general real solution can be written as:
. cos(bt) — sin(bt)
t) = at
) =e (Cl [sin(bt)] o [ cos(bt)

(This is a linear combination of the real and imaginary parts of e*7.)

The key observation: the term e® controls the amplitude:

o Ifa<0: e — 0ast— 0o, so the radius decreases — spiral inward
o If a>0: e — 0o as t — o0, so the radius increases — spiral outward

e If a =0: e* =1, so the radius is constant — circular motion

The terms cos(bt) and sin(bt) cause rotation with angular frequency b.

Therefore: solutions spiral inward when a < 0 and spiral outward when a > 0. [J

Problem 22. A more realistic PageRank includes a damping factor d = 0.85:

]__d—»
1

7 = d(P?) +

n

Explain why this modification is necessary (consider pages with no outlinks).
Solution: The damping factor addresses several problems:
Problem 1: Dangling nodes (pages with no outlinks)

If a page has no outlinks, the corresponding column in P would be all zeros, violating the
transition matrix requirement that columns sum to 1. A random surfer reaching such a
page would be "stuck."

Problem 2: Closed loops

Groups of pages that only link to each other (with no external links) can trap all the
PageRank within that group.

Solution: Random jumping
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The modified equation:
1—d-

= d(Pv) + 1

<y

models a surfer who:

o With probability d = 0.85: follows a link from the current page

o With probability 1 —d = 0.15: jumps to a random page
This ensures:

« Every page has a non-zero probability of being visited (no dead ends)
o The transition matrix is "ergodic" (strongly connected and aperiodic)
» A unique steady-state distribution exists

o The system can escape from closed loops

The value d = 0.85 is empirically chosen to balance the influence of the link structure
against random exploration.

Problem 23. In PCA, prove that projecting data onto the first k& principal components
minimizes the reconstruction error || X — Xg||?.

Solution: Let X be the centered n x p data matrix. The SVD is:
X =02Vt =Y o;an!
i=1

where r = rank(X).

The rank-k approximation using the first k& singular values is:

This is equivalent to projecting onto the first £ principal components (columns of V).

Eckart-Young-Mirsky Theorem: Among all rank-k matrices B, the matrix X, mini-
mizes:

IX = Bl = > (xi; — bij)?

i,J

(where || - || is the Frobenius norm).
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Proof idea: The reconstruction error for X is:
2

.
_ 2
—Zaz‘

Fo =kl

1% — Xill7 =

T
— ST

1=k+1

For any other rank-k matrix B, the error would include contributions from singular values
larger than o1, ..., 0., making the error larger.

Therefore, PCA (projecting onto the first k£ principal components) gives the optimal rank-
k approximation. []

Problem 24. Show that homogeneous coordinates can represent perspective projection,
which makes distant objects appear smaller.

Solution: In perspective projection, points are projected onto a plane (the image plane)
from a center of projection (the camera).

For simplicity, consider projection onto the plane z = d with center at the origin.

A 3D point (z,y, z) projects to (2',y’, d) where the ratios are:

¥ Ly dx
- = — r = —
d z z
Yy , dy
z == j = —
d z y z

In homogeneous coordinates, we represent the point as:

x

Y

z

1

The perspective projection matrix is:

10 0 O
j 01 0 0
00 1 0
0 0 1/d 0O
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Applying this:

T T

ply| _ Y
2 2
1 z/d

Converting back to 3D by dividing by the fourth coordinate:

x/(z/d) dx/z
y/(z/d)| = |dy/=
z/(z/d) d

This gives us 2/ = dz/z and y = dy/z, showing that:
 Points farther away (larger z) have smaller 2’ and 3’ coordinates

o This creates the illusion of depth: distant objects appear smaller

The fourth coordinate in homogeneous coordinates allows us to represent this non-linear
transformation as a matrix multiplication! []

Problem 25. For the predator-prey model ‘é—f = [a _Z] Z with a,b,c,d > 0, find condi-
C JE—

tions on the parameters for oscillatory behavior (purely imaginary eigenvalues).
Solution: Find the characteristic polynomial:

—b

a— A
det(A — AI) = det
et ) e[ ¢ —d—A\

]:(a—/\)(—d—/\)%—bc

= —ad — a\ +d\ + X2 +bc = N + (d — a)\ + (bc — ad)

Using the quadratic formula:

A:

—(d —a) £/(d — a) — 4(bc — ad)
2

For purely imaginary eigenvalues A = 4w, we need:
1. The real part to be zero: d—a=0=a=d
2. The discriminant to be negative: (d —a)? — 4(bc — ad) < 0

With a = d:
0—4(bc—d*) < 0= bc—d* < 0= bc<d
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Wait, but if @ = d, then bc — ad = bc — d?. For purely imaginary eigenvalues:
N+ (be—d*) =0 = \ = +ivVd2 —be

This requires d> — be > 0 = be < d>.

Actually, let me reconsider. For purely imaginary eigenvalues, we need the real part to be
exactly zero.

From \ = —(d—a)*+4/(d—a)?—4(bc—ad)

2
=0=a=d

—(d=a)

Real part = —5

With a = d, the eigenvalues are:
—4(bc — d?)

A:i——ii——:iw%tﬁ

For this to be real (as +i times a real number), we need bc — d* > 0, or:

Conditions for oscillatory behavior:

a=d and bc>ad

Biologically: prey growth rate equals predator death rate, and the interaction terms domi-
nate the individual rates.
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