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A Note to Students

This Solutions Manual contains complete solutions to all practice problems from Chap-
ters 1–9 of Linear Algebra: A Visual and Application-Driven Approach for High School
Students.

Study Advice
Try solving problems on your own first! The learning happens in the struggle. Only
consult solutions after:

1. You’ve made a genuine attempt

2. You’re stuck and need a hint

3. You want to verify your answer

4. You want to see an alternative approach

Solutions are organized by chapter and include:

• All Basic Problems (complete solutions)

• All Intermediate Problems (complete solutions)

• All Challenge Problems (complete solutions)
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Solutions to Chapter 1: Introduction to
Vectors

Basic Problems
Solution. 1 Find the magnitude and direction (angle with positive x-axis) of v⃗ = ⟨3, 3⟩.
Solution:
First, find the magnitude:

∥v⃗∥ =
√

32 + 32

=
√

9 + 9
=

√
18

= 3
√

2 ≈ 4.24

Next, find the direction angle:

θ = arctan
(

v2

v1

)
= arctan

(3
3

)
= arctan(1)

= 45ř = π

4 radians

Since both components are positive, the vector is in the first quadrant, so this angle is
correct.
Answer: Magnitude = 3

√
2, Direction = 45ř or π

4 radians

Solution. 2 Let u⃗ = ⟨2, −5⟩ and v⃗ = ⟨−3, 1⟩. Compute:

(a) u⃗ + v⃗

(b) 3u⃗ − 2v⃗

(c) ∥u⃗∥

1
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Solution:
(a) Add corresponding components:

u⃗ + v⃗ = ⟨2, −5⟩ + ⟨−3, 1⟩
= ⟨2 + (−3), −5 + 1⟩
= ⟨−1, −4⟩

(b) Use scalar multiplication and vector subtraction:

3u⃗ − 2v⃗ = 3⟨2, −5⟩ − 2⟨−3, 1⟩
= ⟨6, −15⟩ − ⟨−6, 2⟩
= ⟨6 − (−6), −15 − 2⟩
= ⟨12, −17⟩

(c) Find the magnitude:

∥u⃗∥ =
√

22 + (−5)2

=
√

4 + 25
=

√
29 ≈ 5.39

Answers: (a) ⟨−1, −4⟩, (b) ⟨12, −17⟩, (c)
√

29

Solution. 3 Find a unit vector in the direction of w⃗ = ⟨−4, 3⟩.
Solution:
First, find the magnitude of w⃗:

∥w⃗∥ =
√

(−4)2 + 32

=
√

16 + 9
=

√
25

= 5

Now normalize the vector:

ŵ = w⃗

∥w⃗∥

= 1
5⟨−4, 3⟩

=
〈

−4
5 ,

3
5

〉
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We can verify this is a unit vector:

∥ŵ∥ =
√(

−4
5

)2
+
(3

5

)2
=
√

16 + 9
25 =

√
25
25 = 1✓

Answer: ŵ =
〈
−4

5 , 3
5

〉

Solution. 4 Determine if a⃗ = ⟨1, 2⟩ and b⃗ = ⟨4, −2⟩ are orthogonal.
Solution:
Two vectors are orthogonal if and only if their dot product equals zero. Compute:

a⃗ · b⃗ = (1)(4) + (2)(−2)
= 4 − 4
= 0

Since a⃗ · b⃗ = 0, the vectors are orthogonal.
Answer: Yes, the vectors are orthogonal.

Solution. 5 Compute u⃗ · v⃗ where u⃗ = ⟨5, −2, 3⟩ and v⃗ = ⟨1, 4, −1⟩.
Solution:
Multiply corresponding components and sum:

u⃗ · v⃗ = (5)(1) + (−2)(4) + (3)(−1)
= 5 − 8 − 3
= −6

Answer: u⃗ · v⃗ = −6

Solution. 6 Find the angle between u⃗ = ⟨1, 1⟩ and v⃗ = ⟨0, 1⟩.
Solution:
Use the formula cos θ = u⃗·v⃗

∥u⃗∥∥v⃗∥ .
First, compute the dot product:

u⃗ · v⃗ = (1)(0) + (1)(1) = 1
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Next, find the magnitudes:

∥u⃗∥ =
√

12 + 12 =
√

2
∥v⃗∥ =

√
02 + 12 = 1

Now find the angle:

cos θ = 1√
2 · 1

= 1√
2

=
√

2
2

θ = arccos
(√

2
2

)
= 45ř = π

4 radians

Answer: θ = 45ř or π
4 radians

Solution. 7 Calculate u⃗ × v⃗ where u⃗ = ⟨2, 0, 1⟩ and v⃗ = ⟨1, 3, 0⟩.
Solution:
Use the cross product formula:

u⃗ × v⃗ = ⟨u2v3 − u3v2, u3v1 − u1v3, u1v2 − u2v1⟩

Substitute the values:

u⃗ × v⃗ = ⟨(0)(0) − (1)(3), (1)(1) − (2)(0), (2)(3) − (0)(1)⟩
= ⟨0 − 3, 1 − 0, 6 − 0⟩
= ⟨−3, 1, 6⟩

We can verify this is perpendicular to both original vectors:

u⃗ · (u⃗ × v⃗) = (2)(−3) + (0)(1) + (1)(6) = −6 + 0 + 6 = 0✓
v⃗ · (u⃗ × v⃗) = (1)(−3) + (3)(1) + (0)(6) = −3 + 3 + 0 = 0✓

Answer: u⃗ × v⃗ = ⟨−3, 1, 6⟩

Solution. 8 Find the area of the parallelogram with adjacent sides a⃗ = ⟨1, 2, 3⟩ and b⃗ =
⟨2, 1, 1⟩.
Solution:
The area equals the magnitude of the cross product ∥a⃗ × b⃗∥.



Contents 5

First, compute the cross product:

a⃗ × b⃗ = ⟨a2b3 − a3b2, a3b1 − a1b3, a1b2 − a2b1⟩
= ⟨(2)(1) − (3)(1), (3)(2) − (1)(1), (1)(1) − (2)(2)⟩
= ⟨2 − 3, 6 − 1, 1 − 4⟩
= ⟨−1, 5, −3⟩

Now find the magnitude:

∥a⃗ × b⃗∥ =
√

(−1)2 + 52 + (−3)2

=
√

1 + 25 + 9
=

√
35 ≈ 5.92

Answer: Area =
√

35 square units

Intermediate Problems
Solution. 9 Find the projection of v⃗ = ⟨4, 2⟩ onto u⃗ = ⟨3, 4⟩.
Solution:
Use the projection formula:

proju⃗v⃗ = v⃗ · u⃗

u⃗ · u⃗
u⃗

First, compute the dot products:

v⃗ · u⃗ = (4)(3) + (2)(4) = 12 + 8 = 20
u⃗ · u⃗ = (3)(3) + (4)(4) = 9 + 16 = 25

Now find the projection:

proju⃗v⃗ = 20
25⟨3, 4⟩

= 4
5⟨3, 4⟩

=
〈12

5 ,
16
5

〉
= ⟨2.4, 3.2⟩

Answer: proju⃗v⃗ =
〈

12
5 , 16

5

〉
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Solution. 10 A force F⃗ = ⟨10, 20, −5⟩ N acts on an object that moves from point A =
(1, 2, 3) to point B = (4, 1, 5) (distances in meters). How much work is done?
Solution:
Work is given by W = F⃗ · d⃗ where d⃗ is the displacement vector.
First, find the displacement:

d⃗ = B − A

= (4, 1, 5) − (1, 2, 3)
= ⟨3, −1, 2⟩ meters

Now compute the work:

W = F⃗ · d⃗

= (10)(3) + (20)(−1) + (−5)(2)
= 30 − 20 − 10
= 0 Joules

Answer: W = 0 J (The force does no net work on this displacement)

Solution. 11 Show that u⃗ = ⟨1, 2, 2⟩, v⃗ = ⟨2, 1, −2⟩, and w⃗ = ⟨−2, 2, −1⟩ are mutually
orthogonal (each pair is orthogonal).
Solution:
We need to show that each pair has a dot product of zero.
Check u⃗ · v⃗:

u⃗ · v⃗ = (1)(2) + (2)(1) + (2)(−2) = 2 + 2 − 4 = 0✓

Check u⃗ · w⃗:
u⃗ · w⃗ = (1)(−2) + (2)(2) + (2)(−1) = −2 + 4 − 2 = 0✓

Check v⃗ · w⃗:
v⃗ · w⃗ = (2)(−2) + (1)(2) + (−2)(−1) = −4 + 2 + 2 = 0✓

Since all three dot products equal zero, the three vectors are mutually orthogonal.
Answer: Verified. All pairs are orthogonal.

Solution. 12 Find a vector perpendicular to both u⃗ = ⟨1, 0, 1⟩ and v⃗ = ⟨0, 1, 1⟩.
Solution:
The cross product u⃗ × v⃗ gives a vector perpendicular to both.
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u⃗ × v⃗ = ⟨u2v3 − u3v2, u3v1 − u1v3, u1v2 − u2v1⟩
= ⟨(0)(1) − (1)(1), (1)(0) − (1)(1), (1)(1) − (0)(0)⟩
= ⟨0 − 1, 0 − 1, 1 − 0⟩
= ⟨−1, −1, 1⟩

We can verify:

u⃗ · ⟨−1, −1, 1⟩ = (1)(−1) + (0)(−1) + (1)(1) = −1 + 0 + 1 = 0✓
v⃗ · ⟨−1, −1, 1⟩ = (0)(−1) + (1)(−1) + (1)(1) = 0 − 1 + 1 = 0✓

Answer: ⟨−1, −1, 1⟩ (or any scalar multiple of this vector)

Solution. 13 An airplane flies with velocity v⃗p = ⟨200, 0⟩ mph (east). A wind blows with
velocity v⃗w = ⟨−30, 40⟩ mph. What is the airplane’s actual velocity relative to the ground?
Solution:
The actual velocity is the vector sum of the plane’s velocity and the wind velocity:

v⃗actual = v⃗p + v⃗w

= ⟨200, 0⟩ + ⟨−30, 40⟩
= ⟨170, 40⟩ mph

The speed (magnitude) is:

∥v⃗actual∥ =
√

1702 + 402 =
√

28900 + 1600 =
√

30500 ≈ 174.6 mph

The direction angle is:

θ = arctan
( 40

170

)
≈ arctan(0.235) ≈ 13.2ř north of east

Answer: v⃗actual = ⟨170, 40⟩ mph, or approximately 174.6 mph at 13.2° north of east

Solution. 14 Prove that ∥u⃗ + v⃗∥2 = ∥u⃗∥2 + 2(u⃗ · v⃗) + ∥v⃗∥2.
Solution:
Let u⃗ = ⟨u1, u2⟩ and v⃗ = ⟨v1, v2⟩ (the proof works similarly in any dimension).
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Start with the left side:

∥u⃗ + v⃗∥2 = (u⃗ + v⃗) · (u⃗ + v⃗)
= u⃗ · u⃗ + u⃗ · v⃗ + v⃗ · u⃗ + v⃗ · v⃗

= u⃗ · u⃗ + 2(u⃗ · v⃗) + v⃗ · v⃗ (by commutativity)
= ∥u⃗∥2 + 2(u⃗ · v⃗) + ∥v⃗∥2

This completes the proof. □

Note: This is analogous to the algebraic identity (a + b)2 = a2 + 2ab + b2.

Challenge Problems
Solution. 15 Prove the triangle inequality: ∥u⃗ + v⃗∥ ≤ ∥u⃗∥ + ∥v⃗∥ for any vectors u⃗ and v⃗.
Solution:
From Problem 14, we know that:

∥u⃗ + v⃗∥2 = ∥u⃗∥2 + 2(u⃗ · v⃗) + ∥v⃗∥2

Using the geometric formula for the dot product:

u⃗ · v⃗ = ∥u⃗∥∥v⃗∥ cos θ

where θ is the angle between the vectors. Since cos θ ≤ 1:

u⃗ · v⃗ ≤ ∥u⃗∥∥v⃗∥

Therefore:

∥u⃗ + v⃗∥2 = ∥u⃗∥2 + 2(u⃗ · v⃗) + ∥v⃗∥2

≤ ∥u⃗∥2 + 2∥u⃗∥∥v⃗∥ + ∥v⃗∥2

= (∥u⃗∥ + ∥v⃗∥)2

Taking square roots of both sides (both sides are non-negative):

∥u⃗ + v⃗∥ ≤ ∥u⃗∥ + ∥v⃗∥

This completes the proof. □
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Geometric interpretation: The length of one side of a triangle is always less than or
equal to the sum of the lengths of the other two sides.

Solution. 16 Find all vectors v⃗ that are orthogonal to both u⃗1 = ⟨1, 2, 1⟩ and u⃗2 = ⟨2, 1, 0⟩.
Solution:
A vector orthogonal to both u⃗1 and u⃗2 must be parallel to their cross product.
Compute u⃗1 × u⃗2:

u⃗1 × u⃗2 = ⟨(2)(0) − (1)(1), (1)(2) − (1)(0), (1)(1) − (2)(2)⟩
= ⟨0 − 1, 2 − 0, 1 − 4⟩
= ⟨−1, 2, −3⟩

Therefore, all vectors of the form:

v⃗ = t⟨−1, 2, −3⟩ = ⟨−t, 2t, −3t⟩

where t is any real number, are orthogonal to both u⃗1 and u⃗2.
We can verify:

u⃗1 · v⃗ = (1)(−t) + (2)(2t) + (1)(−3t) = −t + 4t − 3t = 0✓
u⃗2 · v⃗ = (2)(−t) + (1)(2t) + (0)(−3t) = −2t + 2t = 0✓

Answer: v⃗ = t⟨−1, 2, −3⟩ for any scalar t ∈ R

Solution. 17 Prove that u⃗ · (v⃗ × w⃗) represents the volume of the parallelepiped formed by u⃗,
v⃗, and w⃗.
Solution:
The cross product v⃗ × w⃗ produces a vector:

• Perpendicular to both v⃗ and w⃗

• With magnitude equal to the area of the parallelogram formed by v⃗ and w⃗: ∥v⃗ × w⃗∥ =
∥v⃗∥∥w⃗∥ sin ϕ

The dot product u⃗ · (v⃗ × w⃗) can be written using the geometric formula:

u⃗ · (v⃗ × w⃗) = ∥u⃗∥∥v⃗ × w⃗∥ cos θ

where θ is the angle between u⃗ and v⃗ × w⃗.
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The term ∥u⃗∥ cos θ represents the component of u⃗ in the direction perpendicular to the
v⃗-w⃗ plane, which is the height h of the parallelepiped with base formed by v⃗ and w⃗.
Therefore:

u⃗ · (v⃗ × w⃗) = h · ∥v⃗ × w⃗∥
= h · (base area)
= Volume

Note: The absolute value |u⃗ · (v⃗ × w⃗)| gives the volume, since volume is always positive. The
sign indicates orientation. □

Answer: The absolute value |u⃗ · (v⃗ × w⃗)| equals the volume of the parallelepiped.

Solution. 18 Show that (u⃗ × v⃗) · w⃗ = (v⃗ × w⃗) · u⃗ = (w⃗ × u⃗) · v⃗. This is called the scalar triple
product.
Solution:
Let u⃗ = ⟨u1, u2, u3⟩, v⃗ = ⟨v1, v2, v3⟩, and w⃗ = ⟨w1, w2, w3⟩.
The scalar triple product can be written as a determinant:

(u⃗ × v⃗) · w⃗ =

∣∣∣∣∣∣∣∣
u1 u2 u3

v1 v2 v3

w1 w2 w3

∣∣∣∣∣∣∣∣
A property of determinants is that cycling the rows doesn’t change the value:∣∣∣∣∣∣∣∣

u1 u2 u3

v1 v2 v3

w1 w2 w3

∣∣∣∣∣∣∣∣ =

∣∣∣∣∣∣∣∣
v1 v2 v3

w1 w2 w3

u1 u2 u3

∣∣∣∣∣∣∣∣ =

∣∣∣∣∣∣∣∣
w1 w2 w3

u1 u2 u3

v1 v2 v3

∣∣∣∣∣∣∣∣
These determinants correspond to:

(u⃗ × v⃗) · w⃗ =

∣∣∣∣∣∣∣∣
u1 u2 u3

v1 v2 v3

w1 w2 w3

∣∣∣∣∣∣∣∣
(v⃗ × w⃗) · u⃗ =

∣∣∣∣∣∣∣∣
v1 v2 v3

w1 w2 w3

u1 u2 u3

∣∣∣∣∣∣∣∣
(w⃗ × u⃗) · v⃗ =

∣∣∣∣∣∣∣∣
w1 w2 w3

u1 u2 u3

v1 v2 v3

∣∣∣∣∣∣∣∣
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Therefore:
(u⃗ × v⃗) · w⃗ = (v⃗ × w⃗) · u⃗ = (w⃗ × u⃗) · v⃗

This completes the proof. □

Geometric interpretation: All three expressions represent the signed volume of the
parallelepiped formed by the three vectors.

Solution. 19 The angle between u⃗ and v⃗ is π
3 . If ∥u⃗∥ = 4 and ∥v⃗∥ = 3, find ∥u⃗ − v⃗∥.

Solution:
We’ll use the formula from Problem 14, adapted for subtraction:

∥u⃗ − v⃗∥2 = ∥u⃗∥2 − 2(u⃗ · v⃗) + ∥v⃗∥2

First, find u⃗ · v⃗ using the geometric formula:

u⃗ · v⃗ = ∥u⃗∥∥v⃗∥ cos θ

= (4)(3) cos
(

π

3

)
= 12 · 1

2
= 6

Now compute:

∥u⃗ − v⃗∥2 = ∥u⃗∥2 − 2(u⃗ · v⃗) + ∥v⃗∥2

= 42 − 2(6) + 32

= 16 − 12 + 9
= 13

Therefore:
∥u⃗ − v⃗∥ =

√
13

Answer: ∥u⃗ − v⃗∥ =
√

13

Solution. 20 Prove the Cauchy-Schwarz inequality: |u⃗ · v⃗| ≤ ∥u⃗∥∥v⃗∥ for any vectors u⃗ and v⃗.
Solution:
We’ll prove this using the geometric formula for the dot product.
From the geometric interpretation:

u⃗ · v⃗ = ∥u⃗∥∥v⃗∥ cos θ
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where θ is the angle between the vectors.
Since −1 ≤ cos θ ≤ 1 for all angles θ, we have:

−∥u⃗∥∥v⃗∥ ≤ u⃗ · v⃗ ≤ ∥u⃗∥∥v⃗∥

This is equivalent to:
|u⃗ · v⃗| ≤ ∥u⃗∥∥v⃗∥

Equality holds when cos θ = ±1, which occurs when u⃗ and v⃗ are parallel (pointing in the
same or opposite directions).
Alternative algebraic proof:
Consider the vector w⃗ = v⃗ − tu⃗ for any scalar t. Since ∥w⃗∥2 ≥ 0:

0 ≤ ∥v⃗ − tu⃗∥2

= (v⃗ − tu⃗) · (v⃗ − tu⃗)
= ∥v⃗∥2 − 2t(u⃗ · v⃗) + t2∥u⃗∥2

This is a quadratic in t that is always non-negative. For this to be true, the discriminant
must be non-positive:

[−2(u⃗ · v⃗)]2 − 4∥u⃗∥2∥v⃗∥2 ≤ 0
4(u⃗ · v⃗)2 ≤ 4∥u⃗∥2∥v⃗∥2

(u⃗ · v⃗)2 ≤ ∥u⃗∥2∥v⃗∥2

|u⃗ · v⃗| ≤ ∥u⃗∥∥v⃗∥

This completes the proof. □

Note: This inequality is fundamental in linear algebra and has far-reaching applications
in analysis, probability, and optimization.



Solutions to Chapter 2: Systems of Lin-
ear Equations

Basic Problems
Solution. 1 Determine whether each equation is linear:

(a) 2x − 3y + z = 7

(b) x2 + y = 4

(c) x
2 − y

3 = 1

(d) xy + z = 2

Solution:
(a) Linear ✓

All variables appear to the first power only, with no products of variables. This can be
written as 2x + (−3)y + 1z = 7.
(b) Not linear ×
The term x2 means x appears to the second power, not the first. This violates the defini-
tion of a linear equation.
(c) Linear ✓

We can rewrite this as 1
2x − 1

3y = 1, or multiply through by 6 to get 3x − 2y = 6. Each
variable appears to the first power.
(d) Not linear ×
The term xy is a product of two variables, which violates the linearity requirement.
Answers: (a) Linear, (b) Not linear, (c) Linear, (d) Not linear

Solution. 2 Verify that (x, y) = (3, −1) is a solution to:

2x + y = 5
x − 3y = 6

Solution:

13
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Substitute x = 3 and y = −1 into the first equation:

2(3) + (−1) = 6 − 1 = 5✓

Substitute into the second equation:

(3) − 3(−1) = 3 + 3 = 6✓

Both equations are satisfied, so (3, −1) is indeed a solution.
Answer: Verified. (3, −1) is a solution.

Solution. 3 Solve by substitution:

x + y = 7
2x − y = 2

Solution:
From the first equation, solve for y:

y = 7 − x

Substitute this into the second equation:

2x − (7 − x) = 2
2x − 7 + x = 2

3x − 7 = 2
3x = 9
x = 3

Now find y:
y = 7 − x = 7 − 3 = 4

Check in both original equations:

x + y = 3 + 4 = 7✓
2x − y = 2(3) − 4 = 6 − 4 = 2✓

Answer: (x, y) = (3, 4)
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Solution. 4 Write the augmented matrix for:

x − 2y + 3z = 5
2x + y − z = 1

−x + 3y + 2z = 4

Solution:
The augmented matrix has the coefficients of each variable in columns, with the constants
in the last column:


1 −2 3 5
2 1 −1 1

−1 3 2 4


Row 1 corresponds to the first equation, row 2 to the second equation, and row 3 to the
third equation. Columns 1, 2, and 3 correspond to variables x, y, and z respectively.

Answer:


1 −2 3 5
2 1 −1 1

−1 3 2 4



Solution. 5 Perform the row operation R2 − 3R1 on:[
1 2 4
3 5 7

]

Solution:
The operation R2 − 3R1 means we replace row 2 with (row 2) minus 3 times (row 1).
Calculate 3R1:

3R1 = 3
[
1 2 4

]
=
[
3 6 12

]
Now compute R2 − 3R1:

R2 − 3R1 =
[
3 5 7

]
−
[
3 6 12

]
=
[
0 −1 −5

]
The resulting matrix is: [

1 2 4
0 −1 −5

]

Answer:
[

1 2 4
0 −1 −5

]
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Solution. 6 Determine if each matrix is in row echelon form:

(a)


1 3 2
0 1 5
0 0 1



(b)


1 0 2
0 1 3
0 0 0



(c)
[
0 1 2
1 0 3

]

Solution:
Recall that a matrix is in row echelon form if:

1. All nonzero rows are above rows of all zeros

2. The leading entry in each nonzero row is 1

3. Each leading entry is to the right of the leading entry in the row above it

(a) Yes, in REF ✓

All conditions are satisfied: leading entries are 1, and each is to the right of the one above
(positions: column 1, column 2, column 3).
(b) Yes, in REF ✓

The zero row is at the bottom, leading entries are 1, and they progress to the right. (This
is actually in RREF as well, since each leading 1 is the only nonzero entry in its column.)
(c) No, not in REF ×
The first entry in row 1 is 0, not 1. Also, the leading 1 in row 2 is to the left of the leading
1 in row 1, which violates the "staircase" pattern.
Answers: (a) Yes, (b) Yes, (c) No

Solution. 7 Solve using Gaussian elimination:

x + y = 3
x − y = 1

Solution:
Write the augmented matrix: [

1 1 3
1 −1 1

]
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Perform R2 − R1: [
1 1 3
0 −2 −2

]

Perform −1
2R2 to make the leading coefficient 1:

[
1 1 3
0 1 1

]

This is in REF. Now back-substitute:
From row 2: y = 1
From row 1: x + y = 3, so x + 1 = 3, which gives x = 2
Verify:

x + y = 2 + 1 = 3✓
x − y = 2 − 1 = 1✓

Answer: (x, y) = (2, 1)

Solution. 8 Solve:

x + 2y + z = 6
2x + 3y + 2z = 10

x + y + z = 4

Solution:
Write the augmented matrix: 

1 2 1 6
2 3 2 10
1 1 1 4


Perform R2 − 2R1: 

1 2 1 6
0 −1 0 −2
1 1 1 4


Perform R3 − R1: 

1 2 1 6
0 −1 0 −2
0 −1 0 −2


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Perform −R2: 
1 2 1 6
0 1 0 2
0 −1 0 −2


Perform R3 + R2: 

1 2 1 6
0 1 0 2
0 0 0 0


This is in REF. The system becomes:

x + 2y + z = 6
y = 2

From row 2: y = 2
Variable z is free (no pivot in its column). Let z = t where t ∈ R.
From row 1:

x + 2(2) + t = 6 =⇒ x + 4 + t = 6 =⇒ x = 2 − t

Answer: (x, y, z) = (2 − t, 2, t) for any t ∈ R (infinitely many solutions)

Intermediate Problems
Solution. 9 Transform to RREF and solve:

2 4 −2 6
1 3 1 5
3 5 −1 8


Solution:
First, swap R1 and R2 to get a leading 1:

1 3 1 5
2 4 −2 6
3 5 −1 8


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Perform R2 − 2R1: 
1 3 1 5
0 −2 −4 −4
3 5 −1 8


Perform R3 − 3R1: 

1 3 1 5
0 −2 −4 −4
0 −4 −4 −7


Perform −1

2R2: 
1 3 1 5
0 1 2 2
0 −4 −4 −7


Perform R3 + 4R2: 

1 3 1 5
0 1 2 2
0 0 4 1


Perform 1

4R3: 
1 3 1 5
0 1 2 2
0 0 1 1

4


Now continue to RREF. Perform R2 − 2R3:

1 3 1 5
0 1 0 3

2
0 0 1 1

4


Perform R1 − R3: 

1 3 0 19
4

0 1 0 3
2

0 0 1 1
4


Perform R1 − 3R2: 

1 0 0 10
4

0 1 0 3
2

0 0 1 1
4


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Simplify: 
1 0 0 5

2
0 1 0 3

2
0 0 1 1

4


Answer: (x, y, z) =

(
5
2 , 3

2 , 1
4

)

Solution. 10 Determine whether the system is consistent and, if so, find all solutions:

x + 2y − z = 3
2x + 4y − 2z = 7
3x + 6y − 3z = 9

Solution:
Write the augmented matrix: 

1 2 −1 3
2 4 −2 7
3 6 −3 9


Perform R2 − 2R1: 

1 2 −1 3
0 0 0 1
3 6 −3 9


Row 2 now reads: 0x + 0y + 0z = 1, which is 0 = 1 — a contradiction!
This means the system is inconsistent.
Geometric interpretation: The first and third equations represent the same plane
(equation 3 is 3 times equation 1), but equation 2 represents a parallel plane that doesn’t
intersect them.
Answer: The system is inconsistent (no solution).

Solution. 11 Find all solutions (express free variables as parameters):

x1 + 2x2 − x3 + x4 = 2
2x1 + 4x2 − x3 − 2x4 = −1

−x1 − 2x2 + 2x3 + 5x4 = 6

Solution:
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Write the augmented matrix: 
1 2 −1 1 2
2 4 −1 −2 −1

−1 −2 2 5 6


Perform R2 − 2R1: 

1 2 −1 1 2
0 0 1 −4 −5

−1 −2 2 5 6


Perform R3 + R1: 

1 2 −1 1 2
0 0 1 −4 −5
0 0 1 6 8


Perform R3 − R2: 

1 2 −1 1 2
0 0 1 −4 −5
0 0 0 10 13


Perform 1

10R3: 
1 2 −1 1 2
0 0 1 −4 −5
0 0 0 1 13

10


Continue to RREF. Perform R2 + 4R3:

1 2 −1 1 2
0 0 1 0 −50+52

10
0 0 0 1 13

10

 =


1 2 −1 1 2
0 0 1 0 1

5
0 0 0 1 13

10


Perform R1 + R2: 

1 2 0 1 11
5

0 0 1 0 1
5

0 0 0 1 13
10


Perform R1 − R3: 

1 2 0 0 22−13
10

0 0 1 0 1
5

0 0 0 1 13
10

 =


1 2 0 0 9

10
0 0 1 0 1

5
0 0 0 1 13

10


Now read off the solution. Pivots are in columns 1, 3, and 4, so x2 is free.
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Let x2 = t where t ∈ R.
From the RREF:

x1 + 2x2 = 9
10 =⇒ x1 = 9

10 − 2t

x3 = 1
5

x4 = 13
10

Answer: (x1, x2, x3, x4) =
(

9
10 − 2t, t, 1

5 , 13
10

)
for any t ∈ R

Solution. 12 A traffic intersection has flows as shown. Find the relationship between x and
y.
Solution:
By conservation of flow at the intersection (flow in = flow out):

100 + x = y + 80

Simplifying:
x + 100 = y + 80

y = x + 20

This means the outgoing flow y must be 20 vehicles per hour more than the incoming flow
x.
For the system to be physically meaningful, we need:

• x ≥ 0 (non-negative flow)

• y ≥ 0, which gives x + 20 ≥ 0, so x ≥ −20

Combined: x ≥ 0 and y = x + 20.
Answer: y = x + 20 (where x ≥ 0)

Solution. 13 Balance the chemical equation:

Fe + O2 → Fe2O3

Solution:
Let the coefficients be x1, x2, x3:

x1Fe + x2O2 → x3Fe2O3
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Balance each element:
Iron (Fe): x1 = 2x3

Oxygen (O): 2x2 = 3x3

From the iron equation: x1 = 2x3

From the oxygen equation: x2 = 3x3
2

To get whole numbers, let x3 = 2:

x3 = 2
x1 = 2(2) = 4

x2 = 3(2)
2 = 3

Check:

• Fe: Left side = 4, Right side = 2(2) = 4 ✓

• O: Left side = 2(3) = 6, Right side = 3(2) = 6 ✓

Balanced equation: 4Fe + 3O2 → 2Fe2O3

Solution. 14 Find the equilibrium price and quantity if:

Supply: S = 3p − 50
Demand: D = −2p + 200

Solution:
At equilibrium, supply equals demand:

3p − 50 = −2p + 200

Solve for p:

3p + 2p = 200 + 50
5p = 250
p = 50

Find the equilibrium quantity:

S = 3(50) − 50 = 150 − 50 = 100
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Verify with demand:
D = −2(50) + 200 = −100 + 200 = 100✓

Answer: Equilibrium price: p = $50, Equilibrium quantity: Q = 100 units

Solution. 15 Solve the system and interpret geometrically:

x + y + z = 1
x + y + z = 2

Solution:
Write the augmented matrix: [

1 1 1 1
1 1 1 2

]

Perform R2 − R1: [
1 1 1 1
0 0 0 1

]

Row 2 says: 0x + 0y + 0z = 1, which is 0 = 1 — a contradiction!
The system is inconsistent (no solution).
Geometric interpretation: Each equation represents a plane in 3D space. Both planes
are parallel (they have the same normal vector ⟨1, 1, 1⟩) but are at different distances from
the origin. Since they’re parallel and distinct, they never intersect.
Answer: No solution (inconsistent system). The two planes are parallel.

Challenge Problems
Solution. 16 Prove that if a system of linear equations has more than one solution, it must
have infinitely many solutions.
Solution:
Let’s prove this by considering what happens when we have two distinct solutions.
Suppose the system has two distinct solutions x⃗1 and x⃗2 where x⃗1 ̸= x⃗2. This means both
satisfy all equations in the system.
Consider any linear combination of these solutions:

x⃗t = (1 − t)x⃗1 + tx⃗2

where t is any real number.
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For any equation in the system with coefficients a1, a2, . . . , an and constant b:

a1(xt)1 + a2(xt)2 + · · · + an(xt)n = a1[(1 − t)(x1)1 + t(x2)1] + · · ·
= (1 − t)[a1(x1)1 + · · · + an(x1)n]

+ t[a1(x2)1 + · · · + an(x2)n]
= (1 − t)b + tb

= b

So x⃗t is also a solution for every value of t.
Since t can be any real number, there are infinitely many solutions (one for each value of
t).
Alternative argument: When we row-reduce the augmented matrix, if there are two
solutions, there must be at least one free variable (otherwise there would be exactly one
solution). A free variable can take infinitely many values, leading to infinitely many solu-
tions. □

Conclusion: A linear system can have exactly 0, 1, or infinitely many solutions—never
exactly 2, 3, or any other finite number greater than 1.

Solution. 17 Find all values of k for which the system has: (a) no solution, (b) exactly one
solution, (c) infinitely many solutions.

x + 2y = 3
2x + 4y = k

Solution:
Write the augmented matrix: [

1 2 3
2 4 k

]

Perform R2 − 2R1: [
1 2 3
0 0 k − 6

]

The second row represents: 0x + 0y = k − 6
Case (a): No solution
If k − 6 ̸= 0, we have 0 = k − 6 which is a contradiction.
This occurs when k ̸= 6.
Case (b): Exactly one solution
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This would require a unique solution, but notice that even when the system is consistent,
we only have one equation with two variables (after elimination). This means y would be a
free variable, giving infinitely many solutions.
Therefore, there is no value of k that gives exactly one solution.
Case (c): Infinitely many solutions
If k − 6 = 0, then k = 6, and the second row becomes 0 = 0, which is always true.
The system reduces to just x + 2y = 3 with y as a free variable.
Solution: x = 3 − 2y for any y ∈ R.
Answers:

• (a) No solution: k ̸= 6 (i.e., k ∈ R \ {6})

• (b) Exactly one solution: impossible (no such k exists)

• (c) Infinitely many solutions: k = 6

Solution. 18 For what value(s) of h does the system have infinitely many solutions?

x − 3y = 2
−2x + 6y = h

Solution:
Write the augmented matrix: [

1 −3 2
−2 6 h

]

Perform R2 + 2R1: [
1 −3 2
0 0 h + 4

]

The second row represents: 0x + 0y = h + 4
For infinitely many solutions, we need this to be consistent (not a contradiction) and have
free variables.
This occurs when h + 4 = 0, giving us 0 = 0 (always true).
Therefore: h = −4
When h = −4, the system reduces to just x − 3y = 2, with y as a free variable:

x = 2 + 3y for any y ∈ R
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Geometric interpretation: The second equation is −2x + 6y = h, which can be written
as x − 3y = −h

2 . This is the same line as the first equation when −h
2 = 2, i.e., when h = −4.

Answer: h = −4

Solution. 19 Solve the system with four variables:

x1 + 2x2 + x3 − x4 = 3
2x1 + 4x2 + 3x3 + x4 = 7
x1 + 2x2 + 2x3 + 2x4 = 4

Solution:
Write the augmented matrix: 

1 2 1 −1 3
2 4 3 1 7
1 2 2 2 4


Perform R2 − 2R1: 

1 2 1 −1 3
0 0 1 3 1
1 2 2 2 4


Perform R3 − R1: 

1 2 1 −1 3
0 0 1 3 1
0 0 1 3 1


Perform R3 − R2: 

1 2 1 −1 3
0 0 1 3 1
0 0 0 0 0


Continue to RREF. Perform R1 − R2:

1 2 0 −4 2
0 0 1 3 1
0 0 0 0 0


This is in RREF. Pivots are in columns 1 and 3, so x2 and x4 are free variables.
Let x2 = s and x4 = t where s, t ∈ R.
From row 2: x3 + 3x4 = 1

x3 = 1 − 3t
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From row 1: x1 + 2x2 − 4x4 = 2
x1 = 2 − 2s + 4t

Answer:
(x1, x2, x3, x4) = (2 − 2s + 4t, s, 1 − 3t, t)

for any s, t ∈ R (infinitely many solutions with two parameters)

Solution. 20 A company produces three products A, B, and C. Each unit of A requires 2
hours of labor and 1 unit of raw material. Each unit of B requires 1 hour of labor and 2
units of raw material. Each unit of C requires 3 hours of labor and 2 units of raw material.
If 100 hours of labor and 80 units of raw material are available, and the company wants to
use all resources, set up and solve the system to find all possible production combinations.
Solution:
Let x, y, and z be the number of units of products A, B, and C produced.
Labor constraint:

2x + y + 3z = 100

Raw material constraint:
x + 2y + 2z = 80

Write the augmented matrix: [
2 1 3 100
1 2 2 80

]

Swap rows to get a leading 1: [
1 2 2 80
2 1 3 100

]

Perform R2 − 2R1: [
1 2 2 80
0 −3 −1 −60

]

Perform −1
3R2: [

1 2 2 80
0 1 1

3 20

]

Continue to RREF. Perform R1 − 2R2:[
1 0 4

3 40
0 1 1

3 20

]

Variable z is free. Let z = t where t ≥ 0 (can’t produce negative units).
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From row 2:
y + 1

3t = 20 =⇒ y = 20 − 1
3t

From row 1:
x + 4

3t = 40 =⇒ x = 40 − 4
3t

For physical constraints, we need x, y, z ≥ 0:

• z = t ≥ 0

• y = 20 − 1
3t ≥ 0 =⇒ t ≤ 60

• x = 40 − 4
3t ≥ 0 =⇒ t ≤ 30

The binding constraint is t ≤ 30.
Answer:

(x, y, z) =
(

40 − 4
3t, 20 − 1

3t, t
)

where 0 ≤ t ≤ 30.
Examples of valid production plans:

• t = 0: (x, y, z) = (40, 20, 0) — produce 40 A’s, 20 B’s, no C’s

• t = 15: (x, y, z) = (20, 15, 15) — produce 20 A’s, 15 B’s, 15 C’s

• t = 30: (x, y, z) = (0, 10, 30) — produce no A’s, 10 B’s, 30 C’s

Solution. 21 Show that if the augmented matrix [A|b] can be transformed to RREF [I|c]
where I is the identity matrix, then the system has the unique solution x = c.
Solution:
Suppose the augmented matrix [A|b] for an n × n system can be transformed to RREF [I|c]
where I is the n × n identity matrix.
The identity matrix has the form:

I =



1 0 0 · · · 0
0 1 0 · · · 0
0 0 1 · · · 0
... ... ... . . . ...
0 0 0 · · · 1


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So the RREF is:

[I|c] =



1 0 0 · · · 0 c1

0 1 0 · · · 0 c2

0 0 1 · · · 0 c3
... ... ... . . . ... ...
0 0 0 · · · 1 cn


This represents the system:

x1 = c1

x2 = c2

x3 = c3

...
xn = cn

Key observations:

1. There is a pivot in every column (columns 1 through n)

2. There are no free variables

3. Each variable is explicitly determined

Therefore, the unique solution is:

x⃗ =


x1

x2
...

xn

 =


c1

c2
...

cn

 = c⃗

Since row operations preserve solutions (they produce equivalent systems), and the solu-
tion to [I|c] is clearly x⃗ = c⃗, this must also be the unique solution to the original system.
□

Converse: If the RREF is not [I|c] (i.e., some columns don’t have pivots), then there are
free variables and either infinitely many solutions or no solution (if there’s a contradiction).



Solutions to Chapter 3: Matrices

Basic Problems

Solution. 1 Given A =
[
2 −1
3 4

]
and B =

[
1 2

−1 3

]
, compute:

(a) A + B

(b) 3A

(c) 2A − B

Solution:
(a) Add corresponding entries:

A + B =
[
2 −1
3 4

]
+
[

1 2
−1 3

]
=
[

2 + 1 −1 + 2
3 + (−1) 4 + 3

]
=
[
3 1
2 7

]

(b) Multiply each entry by 3:

3A = 3
[
2 −1
3 4

]
=
[
6 −3
9 12

]

(c) First compute 2A, then subtract B:

2A = 2
[
2 −1
3 4

]
=
[
4 −2
6 8

]

2A − B =
[
4 −2
6 8

]
−
[

1 2
−1 3

]
=
[
3 −4
7 5

]

Answers: (a)
[
3 1
2 7

]
, (b)

[
6 −3
9 12

]
, (c)

[
3 −4
7 5

]

Solution. 2 Compute the products AB and BA where:

A =
[
1 2
3 4

]
, B =

[
2 0
1 3

]

31
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Are they equal?
Solution:
Compute AB:
Entry (1,1): (1)(2) + (2)(1) = 2 + 2 = 4
Entry (1,2): (1)(0) + (2)(3) = 0 + 6 = 6
Entry (2,1): (3)(2) + (4)(1) = 6 + 4 = 10
Entry (2,2): (3)(0) + (4)(3) = 0 + 12 = 12

AB =
[

4 6
10 12

]

Compute BA:
Entry (1,1): (2)(1) + (0)(3) = 2 + 0 = 2
Entry (1,2): (2)(2) + (0)(4) = 4 + 0 = 4
Entry (2,1): (1)(1) + (3)(3) = 1 + 9 = 10
Entry (2,2): (1)(2) + (3)(4) = 2 + 12 = 14

BA =
[

2 4
10 14

]

Since AB ̸= BA, matrix multiplication is not commutative!

Answers: AB =
[

4 6
10 12

]
, BA =

[
2 4
10 14

]
, No, they are not equal.

Solution. 3 Find the transpose of:

A =
[
1 2 3
4 5 6

]

Solution:
The transpose interchanges rows and columns. A is 2 × 3, so AT is 3 × 2.

Row 1 of A becomes column 1 of AT :


1
2
3


T

→
[
1
4

]
becomes column 1

Row 2 of A becomes column 2 of AT :


4
5
6


T

→
[
2
5

]
becomes column 2
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Wait, let me reconsider. Column 1 of A is
[
1
4

]
, which becomes row 1 of AT .

AT =


1 4
2 5
3 6



Answer: AT =


1 4
2 5
3 6



Solution. 4 Determine if the following matrix is symmetric:

A =


1 2 3
2 4 5
3 5 6


Solution:
A matrix is symmetric if AT = A, which means aij = aji for all i, j.
Check each off-diagonal pair:

• a12 = 2 and a21 = 2 ✓

• a13 = 3 and a31 = 3 ✓

• a23 = 5 and a32 = 5 ✓

All corresponding entries match, so the matrix is symmetric.
Alternatively, compute the transpose:

AT =


1 2 3
2 4 5
3 5 6

 = A

Answer: Yes, the matrix is symmetric.

Solution. 5 Find the inverse of A =
[
2 3
1 2

]
using the 2 × 2 formula.

Solution:
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For A =
[
a b

c d

]
, the inverse is:

A−1 = 1
ad − bc

[
d −b

−c a

]

First, compute the determinant:

det(A) = ad − bc = (2)(2) − (3)(1) = 4 − 3 = 1

Since det(A) ̸= 0, the matrix is invertible.
Apply the formula:

A−1 = 1
1

[
2 −3

−1 2

]
=
[

2 −3
−1 2

]

Verify:

AA−1 =
[
2 3
1 2

] [
2 −3

−1 2

]
=
[
4 − 3 −6 + 6
2 − 2 −3 + 4

]
=
[
1 0
0 1

]
✓

Answer: A−1 =
[

2 −3
−1 2

]

Solution. 6 Verify that B =
[

1 −1
−2 3

]
is the inverse of A =

[
3 1
2 1

]
.

Solution:
We need to verify that AB = BA = I.
Compute AB:

AB =
[
3 1
2 1

] [
1 −1

−2 3

]
=
[
3 − 2 −3 + 3
2 − 2 −2 + 3

]
=
[
1 0
0 1

]
✓

Compute BA:

BA =
[

1 −1
−2 3

] [
3 1
2 1

]
=
[

3 − 2 1 − 1
−6 + 6 −2 + 3

]
=
[
1 0
0 1

]
✓

Since both products equal the identity matrix, B = A−1.
Answer: Verified. B is the inverse of A.

Solution. 7 Compute A2 and A3 where A =
[
1 1
0 1

]
.
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Solution:
Compute A2 = AA:

A2 =
[
1 1
0 1

] [
1 1
0 1

]
=
[
1 + 0 1 + 1
0 + 0 0 + 1

]
=
[
1 2
0 1

]

Compute A3 = A2 · A:

A3 =
[
1 2
0 1

] [
1 1
0 1

]
=
[
1 + 0 1 + 2
0 + 0 0 + 1

]
=
[
1 3
0 1

]

Notice the pattern: An =
[
1 n

0 1

]

Answers: A2 =
[
1 2
0 1

]
, A3 =

[
1 3
0 1

]

Solution. 8 Which of the following matrices are invertible? (Use the 2 × 2 determinant test)

(a)
[
1 2
2 4

]

(b)
[
3 1
1 1

]

Solution:
A 2 × 2 matrix is invertible if and only if its determinant is nonzero.

(a) A =
[
1 2
2 4

]

det(A) = (1)(4) − (2)(2) = 4 − 4 = 0

Since det(A) = 0, the matrix is not invertible.
Note: The second row is exactly twice the first row, making the rows linearly dependent.

(b) B =
[
3 1
1 1

]

det(B) = (3)(1) − (1)(1) = 3 − 1 = 2 ̸= 0

Since det(B) ̸= 0, the matrix is invertible.
Answers: (a) Not invertible, (b) Invertible



36 Contents

Intermediate Problems

Solution. 9 Let A =
[
1 2
3 4

]
and B =

[
2 1
1 2

]
. Verify that (AB)T = BT AT .

Solution:
First, compute AB:

AB =
[
1 2
3 4

] [
2 1
1 2

]
=
[
2 + 2 1 + 4
6 + 4 3 + 8

]
=
[

4 5
10 11

]

Now compute (AB)T :

(AB)T =
[
4 10
5 11

]

Next, compute BT and AT :

BT =
[
2 1
1 2

]
, AT =

[
1 3
2 4

]

Note that B is already symmetric, so BT = B.
Compute BT AT :

BT AT =
[
2 1
1 2

] [
1 3
2 4

]
=
[
2 + 2 6 + 4
1 + 4 3 + 8

]
=
[
4 10
5 11

]

Indeed, (AB)T = BT AT ✓

Answer: Verified.

Solution. 10 Find the inverse of A =


1 0 1
0 2 1
1 1 0

 using row reduction.

Solution:
Form the augmented matrix [A|I]: 

1 0 1 1 0 0
0 2 1 0 1 0
1 1 0 0 0 1


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Perform R3 − R1: 
1 0 1 1 0 0
0 2 1 0 1 0
0 1 −1 −1 0 1


Perform 1

2R2: 
1 0 1 1 0 0
0 1 1

2 0 1
2 0

0 1 −1 −1 0 1


Perform R3 − R2: 

1 0 1 1 0 0
0 1 1

2 0 1
2 0

0 0 −3
2 −1 −1

2 1


Perform −2

3R3: 
1 0 1 1 0 0
0 1 1

2 0 1
2 0

0 0 1 2
3

1
3 −2

3


Perform R2 − 1

2R3: 
1 0 1 1 0 0
0 1 0 −1

3
1
3

1
3

0 0 1 2
3

1
3 −2

3


Perform R1 − R3: 

1 0 0 1
3 −1

3
2
3

0 1 0 −1
3

1
3

1
3

0 0 1 2
3

1
3 −2

3


Therefore:

A−1 =


1
3 −1

3
2
3

−1
3

1
3

1
3

2
3

1
3 −2

3

 = 1
3


1 −1 2

−1 1 1
2 1 −2



Answer: A−1 = 1
3


1 −1 2

−1 1 1
2 1 −2



Solution. 11 Solve the system Ax⃗ = b⃗ using A−1 where:

A =
[
2 3
1 2

]
, b⃗ =

[
8
5

]



38 Contents

Solution:

From Problem 5, we know A−1 =
[

2 −3
−1 2

]
.

The solution is:
x⃗ = A−1⃗b =

[
2 −3

−1 2

] [
8
5

]
=
[

16 − 15
−8 + 10

]
=
[
1
2

]

Verify by substituting back:

Ax⃗ =
[
2 3
1 2

] [
1
2

]
=
[
2 + 6
1 + 4

]
=
[
8
5

]
= b⃗✓

Answer: x⃗ =
[
1
2

]

Solution. 12 Let D = diag(2, 3, −1). Compute D4.
Solution:
For a diagonal matrix, powers are computed by raising each diagonal entry to that power:

D =


2 0 0
0 3 0
0 0 −1



D4 =


24 0 0
0 34 0
0 0 (−1)4

 =


16 0 0
0 81 0
0 0 1



Answer: D4 =


16 0 0
0 81 0
0 0 1



Solution. 13 If A =
[
1 2
0 1

]
, find a formula for An for any positive integer n.

Solution:
Let’s compute a few powers to find a pattern:

A1 =
[
1 2
0 1

]

A2 =
[
1 2
0 1

] [
1 2
0 1

]
=
[
1 4
0 1

]
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A3 = A2 · A =
[
1 4
0 1

] [
1 2
0 1

]
=
[
1 6
0 1

]

A4 = A3 · A =
[
1 6
0 1

] [
1 2
0 1

]
=
[
1 8
0 1

]

Pattern: The upper-right entry is 2n, so:

An =
[
1 2n

0 1

]

Proof by induction:

Base case: n = 1 gives
[
1 2
0 1

]
= A ✓

Inductive step: Assume Ak =
[
1 2k

0 1

]
. Then:

Ak+1 = Ak · A =
[
1 2k

0 1

] [
1 2
0 1

]
=
[
1 2 + 2k

0 1

]
=
[
1 2(k + 1)
0 1

]

Answer: An =
[
1 2n

0 1

]

Solution. 14 Prove that if A and B are both invertible n × n matrices, then (AB)−1 =
B−1A−1.
Solution:
To prove that B−1A−1 is the inverse of AB, we need to show:

(AB)(B−1A−1) = I and (B−1A−1)(AB) = I

First equation:

(AB)(B−1A−1) = A(BB−1)A−1 (by associativity)
= AIA−1

= AA−1

= I✓
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Second equation:

(B−1A−1)(AB) = B−1(A−1A)B (by associativity)
= B−1IB

= B−1B

= I✓

Therefore, (AB)−1 = B−1A−1. □

Note: The order reverses, just like with transposes!

Solution. 15 A Markov chain has transition matrix P =
[
0.8 0.3
0.2 0.7

]
. If the initial state is

v⃗0 =
[
1
0

]
, find the state after 2 steps.

Solution:
After one step:

v⃗1 = P v⃗0 =
[
0.8 0.3
0.2 0.7

] [
1
0

]
=
[
0.8
0.2

]

After two steps:

v⃗2 = P v⃗1 =
[
0.8 0.3
0.2 0.7

] [
0.8
0.2

]
=
[
0.64 + 0.06
0.16 + 0.14

]
=
[
0.70
0.30

]

Alternatively, we could compute v⃗2 = P 2v⃗0:

P 2 =
[
0.8 0.3
0.2 0.7

] [
0.8 0.3
0.2 0.7

]
=
[
0.70 0.45
0.30 0.55

]

v⃗2 = P 2v⃗0 =
[
0.70 0.45
0.30 0.55

] [
1
0

]
=
[
0.70
0.30

]
✓

Interpretation: After 2 steps, there’s a 70% probability of being in state 1 and 30% in
state 2.

Answer: v⃗2 =
[
0.70
0.30

]

Solution. 16 Show that if A is symmetric, then A2 is also symmetric.
Solution:
Given: A is symmetric, so AT = A.
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We need to show: (A2)T = A2

Compute the transpose of A2:

(A2)T = (AA)T

= AT AT (property of transpose)
= AA (since AT = A)
= A2

Therefore, A2 is symmetric. □

Generalization: By similar reasoning, An is symmetric for any positive integer n if A is
symmetric.
Answer: Proven.

Challenge Problems
Solution. 17 Prove that if A is invertible and AB = AC, then B = C. Does this hold if A

is not invertible?
Solution:
Part 1: If A is invertible and AB = AC, then B = C.
Proof:

AB = AC (given)
A−1(AB) = A−1(AC) (multiply both sides by A−1 on left)
(A−1A)B = (A−1A)C (associativity)

IB = IC

B = C

This is called the cancellation law for matrices. □

Part 2: If A is not invertible, this does NOT necessarily hold.

Counterexample: Let A =
[
1 1
1 1

]
, B =

[
1
0

]
, C =

[
0
1

]

AB =
[
1 1
1 1

] [
1
0

]
=
[
1
1

]
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AC =
[
1 1
1 1

] [
0
1

]
=
[
1
1

]

So AB = AC but B ̸= C.
Answer: Yes for invertible A (proven above). No for non-invertible A (counterexample
given).

Solution. 18 Find all 2 × 2 matrices A such that A2 = I.
Solution:

Let A =
[
a b

c d

]
. We need A2 = I:

[
a b

c d

] [
a b

c d

]
=
[
1 0
0 1

]

[
a2 + bc ab + bd

ac + cd bc + d2

]
=
[
1 0
0 1

]

This gives us four equations:

a2 + bc = 1 (1)
ab + bd = 0 (2)
ac + cd = 0 (3)
bc + d2 = 1 (4)

From equation (2): b(a + d) = 0, so either b = 0 or a + d = 0.
From equation (3): c(a + d) = 0, so either c = 0 or a + d = 0.
Case 1: b = 0 and c = 0
Then equations (1) and (4) become a2 = 1 and d2 = 1.
So a = ±1 and d = ±1, giving 4 matrices:[

1 0
0 1

]
,

[
−1 0
0 −1

]
,

[
1 0
0 −1

]
,

[
−1 0
0 1

]

Case 2: a + d = 0 (so d = −a)
From equation (1): a2 + bc = 1
From equation (4): bc + d2 = bc + a2 = 1 ✓ (consistent)
So we need bc = 1 − a2 for any value of a.
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For each choice of a, we can choose any b ̸= 0 and set c = 1−a2

b
.

Examples:

• a = 0: d = 0, bc = 1. Example:
[
0 1
1 0

]

• a = 1: d = −1, bc = 0. Covered in Case 1.

General form: All matrices satisfying A2 = I are:

A =
[

a b
1−a2

b
−a

]
for any a ∈ R, b ̸= 0

or the four diagonal matrices from Case 1 (when b = 0).

Answer: Infinitely many solutions of the form
[

a b
1−a2

b
−a

]
where b ̸= 0, plus the four

diagonal matrices ±I and
[
±1 0
0 ∓1

]
.

Solution. 19 Prove that the transpose of an upper triangular matrix is lower triangular.
Solution:
Let A be an upper triangular n × n matrix. This means aij = 0 whenever i > j (all entries
below the main diagonal are zero).
We need to show that AT is lower triangular, meaning (AT )ij = 0 whenever i < j.
By definition of transpose: (AT )ij = aji

If i < j, then j > i, so aji = 0 (since A is upper triangular and the entry is below the
diagonal).
Therefore, (AT )ij = 0 whenever i < j, which means AT is lower triangular. □

Example:

A =


1 2 3
0 4 5
0 0 6

 ⇒ AT =


1 0 0
2 4 0
3 5 6


Answer: Proven.

Solution. 20 Let A be an n × n matrix. Prove that A + AT is always symmetric.
Solution:
We need to show that (A + AT )T = A + AT .
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Compute the transpose:

(A + AT )T = AT + (AT )T (property of transpose)
= AT + A (since (AT )T = A)
= A + AT (commutativity of addition)

Therefore, A + AT is symmetric. □

Note: Similarly, A − AT is always skew-symmetric (see Problem 23).
Answer: Proven.

Solution. 21 Find a 3 × 3 matrix A (other than I) such that A2 = A (called an idempotent
matrix).
Solution:
We’re looking for a matrix where A2 = A, or equivalently A2 − A = A(A − I) = O.
One approach: projection matrices are idempotent. Consider:

A =


1 0 0
0 1 0
0 0 0


Verify:

A2 =


1 0 0
0 1 0
0 0 0



1 0 0
0 1 0
0 0 0

 =


1 0 0
0 1 0
0 0 0

 = A✓

Another example (not diagonal):

A =


1 1 0
0 0 0
0 0 0


Verify:

A2 =


1 1 0
0 0 0
0 0 0



1 1 0
0 0 0
0 0 0

 =


1 1 0
0 0 0
0 0 0

 = A✓

General construction: Any matrix of the form A =
[
P ∗
O O

]
where P is an idempotent

submatrix works.
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Answer: Many possibilities, including


1 0 0
0 1 0
0 0 0

 or


1 1 0
0 0 0
0 0 0


Solution. 22 Prove that if A is an invertible matrix, then (An)−1 = (A−1)n for any positive
integer n.
Solution:
We need to show that (A−1)n is the inverse of An.
Proof by induction on n:
Base case: n = 1
(A1)−1 = A−1 = (A−1)1 ✓

Inductive hypothesis: Assume (Ak)−1 = (A−1)k for some k ≥ 1.
Inductive step: We need to show (Ak+1)−1 = (A−1)k+1.

(Ak+1)−1 = (Ak · A)−1

= A−1(Ak)−1 (property: (BC)−1 = C−1B−1)
= A−1(A−1)k (by inductive hypothesis)
= (A−1)k+1

By the principle of mathematical induction, the result holds for all positive integers n. □

Alternative direct proof:
To show (A−1)n is the inverse of An, verify that their product is I:

An · (A−1)n = (A · A · · · A)︸ ︷︷ ︸
n times

(A−1 · A−1 · · · A−1)︸ ︷︷ ︸
n times

= A · A · · · A · A−1 · A−1 · · · A−1

= I (each A cancels with an A−1)

Similarly, (A−1)n · An = I.
Answer: Proven.

Solution. 23 A matrix A is called skew-symmetric if AT = −A.

(a) Show that the diagonal entries of a skew-symmetric matrix must be zero.

(b) Prove that any square matrix A can be written as the sum of a symmetric matrix
and a skew-symmetric matrix.
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Solution:
(a) Let A be skew-symmetric, so AT = −A.
By definition of transpose, (AT )ii = Aii (diagonal entries are unchanged by transpose).
But AT = −A means (AT )ii = −Aii.
Therefore: Aii = −Aii, which implies 2Aii = 0, so Aii = 0.
All diagonal entries must be zero. □

(b) For any square matrix A, define:

S = 1
2(A + AT ) and K = 1

2(A − AT )

Claim 1: S is symmetric.

ST =
[1
2(A + AT )

]T

= 1
2(AT + (AT )T ) = 1

2(AT + A) = S✓

Claim 2: K is skew-symmetric.

KT =
[1
2(A − AT )

]T

= 1
2(AT − (AT )T ) = 1

2(AT − A) = −K✓

Claim 3: A = S + K.

S + K = 1
2(A + AT ) + 1

2(A − AT ) = 1
2(A + AT + A − AT ) = 1

2(2A) = A✓

Therefore, every square matrix can be decomposed into symmetric and skew-symmetric
parts. □

Example:

A =
[
1 2
3 4

]

S = 1
2

([
1 2
3 4

]
+
[
1 3
2 4

])
=
[

1 2.5
2.5 4

]

K = 1
2

([
1 2
3 4

]
−
[
1 3
2 4

])
=
[

0 −0.5
0.5 0

]

Verify: S + K =
[
1 2
3 4

]
= A ✓

Answers: (a) Proven. (b) Proven with construction S = 1
2(A+AT ) and K = 1

2(A−AT ).
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Solution. 24 Consider the adjacency matrix of a graph A. Prove that (Ak)ij equals the
number of paths of length k from vertex i to vertex j.
Solution:
Proof by induction on k:
Base case: k = 1
(A1)ij = Aij equals 1 if there’s an edge from i to j (a path of length 1), and 0 otherwise. ✓

Inductive hypothesis: Assume (Ak)ij equals the number of paths of length k from i to
j.
Inductive step: We need to show that (Ak+1)ij equals the number of paths of length k + 1
from i to j.
By matrix multiplication:

(Ak+1)ij = (Ak · A)ij =
n∑

ℓ=1
(Ak)iℓ · Aℓj

Interpretation:

• (Ak)iℓ = number of paths of length k from i to ℓ (by inductive hypothesis)

• Aℓj = 1 if there’s an edge from ℓ to j, 0 otherwise

• (Ak)iℓ · Aℓj = number of paths from i to j of length k + 1 that go through ℓ as the
second-to-last vertex

Summing over all possible intermediate vertices ℓ gives the total number of paths of length
k + 1 from i to j.
By the principle of mathematical induction, the result holds for all k ≥ 1. □

Example: Consider the graph with adjacency matrix:

A =


0 1 1
1 0 1
1 1 0



A2 =


2 1 1
1 2 1
1 1 2


(A2)11 = 2 means there are 2 paths of length 2 from vertex 1 to itself: 1 → 2 → 1 and
1 → 3 → 1. ✓

Answer: Proven.



Solutions to Chapter 4: Determinants

Basic Problems
Solution. 1 Compute the determinants:

(a)
∣∣∣∣∣3 2
1 4

∣∣∣∣∣
(b)

∣∣∣∣∣−1 5
2 3

∣∣∣∣∣
(c)

∣∣∣∣∣6 3
4 2

∣∣∣∣∣
Solution:

For a 2 × 2 matrix
[
a b

c d

]
, the determinant is ad − bc.

(a) ∣∣∣∣∣3 2
1 4

∣∣∣∣∣ = (3)(4) − (2)(1) = 12 − 2 = 10

(b) ∣∣∣∣∣−1 5
2 3

∣∣∣∣∣ = (−1)(3) − (5)(2) = −3 − 10 = −13

(c) ∣∣∣∣∣6 3
4 2

∣∣∣∣∣ = (6)(2) − (3)(4) = 12 − 12 = 0

Note: In part (c), the determinant is zero because the second column is half the first col-
umn (columns are linearly dependent).
Answers: (a) 10, (b) −13, (c) 0

Solution. 2 Find the area of the parallelogram with adjacent sides v⃗1 =
[
4
1

]
and v⃗2 =

[
2
3

]
.

Solution:

48
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The area equals the absolute value of the determinant of the matrix with these vectors as
columns:

A =
[
4 2
1 3

]

det(A) = (4)(3) − (2)(1) = 12 − 2 = 10

Area = | det(A)| = |10| = 10 square units

Answer: 10 square units

Solution. 3 Determine if the matrix A =
[
5 10
2 4

]
is invertible.

Solution:
A matrix is invertible if and only if its determinant is nonzero.

det(A) = (5)(4) − (10)(2) = 20 − 20 = 0

Since det(A) = 0, the matrix is not invertible (singular).
Observation: The second column is exactly twice the first column, confirming linear depen-
dence.
Answer: Not invertible

Solution. 4 Compute det(A) using cofactor expansion along the first row:

A =


1 2 3
0 4 5
0 0 6


Solution:
Expand along the first row:

det(A) = 1 · C11 + 2 · C12 + 3 · C13

where Cij = (−1)i+jMij.
Compute C11:

M11 =
∣∣∣∣∣4 5
0 6

∣∣∣∣∣ = (4)(6) − (5)(0) = 24
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C11 = (−1)1+1(24) = 24

Compute C12:

M12 =
∣∣∣∣∣0 5
0 6

∣∣∣∣∣ = (0)(6) − (5)(0) = 0

C12 = (−1)1+2(0) = 0

Compute C13:

M13 =
∣∣∣∣∣0 4
0 0

∣∣∣∣∣ = (0)(0) − (4)(0) = 0

C13 = (−1)1+3(0) = 0

Therefore:
det(A) = 1(24) + 2(0) + 3(0) = 24

Note: Since A is upper triangular, we could have immediately computed det(A) = (1)(4)(6) =
24.
Answer: 24

Solution. 5 Find det(A) where A =


2 0 0
0 −3 0
0 0 5

.

Solution:
A is a diagonal matrix, so its determinant is the product of the diagonal entries:

det(A) = (2)(−3)(5) = −30

Answer: −30

Solution. 6 Compute using cofactor expansion (choose strategically):∣∣∣∣∣∣∣∣
1 0 2
3 4 0
5 6 7

∣∣∣∣∣∣∣∣
Solution:
Notice that column 2 has a zero in row 1, and row 2 has a zero in column 3. Let’s expand
along row 2 (which has a zero):

det(A) = −3 · C21 + 4 · C22 + 0 · C23
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Since the last term is zero, we only need to compute two cofactors.
Compute C21:

M21 =
∣∣∣∣∣0 2
6 7

∣∣∣∣∣ = (0)(7) − (2)(6) = −12

C21 = (−1)2+1(−12) = −(−12) = 12

Compute C22:

M22 =
∣∣∣∣∣1 2
5 7

∣∣∣∣∣ = (1)(7) − (2)(5) = 7 − 10 = −3

C22 = (−1)2+2(−3) = −3

Therefore:
det(A) = 3(12) + 4(−3) = 36 − 12 = 24

Answer: 24

Solution. 7 Let det(A) = 3 for a 3 × 3 matrix A. Find:

(a) det(2A)

(b) det(A−1)

(c) det(AT )

Solution:
(a) For an n × n matrix, det(cA) = cn det(A). Here n = 3:

det(2A) = 23 det(A) = 8 · 3 = 24

(b) For an invertible matrix:
det(A−1) = 1

det(A) = 1
3

(c) The determinant of a transpose equals the determinant of the original:

det(AT ) = det(A) = 3

Answers: (a) 24, (b) 1
3 , (c) 3

Solution. 8 Use row operations to compute:∣∣∣∣∣∣∣∣
1 2 1
2 5 4
1 3 6

∣∣∣∣∣∣∣∣
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Solution:

Let A =


1 2 1
2 5 4
1 3 6

.

Perform R2 − 2R1 (doesn’t change determinant):

A1 =


1 2 1
0 1 2
1 3 6


det(A1) = det(A)
Perform R3 − R1:

A2 =


1 2 1
0 1 2
0 1 5


det(A2) = det(A)
Perform R3 − R2:

A3 =


1 2 1
0 1 2
0 0 3


det(A3) = det(A)
Now A3 is upper triangular:

det(A3) = (1)(1)(3) = 3

Therefore, det(A) = 3.
Answer: 3

Intermediate Problems
Solution. 9 Solve using Cramer’s rule:

3x + 2y = 7
x + 4y = 5

Solution:
The system is Ax⃗ = b⃗ where:

A =
[
3 2
1 4

]
, b⃗ =

[
7
5

]
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First, compute det(A):

det(A) = (3)(4) − (2)(1) = 12 − 2 = 10

Since det(A) ̸= 0, the system has a unique solution.
Find x: Replace column 1 with b⃗:

A1 =
[
7 2
5 4

]

det(A1) = (7)(4) − (2)(5) = 28 − 10 = 18

x = det(A1)
det(A) = 18

10 = 9
5

Find y: Replace column 2 with b⃗:

A2 =
[
3 7
1 5

]

det(A2) = (3)(5) − (7)(1) = 15 − 7 = 8

y = det(A2)
det(A) = 8

10 = 4
5

Verify: 3
(

9
5

)
+ 2

(
4
5

)
= 27+8

5 = 35
5 = 7 ✓

Answer: (x, y) =
(

9
5 , 4

5

)

Solution. 10 Compute the determinant:
∣∣∣∣∣∣∣∣∣∣
2 1 3 4
0 −1 2 1
0 0 3 5
0 0 0 2

∣∣∣∣∣∣∣∣∣∣
Solution:
This is an upper triangular matrix. The determinant is the product of the diagonal en-
tries:

det(A) = (2)(−1)(3)(2) = −12

Answer: −12
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Solution. 11 Find the volume of the parallelepiped with edges:

v⃗1 =


1
2
0

 , v⃗2 =


0
1
3

 , v⃗3 =


2
0
1


Solution:
The volume equals the absolute value of the determinant of the matrix with these vectors
as columns:

A =


1 0 2
2 1 0
0 3 1


Expand along row 3 (has a zero):

det(A) = 0 · C31 + 3 · C32 + 1 · C33

Compute C32:

M32 =
∣∣∣∣∣1 2
2 0

∣∣∣∣∣ = (1)(0) − (2)(2) = −4

C32 = (−1)3+2(−4) = −(−4) = 4

Compute C33:

M33 =
∣∣∣∣∣1 0
2 1

∣∣∣∣∣ = (1)(1) − (0)(2) = 1

C33 = (−1)3+3(1) = 1

Therefore:
det(A) = 3(4) + 1(1) = 12 + 1 = 13

Volume = | det(A)| = |13| = 13 cubic units

Answer: 13 cubic units

Solution. 12 If det(A) = 2 and det(B) = −3, find:

(a) det(AB)

(b) det(A2B−1)

(c) det(3A) (where A is 3 × 3)
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Solution:
(a) Use the product property:

det(AB) = det(A) · det(B) = (2)(−3) = −6

(b) Use properties of determinants:

det(A2B−1) = det(A2) · det(B−1)

= [det(A)]2 · 1
det(B)

= (2)2 · 1
−3

= 4 ·
(

−1
3

)
= −4

3

(c) For a 3 × 3 matrix:
det(3A) = 33 det(A) = 27 · 2 = 54

Answers: (a) −6, (b) −4
3 , (c) 54

Solution. 13 Determine if the vectors are linearly independent:
1
0
1

 ,


2
1
0

 ,


0
1
2


Solution:
Form the matrix with these vectors as columns:

A =


1 2 0
0 1 1
1 0 2


The vectors are linearly independent if and only if det(A) ̸= 0.
Expand along row 1:

det(A) = 1 · C11 + 2 · C12 + 0 · C13

Compute C11:

M11 =
∣∣∣∣∣1 1
0 2

∣∣∣∣∣ = (1)(2) − (1)(0) = 2
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C11 = (−1)1+1(2) = 2

Compute C12:

M12 =
∣∣∣∣∣0 1
1 2

∣∣∣∣∣ = (0)(2) − (1)(1) = −1

C12 = (−1)1+2(−1) = −(−1) = 1

Therefore:
det(A) = 1(2) + 2(1) = 2 + 2 = 4

Since det(A) = 4 ̸= 0, the vectors are linearly independent.
Answer: Yes, linearly independent

Solution. 14 Find the inverse of A =
[
2 1
5 3

]
using the adjugate formula.

Solution:
First, compute det(A):

det(A) = (2)(3) − (1)(5) = 6 − 5 = 1

Since det(A) ̸= 0, the matrix is invertible.
Compute the cofactors:

C11 = (−1)1+1(3) = 3
C12 = (−1)1+2(5) = −5
C21 = (−1)2+1(1) = −1
C22 = (−1)2+2(2) = 2

Cofactor matrix:
C =

[
3 −5

−1 2

]

Adjugate (transpose of cofactor matrix):

adj(A) = CT =
[

3 −1
−5 2

]

Inverse:
A−1 = 1

det(A)adj(A) = 1
1

[
3 −1

−5 2

]
=
[

3 −1
−5 2

]
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Verify:

AA−1 =
[
2 1
5 3

] [
3 −1

−5 2

]
=
[

6 − 5 −2 + 2
15 − 15 −5 + 6

]
=
[
1 0
0 1

]
✓

Answer: A−1 =
[

3 −1
−5 2

]

Solution. 15 For what value(s) of k is the matrix singular?

A =
[
k 2
3 k

]

Solution:
A matrix is singular if its determinant equals zero.

det(A) = k · k − (2)(3) = k2 − 6

Set equal to zero:
k2 − 6 = 0

k2 = 6

k = ±
√

6

Answer: k =
√

6 or k = −
√

6

Solution. 16 Prove that if A is a 2 × 2 matrix with det(A) = 1, then det(A100) = 1.
Solution:
Using the property that det(AB) = det(A) · det(B):

det(A100) = det(A · A · A · · · A︸ ︷︷ ︸
100 times

)

= det(A) · det(A) · det(A) · · · det(A) (100 times)
= [det(A)]100

= 1100

= 1

Alternatively, using the general property: det(An) = [det(A)]n for any positive integer n.
Therefore, det(A100) = [det(A)]100 = 1100 = 1. □

Answer: Proven.
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Challenge Problems
Solution. 17 Prove that det(AT ) = det(A) for any square matrix A.
Solution:
We’ll prove this using the cofactor expansion.

For a 2 × 2 matrix A =
[
a b

c d

]
:

det(A) = ad − bc

AT =
[
a c

b d

]

det(AT ) = ad − cb = ad − bc = det(A)✓

General proof (by induction):
Base case: Verified above for n = 2.
Inductive hypothesis: Assume det(BT ) = det(B) for all (n − 1) × (n − 1) matrices.
Inductive step: For an n × n matrix A, expand along row i:

det(A) =
n∑

j=1
aijCij

where Cij = (−1)i+jMij and Mij is the determinant of the (n − 1) × (n − 1) minor.
For AT , the entry in row j, column i is aij. Expand det(AT ) along column i:

det(AT ) =
n∑

j=1
aijC

′
ji

where C ′
ji is the cofactor of AT at position (j, i).

Key observation: The minor M ′
ji of AT at position (j, i) is the transpose of the minor Mij

of A at position (i, j).
By the inductive hypothesis: M ′

ji = det[(Mij)T ] = Mij

Also, the sign is the same: (−1)j+i = (−1)i+j

Therefore: C ′
ji = Cij

Thus:
det(AT ) =

n∑
j=1

aijCij = det(A)

By mathematical induction, det(AT ) = det(A) for all n × n matrices. □
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Answer: Proven.

Solution. 18 Show that if A has a row of zeros, then det(A) = 0.
Solution:
Suppose row i of matrix A consists entirely of zeros.
Expand the determinant along row i:

det(A) =
n∑

j=1
aijCij = ai1Ci1 + ai2Ci2 + · · · + ainCin

Since row i is all zeros: aij = 0 for all j.
Therefore:

det(A) = 0 · Ci1 + 0 · Ci2 + · · · + 0 · Cin = 0

□

Geometric interpretation: If one edge vector is the zero vector, the parallelepiped is
flat (has zero volume).
Answer: Proven.

Solution. 19 Prove that det(AB) = det(A) det(B) for 2 × 2 matrices by direct calculation.
Solution:

Let A =
[
a b

c d

]
and B =

[
e f

g h

]
.

Compute AB:

AB =
[
ae + bg af + bh

ce + dg cf + dh

]

Compute det(AB):

det(AB) = (ae + bg)(cf + dh) − (af + bh)(ce + dg)
= aecf + aedh + bgcf + bgdh − afce − afdg − bhce − bhdg

= aecf + aedh + bgcf + bgdh − acef − adfg − bceh − bdgh

Rearrange:

det(AB) = aedh + bgcf − adfg − bceh

= (ad − bc)(eh − fg)
= det(A) · det(B)
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Note: The intermediate terms aecf , acef cancel; bgdh, bdgh cancel.
Therefore, det(AB) = det(A) det(B). □

Answer: Proven by direct calculation.

Solution. 20 Compute the determinant:
∣∣∣∣∣∣∣∣∣∣
1 2 3 4
2 3 4 1
3 4 1 2
4 1 2 3

∣∣∣∣∣∣∣∣∣∣
Solution:
This matrix has a circular pattern. We’ll use row operations.
Let A be the original matrix. Perform R2 − 2R1:

1 2 3 4
0 −1 −2 −7
3 4 1 2
4 1 2 3



Perform R3 − 3R1: 
1 2 3 4
0 −1 −2 −7
0 −2 −8 −10
4 1 2 3


Perform R4 − 4R1: 

1 2 3 4
0 −1 −2 −7
0 −2 −8 −10
0 −7 −10 −13


Perform R3 − 2R2: 

1 2 3 4
0 −1 −2 −7
0 0 −4 4
0 −7 −10 −13


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Perform R4 − 7R2: 
1 2 3 4
0 −1 −2 −7
0 0 −4 4
0 0 4 36


Perform R4 + R3: 

1 2 3 4
0 −1 −2 −7
0 0 −4 4
0 0 0 40


The matrix is now upper triangular:

det(A) = (1)(−1)(−4)(40) = 160

Answer: 160

Solution. 21 A matrix A is called orthogonal if AT A = I. Prove that if A is orthogonal,
then det(A) = ±1.
Solution:
Given: AT A = I

Take the determinant of both sides:

det(AT A) = det(I)

Using the product property:
det(AT ) · det(A) = 1

Using the transpose property det(AT ) = det(A):

det(A) · det(A) = 1

[det(A)]2 = 1

det(A) = ±1

□

Geometric interpretation: Orthogonal matrices represent rotations and reflections,
which preserve volumes (up to sign). Rotations have det = +1 (preserve orientation),
while reflections have det = −1 (reverse orientation).
Answer: Proven.
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Solution. 22 Find all 2 × 2 matrices A such that det(A + I) = det(A) + det(I).
Solution:

Let A =
[
a b

c d

]
.

Then:
A + I =

[
a + 1 b

c d + 1

]

Compute the determinants:
det(A) = ad − bc

det(I) = 1

det(A + I) = (a + 1)(d + 1) − bc = ad + a + d + 1 − bc

The condition is:
det(A + I) = det(A) + det(I)

ad + a + d + 1 − bc = ad − bc + 1

a + d = 0

Therefore, all matrices with a + d = 0 (i.e., tr(A) = 0) satisfy the condition.
General form:

A =
[
a b

c −a

]

for any a, b, c ∈ R.
Examples: [

1 0
0 −1

]
,

[
2 3
5 −2

]
,

[
0 1
1 0

]

Answer: All matrices of the form
[
a b

c −a

]
where a, b, c ∈ R

Solution. 23 The determinant can be defined recursively. Prove that for an n × n matrix:

det(A) =
n∑

j=1
a1jC1j

is independent of which row or column is chosen for expansion (this is non-trivial!).
Solution:
This is a deep result that requires careful proof. We’ll outline the key ideas.
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Key property to prove: For any row i and any row k (i ̸= k):

n∑
j=1

aijC1j =
n∑

j=1
akjC1j

Wait, that’s not quite right. We need to show that expanding along different rows gives
the same result.
Correct statement: We need to prove that for any two rows i and k:

n∑
j=1

aijCij =
n∑

j=1
akjCkj

Proof sketch using properties:
The determinant satisfies these properties:

1. Multilinearity in rows

2. Alternating property (swapping rows changes sign)

3. Normalization: det(I) = 1

These three properties uniquely determine the determinant function. Any formula satisfy-
ing these properties must give the same result.
The cofactor expansion along row i satisfies all three properties:

• It’s linear in row i

• Swapping rows changes the signs of cofactors appropriately

• For I, expansion gives 1

Since the determinant is uniquely characterized by these properties, any row (or column)
expansion must give the same result.
Rigorous proof: Requires showing that:

n∑
j=1

aijCkj =

det(A) if i = k

0 if i ̸= k

The case i ̸= k corresponds to computing the determinant of a matrix with two identical
rows (which is zero).
This is typically proven using the uniqueness of the determinant function or through ex-
plicit calculation using permutations. □

Answer: Proven (sketch provided; full proof requires more advanced techniques).
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Solution. 24 Compute the determinant:
∣∣∣∣∣∣∣∣∣∣
1 1 1 1
1 2 3 4
1 3 6 10
1 4 10 20

∣∣∣∣∣∣∣∣∣∣
Solution:
Use row operations to simplify.
Perform R2 − R1, R3 − R1, R4 − R1: ∣∣∣∣∣∣∣∣∣∣

1 1 1 1
0 1 2 3
0 2 5 9
0 3 9 19

∣∣∣∣∣∣∣∣∣∣
Perform R3 − 2R2, R4 − 3R2: ∣∣∣∣∣∣∣∣∣∣

1 1 1 1
0 1 2 3
0 0 1 3
0 0 3 10

∣∣∣∣∣∣∣∣∣∣
Perform R4 − 3R3: ∣∣∣∣∣∣∣∣∣∣

1 1 1 1
0 1 2 3
0 0 1 3
0 0 0 1

∣∣∣∣∣∣∣∣∣∣
Now the matrix is upper triangular:

det(A) = (1)(1)(1)(1) = 1

Note: This matrix is related to Pascal’s triangle and combinatorial numbers. The pattern
in row 3 is (1, 3, 6, 10) which are triangular numbers.
Answer: 1



Solutions to Chapter 5: Vector Spaces

Basic Problems
Solution. 1 Determine if W = {(x, y, 0) : x, y ∈ R} is a subspace of R3.
Solution:
To verify W is a subspace, we check three conditions:
1. Contains zero vector:

0⃗ = (0, 0, 0) ∈ W (set x = 0, y = 0) ✓

2. Closed under addition: Let u⃗ = (x1, y1, 0) ∈ W and v⃗ = (x2, y2, 0) ∈ W .

u⃗ + v⃗ = (x1 + x2, y1 + y2, 0 + 0) = (x1 + x2, y1 + y2, 0) ∈ W ✓

The third component is still 0.
3. Closed under scalar multiplication: Let u⃗ = (x, y, 0) ∈ W and c ∈ R.

cu⃗ = c(x, y, 0) = (cx, cy, 0) ∈ W ✓

The third component is still 0.
Since all three conditions hold, W is a subspace of R3.
Geometric interpretation: W is the xy-plane.
Answer: Yes, W is a subspace.

Solution. 2 Is W = {(x, y) ∈ R2 : xy = 0} a subspace of R2?
Solution:
W consists of all points on the x-axis or the y-axis (where at least one coordinate is zero).
Check zero vector:

0⃗ = (0, 0) ⇒ (0)(0) = 0 ✓

So 0⃗ ∈ W .
Check closure under addition: Let u⃗ = (1, 0) ∈ W (on x-axis) and v⃗ = (0, 1) ∈ W (on

65
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y-axis).
u⃗ + v⃗ = (1, 1)

Check if (1, 1) ∈ W : Is (1)(1) = 0? No, 1 ̸= 0.
Therefore (1, 1) /∈ W , so W is not closed under addition. ×
W is not a subspace.
Geometric interpretation: The union of the two axes is not a subspace because adding
a vector from one axis to a vector from the other axis gives a vector not on either axis.
Answer: No, W is not a subspace.

Solution. 3 Determine if the vectors are linearly independent:[
1
2

]
,

[
3
6

]

Solution:

Check if c1

[
1
2

]
+ c2

[
3
6

]
=
[
0
0

]
has only the trivial solution.

Notice that the second vector is 3 times the first:[
3
6

]
= 3

[
1
2

]

Therefore:
−3

[
1
2

]
+ 1

[
3
6

]
=
[
−3
−6

]
+
[
3
6

]
=
[
0
0

]

This is a nontrivial solution (c1 = −3, c2 = 1), so the vectors are linearly dependent.
Answer: Linearly dependent

Solution. 4 Find Span



1
0
1

 ,


0
1
1


 and describe it geometrically.

Solution:
The span consists of all linear combinations:

Span =

c1


1
0
1

+ c2


0
1
1

 : c1, c2 ∈ R


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Any vector in the span has the form: 
c1

c2

c1 + c2


Let x = c1, y = c2, and z = c1 + c2 = x + y.
So the span is:

Span = {(x, y, z) ∈ R3 : z = x + y}

Geometric description: This is a plane through the origin with equation z = x + y (or
x + y − z = 0).
Answer: The plane z = x + y in R3

Solution. 5 Determine if {1, x, x2} is a basis for P2.
Solution:
We need to verify two properties: linear independence and spanning.
Linear independence: Consider c0 · 1 + c1 · x + c2 · x2 = 0 (the zero polynomial).
This means c0 + c1x + c2x

2 = 0 for all x.
For this to be true for all x, we must have c0 = c1 = c2 = 0.
Therefore, the polynomials are linearly independent. ✓

Spanning: Any polynomial p(x) ∈ P2 has the form p(x) = a0 + a1x + a2x
2.

We can write:
p(x) = a0 · 1 + a1 · x + a2 · x2

So every polynomial in P2 is a linear combination of {1, x, x2}. ✓

Since the set is linearly independent and spans P2, it is a basis.
Answer: Yes, this is a basis for P2 (the standard basis).

Solution. 6 Find the dimension of M2×3 (the space of 2 × 3 matrices).
Solution:
A general 2 × 3 matrix has the form: [

a b c

d e f

]

This has 6 entries, each of which can be chosen independently.
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A standard basis consists of the matrices with a single 1 and all other entries 0:

E11 =
[
1 0 0
0 0 0

]
, E12 =

[
0 1 0
0 0 0

]
, E13 =

[
0 0 1
0 0 0

]

E21 =
[
0 0 0
1 0 0

]
, E22 =

[
0 0 0
0 1 0

]
, E23 =

[
0 0 0
0 0 1

]

Any 2 × 3 matrix can be written as:[
a b c

d e f

]
= aE11 + bE12 + cE13 + dE21 + eE22 + fE23

This basis has 6 elements.
Answer: dim(M2×3) = 6
General formula: dim(Mm×n) = mn

Solution. 7 Is



1
1
0

 ,


1
0
1

 ,


0
1
1


 a basis for R3?

Solution:
Since dim(R3) = 3 and we have 3 vectors, we only need to check linear independence (or
spanning, but not both).
Form the matrix with these vectors as columns:

A =


1 1 0
1 0 1
0 1 1


Check if det(A) ̸= 0:
Expand along row 1:

det(A) = 1
∣∣∣∣∣0 1
1 1

∣∣∣∣∣− 1
∣∣∣∣∣1 1
0 1

∣∣∣∣∣+ 0
∣∣∣∣∣1 0
0 1

∣∣∣∣∣
= 1(0 − 1) − 1(1 − 0) + 0 = −1 − 1 = −2

Since det(A) = −2 ̸= 0, the vectors are linearly independent.
With 3 linearly independent vectors in R3, this is a basis. ✓

Answer: Yes, this is a basis for R3.
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Solution. 8 Find a basis for the null space of A =
[
1 2 3
0 0 0

]
.

Solution:
We need to solve Ax⃗ = 0⃗: [

1 2 3
0 0 0

] 
x1

x2

x3

 =
[
0
0

]

This gives the equation: x1 + 2x2 + 3x3 = 0
Solve for the leading variable: x1 = −2x2 − 3x3

Free variables: x2 and x3

General solution:

x⃗ =


−2x2 − 3x3

x2

x3

 = x2


−2
1
0

+ x3


−3
0
1


A basis for Nul(A) is: 


−2
1
0

 ,


−3
0
1




Verification:

A


−2
1
0

 =
[
−2 + 2 + 0

0

]
=
[
0
0

]
✓

Answer: Basis:



−2
1
0

 ,


−3
0
1




Intermediate Problems
Solution. 9 Find a basis for W = {(x, y, z, w) ∈ R4 : x + y = 0, z − w = 0}.
Solution:
The constraints are x + y = 0 and z − w = 0.
From these: y = −x and w = z

So any vector in W has the form:

(x, y, z, w) = (x, −x, z, z) = x(1, −1, 0, 0) + z(0, 0, 1, 1)
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Every vector in W is a linear combination of:

v⃗1 =


1

−1
0
0

 , v⃗2 =


0
0
1
1



These vectors are linearly independent (not scalar multiples of each other).

Basis:




1

−1
0
0

 ,


0
0
1
1




Dimension: dim(W ) = 2
Answer: Basis given above, dim(W ) = 2

Solution. 10 Determine if



1
2
3

 ,


4
5
6

 ,


7
8
9

 ,


1
0
1


 is linearly independent.

Solution:
We have 4 vectors in R3.
Since dim(R3) = 3, any set of more than 3 vectors in R3 must be linearly dependent (by a
fundamental theorem about dimension).
Therefore, these vectors are linearly dependent.
Alternative verification: Form the matrix with these as columns:

A =


1 4 7 1
2 5 8 0
3 6 9 1



This is a 3 × 4 matrix, so the system Ax⃗ = 0⃗ has at least one free variable (4 variables, at
most 3 pivots). Therefore, there exist nontrivial solutions, confirming linear dependence.
Answer: Linearly dependent

Solution. 11 Let B =
{[

1
2

]
,

[
3
5

]}
be a basis for R2. Find [v⃗]B where v⃗ =

[
7
16

]
.

Solution:
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We need to find c1, c2 such that:

v⃗ = c1

[
1
2

]
+ c2

[
3
5

]

This gives the system:

c1 + 3c2 = 7
2c1 + 5c2 = 16

From the first equation: c1 = 7 − 3c2

Substitute into the second:
2(7 − 3c2) + 5c2 = 16

14 − 6c2 + 5c2 = 16

−c2 = 2

c2 = −2

Then: c1 = 7 − 3(−2) = 7 + 6 = 13
Verify:

13
[
1
2

]
+ (−2)

[
3
5

]
=
[
13
26

]
+
[

−6
−10

]
=
[

7
16

]
✓

Answer: [v⃗]B =
[

13
−2

]

Solution. 12 Find a basis for the column space of:

A =


1 2 3 4
2 4 6 8
1 3 5 7


Solution:
Row reduce to identify pivot columns:
R2 − 2R1, R3 − R1: 

1 2 3 4
0 0 0 0
0 1 2 3


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Swap R2 and R3: 
1 2 3 4
0 1 2 3
0 0 0 0


Pivots are in columns 1 and 2.
A basis for Col(A) consists of the corresponding columns from the original matrix:

Basis:



1
2
1

 ,


2
4
3




Note: rank(A) = 2

Answer: Basis:



1
2
1

 ,


2
4
3




Solution. 13 Verify the Rank-Nullity Theorem for A =
[
1 2 3
4 5 6

]
.

Solution:
The Rank-Nullity Theorem states: rank(A) + nullity(A) = n (number of columns).
Here, n = 3.
Find rank:
Row reduce: [

1 2 3
4 5 6

]
R2−4R1−−−−→

[
1 2 3
0 −3 −6

]
− 1

3 R2−−−→
[
1 2 3
0 1 2

]

There are 2 pivots, so rank(A) = 2.
Find nullity:
From the RREF (continuing above):

[
1 2 3
0 1 2

]
R1−2R2−−−−→

[
1 0 −1
0 1 2

]

The system for Ax⃗ = 0⃗ is:

x1 − x3 = 0
x2 + 2x3 = 0

Free variable: x3
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General solution: x⃗ = x3


1

−2
1


Dimension of null space: nullity(A) = 1
Verify Rank-Nullity:

rank(A) + nullity(A) = 2 + 1 = 3 = n✓

Answer: Verified. rank(A) = 2, nullity(A) = 1, sum = 3.

Solution. 14 Find a basis for P2 consisting of polynomials that all satisfy p(1) = 0.
Solution:
We want polynomials p(x) = a0 + a1x + a2x

2 with p(1) = 0.
The condition p(1) = 0 means:

a0 + a1 + a2 = 0

So a0 = −a1 − a2.
Any such polynomial has the form:

p(x) = (−a1 − a2) + a1x + a2x
2 = a1(x − 1) + a2(x2 − 1)

The set of all such polynomials is:

W = Span{x − 1, x2 − 1}

Check that {x − 1, x2 − 1} is linearly independent:
If c1(x − 1) + c2(x2 − 1) = 0 for all x, then:

c2x
2 + c1x + (−c1 − c2) = 0

This requires: c2 = 0, c1 = 0, and −c1 − c2 = 0.
From the first two: c1 = c2 = 0. ✓

Note: This is a 2-dimensional subspace of P2 (which has dimension 3). We’ve imposed
one constraint, reducing dimension by 1.
Answer: Basis: {x − 1, x2 − 1} or equivalently {1 − x, 1 − x2}

Solution. 15 Extend



1
1
0

 ,


0
1
1


 to a basis for R3.
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Solution:
We need one more linearly independent vector. A systematic approach: try standard basis
vectors.

Try e⃗1 =


1
0
0

:

Check if



1
1
0

 ,


0
1
1

 ,


1
0
0


 is linearly independent.

Form the matrix:

A =


1 0 1
1 1 0
0 1 0


Compute determinant:

det(A) = 1
∣∣∣∣∣1 0
1 0

∣∣∣∣∣− 0 + 1
∣∣∣∣∣1 1
0 1

∣∣∣∣∣ = 1(0) + 1(1) = 1 ̸= 0

Since det(A) ̸= 0, the three vectors are linearly independent.

Answer:



1
1
0

 ,


0
1
1

 ,


1
0
0


 is a basis for R3.

Note: Many other choices work, such as adding


0
0
1

 instead.

Challenge Problems
Solution. 16 Prove that if {v⃗1, v⃗2, v⃗3} is linearly independent, then so is {v⃗1, v⃗1 + v⃗2, v⃗1 + v⃗2 +
v⃗3}.
Solution:
Let w⃗1 = v⃗1, w⃗2 = v⃗1 + v⃗2, w⃗3 = v⃗1 + v⃗2 + v⃗3.
Suppose c1w⃗1 + c2w⃗2 + c3w⃗3 = 0⃗.
Substitute:

c1v⃗1 + c2(v⃗1 + v⃗2) + c3(v⃗1 + v⃗2 + v⃗3) = 0⃗
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Expand:
c1v⃗1 + c2v⃗1 + c2v⃗2 + c3v⃗1 + c3v⃗2 + c3v⃗3 = 0⃗

Group by original vectors:

(c1 + c2 + c3)v⃗1 + (c2 + c3)v⃗2 + c3v⃗3 = 0⃗

Since {v⃗1, v⃗2, v⃗3} is linearly independent, the coefficients must all be zero:

c1 + c2 + c3 = 0 (5)
c2 + c3 = 0 (6)

c3 = 0 (7)

From equation (3): c3 = 0
Substitute into equation (2): c2 + 0 = 0, so c2 = 0
Substitute into equation (1): c1 + 0 + 0 = 0, so c1 = 0
Therefore, c1 = c2 = c3 = 0 is the only solution.
Thus, {w⃗1, w⃗2, w⃗3} is linearly independent. □

Answer: Proven.

Solution. 17 Let U and W be subspaces of a vector space V . Prove that U ∩ W is also a
subspace.
Solution:
To prove U ∩ W is a subspace, we verify the three subspace conditions:
1. Contains zero vector:
Since U is a subspace, 0⃗ ∈ U .
Since W is a subspace, 0⃗ ∈ W .
Therefore, 0⃗ ∈ U ∩ W . ✓

2. Closed under addition:
Let u⃗, v⃗ ∈ U ∩ W . This means u⃗, v⃗ ∈ U and u⃗, v⃗ ∈ W .
Since U is a subspace and u⃗, v⃗ ∈ U , we have u⃗ + v⃗ ∈ U .
Since W is a subspace and u⃗, v⃗ ∈ W , we have u⃗ + v⃗ ∈ W .
Therefore, u⃗ + v⃗ ∈ U ∩ W . ✓

3. Closed under scalar multiplication:
Let u⃗ ∈ U ∩ W and c ∈ R. This means u⃗ ∈ U and u⃗ ∈ W .
Since U is a subspace and u⃗ ∈ U , we have cu⃗ ∈ U .
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Since W is a subspace and u⃗ ∈ W , we have cu⃗ ∈ W .
Therefore, cu⃗ ∈ U ∩ W . ✓

Since all three conditions hold, U ∩ W is a subspace of V . □

Answer: Proven.

Solution. 18 Prove that U ∪ W is a subspace if and only if U ⊆ W or W ⊆ U .
Solution:
(⇐) If U ⊆ W or W ⊆ U , then U ∪ W is a subspace:
Case 1: If U ⊆ W , then U ∪ W = W , which is a subspace.
Case 2: If W ⊆ U , then U ∪ W = U , which is a subspace. ✓

(⇒) If U ∪ W is a subspace, then U ⊆ W or W ⊆ U :
We’ll prove the contrapositive: If U ̸⊆ W and W ̸⊆ U , then U ∪ W is not a subspace.
If U ̸⊆ W , there exists u⃗ ∈ U with u⃗ /∈ W .
If W ̸⊆ U , there exists w⃗ ∈ W with w⃗ /∈ U .
Consider u⃗ + w⃗:

• u⃗ ∈ U and w⃗ ∈ W , so u⃗ ∈ U ∪ W and w⃗ ∈ U ∪ W .

• But is u⃗ + w⃗ ∈ U ∪ W?

Suppose u⃗ + w⃗ ∈ U . Then:
w⃗ = (u⃗ + w⃗) − u⃗

Since U is a subspace, u⃗ + w⃗ ∈ U and u⃗ ∈ U implies w⃗ ∈ U .
But this contradicts our assumption that w⃗ /∈ U . ×
Similarly, suppose u⃗ + w⃗ ∈ W . Then:

u⃗ = (u⃗ + w⃗) − w⃗

Since W is a subspace, u⃗ + w⃗ ∈ W and w⃗ ∈ W implies u⃗ ∈ W .
But this contradicts our assumption that u⃗ /∈ W . ×
Therefore, u⃗ + w⃗ /∈ U and u⃗ + w⃗ /∈ W , so u⃗ + w⃗ /∈ U ∪ W .
This means U ∪ W is not closed under addition, so it’s not a subspace. □

Answer: Proven both directions.

Solution. 19 If dim(V ) = n and {v⃗1, . . . , v⃗n} spans V , prove that it’s a basis.
Solution:
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We’re given:

• dim(V ) = n

• {v⃗1, . . . , v⃗n} spans V

We need to prove that {v⃗1, . . . , v⃗n} is linearly independent (then it’s a basis).
Proof by contradiction:
Suppose the set is linearly dependent. Then one vector can be written as a linear combina-
tion of the others. Without loss of generality, assume:

v⃗n = c1v⃗1 + c2v⃗2 + · · · + cn−1v⃗n−1

This means {v⃗1, . . . , v⃗n−1} also spans V (we can replace v⃗n wherever it appears).
If this set is still linearly dependent, we can remove another vector, and so on.
Eventually, we obtain a linearly independent spanning set with fewer than n vectors. This
set is a basis for V .
But this contradicts dim(V ) = n, since all bases must have exactly n vectors. ×
Therefore, our assumption was wrong, and {v⃗1, . . . , v⃗n} must be linearly independent.
Since it’s linearly independent and spans V , it’s a basis. □

Answer: Proven.

Solution. 20 Let A be an m × n matrix. Prove that rank(A) = rank(AT ).
Solution:
Key insight: Row operations don’t change the row space, and they reveal the dimension
of the column space through pivot positions.
Let r = rank(A) = dimension of column space = number of pivot columns.
When we row reduce A to row echelon form, we get r nonzero rows. These r rows are
linearly independent and span the row space.
Therefore, the dimension of the row space of A is r.
Now consider AT :

• The rows of A become the columns of AT

• The row space of A becomes the column space of AT

• Therefore, rank(AT ) = dimension of column space of AT = dimension of row space of
A = r
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Thus, rank(A) = rank(AT ) = r. □

Alternative argument using rank-nullity:
For A (size m × n): rank(A) + nullity(A) = n

For AT (size n × m): rank(AT ) + nullity(AT ) = m

The dimension of the left null space of A equals nullity(AT ).
The dimension of the row space of A equals rank(AT ).
By the fundamental theorem of linear algebra, these are related such that rank(A) =
rank(AT ).
Answer: Proven.

Solution. 21 Find the dimension of the subspace of M3×3 consisting of all symmetric matri-
ces.
Solution:
A 3 × 3 symmetric matrix has the form:

A =


a b c

b d e

c e f


where aij = aji (symmetric across the diagonal).
The independent entries are: a, b, c, d, e, f (6 entries).
The diagonal has 3 entries, and above the diagonal has

(
3
2

)
= 3 entries.

Total: 3 + 3 = 6 independent entries.
A basis consists of the matrices with a single 1 in one position (and its symmetric posi-
tion), with all other entries 0:

E1 =


1 0 0
0 0 0
0 0 0

 , E2 =


0 1 0
1 0 0
0 0 0

 , E3 =


0 0 1
0 0 0
1 0 0



E4 =


0 0 0
0 1 0
0 0 0

 , E5 =


0 0 0
0 0 1
0 1 0

 , E6 =


0 0 0
0 0 0
0 0 1


Any symmetric 3 × 3 matrix can be written as:

A = aE1 + bE2 + cE3 + dE4 + eE5 + fE6
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General formula: For symmetric n × n matrices, the dimension is:

dim = n +
(

n

2

)
= n + n(n − 1)

2 = n(n + 1)
2

For n = 3: dim = 3·4
2 = 6

Answer: dim = 6

Solution. 22 Prove the Rank-Nullity Theorem: If A is m × n, then rank(A) + nullity(A) = n.
Solution:
Let r = rank(A) = number of pivot columns.
When we row reduce A, there are r pivot columns and n − r free variable columns.
For the column space:
The r pivot columns form a basis for Col(A).
Therefore, dim(Col(A)) = r = rank(A).
For the null space:
The general solution to Ax⃗ = 0⃗ has n − r free variables (one for each non-pivot column).
Each free variable contributes one vector to the basis of Nul(A).
Therefore, dim(Nul(A)) = n − r = nullity(A).
Conclusion:

rank(A) + nullity(A) = r + (n − r) = n

This completes the proof. □

Intuitive interpretation: The n columns of A divide into two groups:

• r pivot columns that contribute to the column space (independent)

• n − r free columns that contribute to the null space (dependencies)

Answer: Proven.

Solution. 23 Let V be the vector space of all polynomials. Show that V is infinite-dimensional.
Solution:
We’ll show that for any positive integer n, there exists a linearly independent set with
more than n elements.
Claim: The set {1, x, x2, x3, . . . , xk, . . .} (all monomials) is linearly independent.
Proof:
Consider any finite subset {1, x, x2, . . . , xn}.



80 Contents

Suppose c0 + c1x + c2x
2 + · · · + cnxn = 0 (the zero polynomial).

For this to be the zero polynomial, the polynomial must equal zero for all values of x.
The only way this can happen is if all coefficients are zero: c0 = c1 = c2 = · · · = cn = 0.
Therefore, any finite subset of monomials is linearly independent.
Conclusion:
Since we can find linearly independent sets with arbitrarily many elements (take {1, x, . . . , xn}
for any n), the space V cannot have a finite basis.
Therefore, V is infinite-dimensional. □

Contrast: Pn (polynomials of degree ≤ n) has dimension n + 1 (finite), but V (all polyno-
mials, no degree restriction) is infinite-dimensional.
Answer: Proven. V is infinite-dimensional.



Solutions to Chapter 6: Linear Transfor-
mations

Basic Problems

Solution. 1 Determine if T : R2 → R2 defined by T

([
x

y

])
=
[
2x + y

x − y

]
is linear.

Solution:
We need to verify both linearity conditions.
1. Additivity: T (u⃗ + v⃗) = T (u⃗) + T (v⃗)

Let u⃗ =
[
x1

y1

]
and v⃗ =

[
x2

y2

]
.

T (u⃗ + v⃗) = T

([
x1 + x2

y1 + y2

])

=
[
2(x1 + x2) + (y1 + y2)
(x1 + x2) − (y1 + y2)

]

=
[
2x1 + 2x2 + y1 + y2

x1 + x2 − y1 − y2

]

=
[
2x1 + y1

x1 − y1

]
+
[
2x2 + y2

x2 − y2

]
= T (u⃗) + T (v⃗) ✓

2. Homogeneity: T (cv⃗) = cT (v⃗)

81
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T

(
c

[
x

y

])
= T

([
cx

cy

])

=
[
2(cx) + (cy)
(cx) − (cy)

]

=
[
2cx + cy

cx − cy

]

= c

[
2x + y

x − y

]

= cT

([
x

y

])
✓

Both conditions hold, so T is linear.
Answer: Yes, T is linear.

Solution. 2 Find the standard matrix for T : R2 → R3 where:

T

([
x

y

])
=


x + 2y

3x

y − x


Solution:
The standard matrix has columns T (e⃗1) and T (e⃗2).
Find T (e⃗1):

T

([
1
0

])
=


1 + 2(0)

3(1)
0 − 1

 =


1
3

−1


Find T (e⃗2):

T

([
0
1

])
=


0 + 2(1)

3(0)
1 − 0

 =


2
0
1


The standard matrix is:

A =


1 2
3 0

−1 1


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Verification: 
1 2
3 0

−1 1


[
x

y

]
=


x + 2y

3x

−x + y

 ✓

Answer: A =


1 2
3 0

−1 1



Solution. 3 Find the matrix for rotation by 180ř in R2.
Solution:
The rotation matrix by angle θ is:

Rθ =
[
cos θ − sin θ

sin θ cos θ

]

For θ = 180ř:

cos(180ř) = −1
sin(180ř) = 0

Therefore:
R180ř =

[
−1 0
0 −1

]

Verification: This negates both coordinates, which is equivalent to rotating by 180ř
about the origin.

[
−1 0
0 −1

] [
x

y

]
=
[
−x

−y

]

Answer:
[
−1 0
0 −1

]

Solution. 4 What transformation does the matrix
[
2 0
0 2

]
represent?

Solution:
Apply this to a general vector: [

2 0
0 2

] [
x

y

]
=
[
2x

2y

]
= 2

[
x

y

]
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This multiplies every vector by 2, which is scaling by factor 2 (uniform scaling or dila-
tion).
Geometric effect: Every point moves twice as far from the origin along the same ray.
Answer: Uniform scaling by factor 2

Solution. 5 Find ker(T ) where T : R3 → R is defined by:

T



x

y

z


 = x + 2y − z

Solution:
The kernel consists of all vectors that map to zero:

ker(T ) =



x

y

z

 : x + 2y − z = 0


From the constraint: z = x + 2y

So any vector in ker(T ) has the form:
x

y

z

 =


x

y

x + 2y

 = x


1
0
1

+ y


0
1
2


Therefore:

ker(T ) = Span



1
0
1

 ,


0
1
2




Geometric interpretation: This is a plane through the origin in R3 with equation x +
2y − z = 0.

Answer: ker(T ) = Span



1
0
1

 ,


0
1
2


, which is a 2-dimensional plane

Solution. 6 Find the range of T : R2 → R2 with matrix A =
[
1 2
2 4

]
.

Solution:
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The range is the column space of A:

range(T ) = Span
{[

1
2

]
,

[
2
4

]}

Notice that the second column is twice the first:
[
2
4

]
= 2

[
1
2

]
So they’re linearly dependent, and:

range(T ) = Span
{[

1
2

]}

This is the line through the origin with direction vector
[
1
2

]
.

Parametric form: range(T ) =
{

t

[
1
2

]
: t ∈ R

}
Equation form: The line y = 2x.

Answer: range(T ) = Span
{[

1
2

]}
, the line y = 2x

Solution. 7 Is T : R2 → R3 defined by T

([
x

y

])
=


x

y

0

 one-to-one? Onto?

Solution:
The standard matrix is:

A =


1 0
0 1
0 0


One-to-one?
Check if ker(T ) = {⃗0} by solving Ax⃗ = 0⃗:

1 0
0 1
0 0


[
x

y

]
=


0
0
0


This gives: x = 0 and y = 0.
So ker(T ) = {⃗0}, and T is one-to-one. ✓

Onto?
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The range is:

range(T ) = Span



1
0
0

 ,


0
1
0




This is the xy-plane in R3 (2-dimensional).
Since range(T ) ̸= R3, T is not onto. ×

For example,


0
0
1

 is not in the range.

Answer: One-to-one: Yes. Onto: No.

Solution. 8 If T : R3 → R2 with dim(ker(T )) = 1, find dim(range(T )).
Solution:
Use the Rank-Nullity Theorem:

dim(ker(T )) + dim(range(T )) = dim(domain)

Here:
1 + dim(range(T )) = 3

Therefore:
dim(range(T )) = 2

Answer: dim(range(T )) = 2

Intermediate Problems
Solution. 9 Let T1 : R2 → R2 be rotation by 45ř and T2 : R2 → R2 be reflection across the
x-axis. Find the matrix for T1 ◦ T2 and T2 ◦ T1.
Solution:
Matrix for T1 (rotation by 45ř):

A =
[
cos(45ř) − sin(45ř)
sin(45ř) cos(45ř)

]
=
√

2
2 −

√
2

2√
2

2

√
2

2


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Matrix for T2 (reflection across x-axis):

B =
[
1 0
0 −1

]

For T1 ◦ T2 (reflect, then rotate):
The matrix is AB:

AB =
√

2
2 −

√
2

2√
2

2

√
2

2

 [1 0
0 −1

]
=
√

2
2

√
2

2√
2

2 −
√

2
2


For T2 ◦ T1 (rotate, then reflect):
The matrix is BA:

BA =
[
1 0
0 −1

] √
2

2 −
√

2
2√

2
2

√
2

2

 =
 √

2
2 −

√
2

2
−

√
2

2 −
√

2
2


Note: AB ̸= BA, so order matters!
Answers:

T1 ◦ T2 :
√

2
2

√
2

2√
2

2 −
√

2
2

 , T2 ◦ T1 :
 √

2
2 −

√
2

2
−

√
2

2 −
√

2
2



Solution. 10 Find a basis for ker(T ) and range(T ) where:

T



x

y

z


 =


x + y

2x + 2y

x + y − z


Solution:
The standard matrix is:

A =


1 1 0
2 2 0
1 1 −1


Find ker(T ):
Solve Ax⃗ = 0⃗. Row reduce:

1 1 0
2 2 0
1 1 −1

 R2−2R1,R3−R1−−−−−−−−−→


1 1 0
0 0 0
0 0 −1


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The equations are:

x + y = 0
−z = 0

So z = 0 and x = −y.

General solution:


x

y

z

 =


−y

y

0

 = y


−1
1
0



Basis for ker(T ):



−1
1
0




Find range(T ):
The range is the column space. From the row reduction, pivots are in columns 1 and 3.
Basis from original matrix:

Basis for range(T ) :



1
2
1

 ,


0
0

−1




Verify Rank-Nullity:

dim(ker(T )) + dim(range(T )) = 1 + 2 = 3 = dim(R3) ✓

Answers: ker(T ):



−1
1
0


; range(T ):



1
2
1

 ,


0
0

−1




Solution. 11 Prove that T : P2 → P2 defined by T (p(x)) = p(x) + p′(x) is linear.
Solution:
We need to verify the two linearity conditions.
1. Additivity:
Let p(x), q(x) ∈ P2.
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T (p(x) + q(x)) = (p(x) + q(x)) + (p(x) + q(x))′

= p(x) + q(x) + p′(x) + q′(x) (derivative is linear)
= [p(x) + p′(x)] + [q(x) + q′(x)]
= T (p(x)) + T (q(x)) ✓

2. Homogeneity:
Let p(x) ∈ P2 and c ∈ R.

T (cp(x)) = cp(x) + (cp(x))′

= cp(x) + cp′(x) (derivative property)
= c[p(x) + p′(x)]
= cT (p(x)) ✓

Both conditions hold, so T is linear. □

Answer: Proven.

Solution. 12 Show that the derivative operator D : P3 → P2 defined by D(p) = p′ is onto
but not one-to-one.
Solution:
Onto:
Let q(x) = a0 + a1x + a2x

2 ∈ P2 be arbitrary.
We need to find p(x) ∈ P3 such that D(p) = q.
Choose: p(x) = a0x + a1

2 x2 + a2
3 x3

Then:
D(p) = p′(x) = a0 + a1x + a2x

2 = q(x) ✓

Since every q ∈ P2 is the image of some p ∈ P3, D is onto. ✓

Not one-to-one:
Find ker(D): polynomials p(x) with p′(x) = 0.
If p(x) = a0 + a1x + a2x

2 + a3x
3, then:

p′(x) = a1 + 2a2x + 3a3x
2 = 0

This is the zero polynomial, so a1 = a2 = a3 = 0.
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Thus: p(x) = a0 (constant polynomials).

ker(D) = {a0 : a0 ∈ R} = Span{1}

Since ker(D) ̸= {⃗0}, D is not one-to-one. ×
Interpretation: Many different polynomials (differing by a constant) have the same
derivative.
Answer: Proven: onto but not one-to-one.

Solution. 13 Find all linear transformations T : R2 → R2 such that T

([
1
0

])
=
[
2
3

]
and

T

([
0
1

])
=
[
−1
4

]
.

Solution:
A linear transformation from R2 to R2 is completely determined by where it sends the
standard basis vectors.
Since T (e⃗1) and T (e⃗2) are specified, there is exactly one such transformation.
The standard matrix is:

A = [T (e⃗1) T (e⃗2)] =
[
2 −1
3 4

]

Therefore:
T

([
x

y

])
=
[
2 −1
3 4

] [
x

y

]
=
[

2x − y

3x + 4y

]

This is the unique linear transformation satisfying the given conditions.

Answer: T

([
x

y

])
=
[

2x − y

3x + 4y

]
(unique solution)

Solution. 14 Let T : R3 → R3 have matrix A =


1 2 3
0 1 4
0 0 1

. Is T an isomorphism?

Solution:
For T to be an isomorphism, it must be both one-to-one and onto.
Since the domain and codomain have the same dimension (both R3), we only need to
check one condition.
Check one-to-one:
T is one-to-one if ker(T ) = {⃗0}, which happens if the columns of A are linearly indepen-
dent.
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We can check this using the determinant:

det(A) = (1)(1)(1) = 1 ̸= 0

(For upper triangular matrices, the determinant is the product of diagonal entries.)
Since det(A) ̸= 0, the matrix is invertible, so its columns are linearly independent.
Therefore, T is one-to-one. ✓

Conclusion:
For a transformation from Rn to Rn:

one-to-one ⇔ onto ⇔ isomorphism

Since T is one-to-one, it’s also onto, so T is an isomorphism. ✓

Answer: Yes, T is an isomorphism.

Solution. 15 Find the matrix for projection onto the line y = 2x in R2.
Solution:

The line y = 2x has direction vector v⃗ =
[
1
2

]
.

The projection of vector x⃗ onto v⃗ is:

projv⃗(x⃗) = x⃗ · v⃗

v⃗ · v⃗
v⃗

For x⃗ =
[
x

y

]
and v⃗ =

[
1
2

]
:

x⃗ · v⃗ = x + 2y

v⃗ · v⃗ = 1 + 4 = 5

Therefore:
projv⃗(x⃗) = x + 2y

5

[
1
2

]
=
[

x+2y
5

2(x+2y)
5

]
=
[

x+2y
5

2x+4y
5

]

The projection matrix is:

P = 1
5

[
1 2
2 4

]
=
[1

5
2
5

2
5

4
5

]
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General formula: For projection onto line with direction v⃗:

P = v⃗v⃗T

v⃗T v⃗

Answer: P =
[1

5
2
5

2
5

4
5

]

Challenge Problems
Solution. 16 Prove that if T : V → W is linear and one-to-one, then T maps linearly
independent sets to linearly independent sets.
Solution:
Let {v⃗1, v⃗2, . . . , v⃗n} be linearly independent in V .
We need to show that {T (v⃗1), T (v⃗2), . . . , T (v⃗n)} is linearly independent in W .
Suppose:

c1T (v⃗1) + c2T (v⃗2) + · · · + cnT (v⃗n) = 0⃗

By linearity of T :
T (c1v⃗1 + c2v⃗2 + · · · + cnv⃗n) = 0⃗

Since T is one-to-one, ker(T ) = {⃗0}.
Therefore:

c1v⃗1 + c2v⃗2 + · · · + cnv⃗n = 0⃗

Since {v⃗1, . . . , v⃗n} is linearly independent, we must have:

c1 = c2 = · · · = cn = 0

This proves that {T (v⃗1), . . . , T (v⃗n)} is linearly independent. □

Answer: Proven.

Solution. 17 Let T : V → W be linear. Prove that T is one-to-one if and only if the only
solution to T (v⃗) = 0⃗ is v⃗ = 0⃗.
Solution:
This is equivalent to proving: T is one-to-one ⇔ ker(T ) = {⃗0}.
(⇒) If T is one-to-one, then ker(T ) = {⃗0}:
We know that T (⃗0) = 0⃗ (property of linear transformations).
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Suppose v⃗ ∈ ker(T ), so T (v⃗) = 0⃗.
Since T (v⃗) = 0⃗ = T (⃗0) and T is one-to-one, we must have v⃗ = 0⃗.
Therefore, ker(T ) = {⃗0}. ✓

(⇐) If ker(T ) = {⃗0}, then T is one-to-one:
Suppose T (u⃗) = T (v⃗) for some u⃗, v⃗ ∈ V .
Then:

T (u⃗) − T (v⃗) = 0⃗

By linearity:
T (u⃗ − v⃗) = 0⃗

So u⃗ − v⃗ ∈ ker(T ).
Since ker(T ) = {⃗0}, we have u⃗ − v⃗ = 0⃗, which means u⃗ = v⃗.
Therefore, T is one-to-one. ✓

This completes the proof. □

Answer: Proven both directions.

Solution. 18 Prove the Rank-Nullity Theorem: If T : V → W is linear with dim(V ) = n,
then:

dim(ker(T )) + dim(range(T )) = n

Solution:
Let k = dim(ker(T )) and let {v⃗1, . . . , v⃗k} be a basis for ker(T ).
By the extension theorem, we can extend this to a basis for all of V :

{v⃗1, . . . , v⃗k, w⃗1, . . . , w⃗n−k}

This is a basis for V with n vectors.
Claim: {T (w⃗1), . . . , T (w⃗n−k)} is a basis for range(T ).
Proof of spanning:
Let y⃗ ∈ range(T ), so y⃗ = T (x⃗) for some x⃗ ∈ V .
Since {v⃗1, . . . , v⃗k, w⃗1, . . . , w⃗n−k} is a basis for V :

x⃗ = c1v⃗1 + · · · + ckv⃗k + d1w⃗1 + · · · + dn−kw⃗n−k
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Apply T :

y⃗ = T (x⃗) = c1T (v⃗1) + · · · + ckT (v⃗k) + d1T (w⃗1) + · · · + dn−kT (w⃗n−k)
= c10⃗ + · · · + ck0⃗ + d1T (w⃗1) + · · · + dn−kT (w⃗n−k)
= d1T (w⃗1) + · · · + dn−kT (w⃗n−k)

So {T (w⃗1), . . . , T (w⃗n−k)} spans range(T ). ✓

Proof of independence:
Suppose:

d1T (w⃗1) + · · · + dn−kT (w⃗n−k) = 0⃗

By linearity:
T (d1w⃗1 + · · · + dn−kw⃗n−k) = 0⃗

So d1w⃗1 + · · · + dn−kw⃗n−k ∈ ker(T ).
Therefore, it can be written as a linear combination of {v⃗1, . . . , v⃗k}:

d1w⃗1 + · · · + dn−kw⃗n−k = c1v⃗1 + · · · + ckv⃗k

Rearranging:
c1v⃗1 + · · · + ckv⃗k − d1w⃗1 − · · · − dn−kw⃗n−k = 0⃗

Since {v⃗1, . . . , v⃗k, w⃗1, . . . , w⃗n−k} is linearly independent, all coefficients must be zero:

c1 = · · · = ck = d1 = · · · = dn−k = 0

Therefore, {T (w⃗1), . . . , T (w⃗n−k)} is linearly independent. ✓

Conclusion:
{T (w⃗1), . . . , T (w⃗n−k)} is a basis for range(T ) with n − k vectors.
Therefore:

dim(range(T )) = n − k

Rearranging:
k + (n − k) = n

dim(ker(T )) + dim(range(T )) = n

This completes the proof. □

Answer: Proven.
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Solution. 19 Show that composition of linear transformations is associative: (T3 ◦ T2) ◦ T1 =
T3 ◦ (T2 ◦ T1).
Solution:
Let T1 : U → V , T2 : V → W , and T3 : W → X be linear transformations.
We need to show that for any u⃗ ∈ U :

[(T3 ◦ T2) ◦ T1](u⃗) = [T3 ◦ (T2 ◦ T1)](u⃗)

Left side:

[(T3 ◦ T2) ◦ T1](u⃗) = (T3 ◦ T2)[T1(u⃗)]
= T3[T2(T1(u⃗))]

Right side:

[T3 ◦ (T2 ◦ T1)](u⃗) = T3[(T2 ◦ T1)(u⃗)]
= T3[T2(T1(u⃗))]

Both expressions equal T3[T2(T1(u⃗))], so they’re equal.
Therefore, composition is associative. □

Connection to matrices: This corresponds to the associativity of matrix multiplication:
(AB)C = A(BC).
Answer: Proven.

Solution. 20 Let T : Rn → Rn be linear. Prove that T is onto if and only if T is one-to-
one.
Solution:
Setup: Let A be the standard matrix for T .
Since the domain and codomain have the same dimension n, we can use the Rank-Nullity
Theorem:

dim(ker(T )) + dim(range(T )) = n

(⇒) If T is onto, then T is one-to-one:
If T is onto, then range(T ) = Rn, so dim(range(T )) = n.
By Rank-Nullity:

dim(ker(T )) + n = n

Therefore, dim(ker(T )) = 0, which means ker(T ) = {⃗0}.
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So T is one-to-one. ✓

(⇐) If T is one-to-one, then T is onto:
If T is one-to-one, then ker(T ) = {⃗0}, so dim(ker(T )) = 0.
By Rank-Nullity:

0 + dim(range(T )) = n

Therefore, dim(range(T )) = n.
Since range(T ) is a subspace of Rn with dimension n, we have range(T ) = Rn.
So T is onto. ✓

This completes the proof. □

Note: This theorem is special to transformations where domain and codomain have the
same dimension. It’s not true in general (see Problem 7).
Answer: Proven.

Solution. 21 Find the matrix for reflection across the line y = mx in R2.
Solution:

The line y = mx has direction vector v⃗ =
[

1
m

]
.

For reflection across a line through the origin, we use the formula:

R = 2P − I

where P is the projection matrix onto the line and I is the identity.
Find projection matrix:

P = v⃗v⃗T

v⃗T v⃗
= 1

1 + m2

[
1
m

] [
1 m

]
= 1

1 + m2

[
1 m

m m2

]



Contents 97

Compute reflection:

R = 2P − I

= 2
1 + m2

[
1 m

m m2

]
−
[
1 0
0 1

]

= 1
1 + m2

[
2 2m

2m 2m2

]
−
[
1 0
0 1

]

= 1
1 + m2

[
2 − (1 + m2) 2m

2m 2m2 − (1 + m2)

]

= 1
1 + m2

[
1 − m2 2m

2m m2 − 1

]

Wait, let me recalculate:

R = 1
1 + m2

[
2 2m

2m 2m2

]
− 1 + m2

1 + m2

[
1 0
0 1

]

= 1
1 + m2

[[
2 2m

2m 2m2

]
−
[
1 + m2 0

0 1 + m2

]]

= 1
1 + m2

[
2 − (1 + m2) 2m

2m 2m2 − (1 + m2)

]

= 1
1 + m2

[
1 − m2 2m

2m 2m2 − 1 − m2

]

= 1
1 + m2

[
1 − m2 2m

2m m2 − 1

]

Special case: For m = 1 (line y = x):

R = 1
2

[
0 2
2 0

]
=
[
0 1
1 0

]

This swaps x and y, which is correct for reflection across y = x. ✓

Answer: R = 1
1+m2

[
1 − m2 2m

2m m2 − 1

]

Solution. 22 Prove that if V and W are finite-dimensional vector spaces with dim(V ) =
dim(W ), then V and W are isomorphic.
Solution:
Let n = dim(V ) = dim(W ).
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Let {v⃗1, . . . , v⃗n} be a basis for V and {w⃗1, . . . , w⃗n} be a basis for W .
Define transformation:
Define T : V → W by specifying where it sends the basis vectors:

T (v⃗i) = w⃗i for i = 1, . . . , n

For any v⃗ ∈ V , we can write uniquely:

v⃗ = c1v⃗1 + · · · + cnv⃗n

Define:
T (v⃗) = c1w⃗1 + · · · + cnw⃗n

Prove T is linear:
This follows from the construction: T is defined by its action on a basis and extended
linearly.
Prove T is one-to-one:
Suppose T (v⃗) = 0⃗.
Then c1w⃗1 + · · · + cnw⃗n = 0⃗.
Since {w⃗1, . . . , w⃗n} is linearly independent, c1 = · · · = cn = 0.
Therefore, v⃗ = 0⃗, so ker(T ) = {⃗0} and T is one-to-one. ✓

Prove T is onto:
Let w⃗ ∈ W . Write:

w⃗ = d1w⃗1 + · · · + dnw⃗n

Let v⃗ = d1v⃗1 + · · · + dnv⃗n ∈ V .
Then:

T (v⃗) = d1T (v⃗1) + · · · + dnT (v⃗n) = d1w⃗1 + · · · + dnw⃗n = w⃗

So every w⃗ ∈ W is the image of some v⃗ ∈ V , and T is onto. ✓

Conclusion:
Since T is both one-to-one and onto, it’s an isomorphism, so V and W are isomorphic. □

Answer: Proven.

Solution. 23 Let T : V → W be an isomorphism. Prove that T −1 : W → V is also a linear
transformation.
Solution:
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Since T is an isomorphism, it’s one-to-one and onto, so T −1 exists as a function.
We need to prove T −1 is linear.
1. Additivity:
Let w⃗1, w⃗2 ∈ W .
We need to show: T −1(w⃗1 + w⃗2) = T −1(w⃗1) + T −1(w⃗2)
Let v⃗1 = T −1(w⃗1) and v⃗2 = T −1(w⃗2).
Then T (v⃗1) = w⃗1 and T (v⃗2) = w⃗2.
Since T is linear:

T (v⃗1 + v⃗2) = T (v⃗1) + T (v⃗2) = w⃗1 + w⃗2

Applying T −1 to both sides:
v⃗1 + v⃗2 = T −1(w⃗1 + w⃗2)

But v⃗1 + v⃗2 = T −1(w⃗1) + T −1(w⃗2).
Therefore:

T −1(w⃗1 + w⃗2) = T −1(w⃗1) + T −1(w⃗2) ✓

2. Homogeneity:
Let w⃗ ∈ W and c ∈ R.
We need to show: T −1(cw⃗) = cT −1(w⃗)
Let v⃗ = T −1(w⃗), so T (v⃗) = w⃗.
Since T is linear:

T (cv⃗) = cT (v⃗) = cw⃗

Applying T −1 to both sides:
cv⃗ = T −1(cw⃗)

But cv⃗ = cT −1(w⃗).
Therefore:

T −1(cw⃗) = cT −1(w⃗) ✓

Since both conditions hold, T −1 is linear. □

Answer: Proven.
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Solutions to Chapter 7 Practice Problems

Basic Problems

Problem 1. Determine if v⃗ =
[
2
3

]
is an eigenvector of A =

[
1 2
3 2

]
. If so, find the eigen-

value.
Solution: Compute Av⃗:

Av⃗ =
[
1 2
3 2

] [
2
3

]
=
[
1(2) + 2(3)
3(2) + 2(3)

]
=
[

8
12

]

Check if this is a scalar multiple of v⃗: [
8
12

]
= k

[
2
3

]

This requires 8 = 2k and 12 = 3k, which gives k = 4 in both cases.

Therefore, v⃗ =
[
2
3

]
is an eigenvector with eigenvalue λ = 4.

Problem 2. Find the eigenvalues of each matrix:

(a) A =
[
5 0
0 −3

]
Solution: This is a diagonal matrix, so the eigenvalues are the diagonal entries: λ1 = 5
and λ2 = −3.

(b) B =
[
2 1
0 2

]
Solution: Form the characteristic equation:

det(B − λI) = det
[
2 − λ 1

0 2 − λ

]
= (2 − λ)2 = 0

Therefore, λ = 2 with algebraic multiplicity 2.

(c) C =
[

0 1
−1 0

]
Solution:

det(C − λI) = det
[
−λ 1
−1 −λ

]
= λ2 + 1 = 0
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This gives λ2 = −1, so λ = ±i. The eigenvalues are λ1 = i and λ2 = −i (complex
eigenvalues).

Problem 3. For A =
[
3 2
2 0

]
:

(a) Find the characteristic polynomial
Solution:

det(A − λI) = det
[
3 − λ 2

2 −λ

]
= (3 − λ)(−λ) − (2)(2)
= −3λ + λ2 − 4
= λ2 − 3λ − 4

The characteristic polynomial is p(λ) = λ2 − 3λ − 4.
(b) Find all eigenvalues
Solution: Factor the characteristic polynomial:

λ2 − 3λ − 4 = (λ − 4)(λ + 1) = 0

The eigenvalues are λ1 = 4 and λ2 = −1.
(c) Find an eigenvector for each eigenvalue
Solution:
For λ1 = 4:

(A − 4I)v⃗ =
[
−1 2
2 −4

] [
v1

v2

]
=
[
0
0

]

This gives −v1 + 2v2 = 0, so v1 = 2v2. Choosing v2 = 1:

v⃗1 =
[
2
1

]

For λ2 = −1:

(A + I)v⃗ =
[
4 2
2 1

] [
v1

v2

]
=
[
0
0

]

This gives 4v1 + 2v2 = 0, so v2 = −2v1. Choosing v1 = 1:

v⃗2 =
[

1
−2

]
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Problem 4. Find the eigenvalues and eigenvectors of A =
[
4 −2
1 1

]
.

Solution: Characteristic equation:

det(A − λI) = det
[
4 − λ −2

1 1 − λ

]
= (4 − λ)(1 − λ) − (−2)(1)
= 4 − 4λ − λ + λ2 + 2
= λ2 − 5λ + 6
= (λ − 2)(λ − 3) = 0

Eigenvalues: λ1 = 2 and λ2 = 3.
For λ1 = 2:

(A − 2I)v⃗ =
[
2 −2
1 −1

] [
v1

v2

]
=
[
0
0

]

This gives v1 = v2. Eigenvector: v⃗1 =
[
1
1

]
.

For λ2 = 3:

(A − 3I)v⃗ =
[
1 −2
1 −2

] [
v1

v2

]
=
[
0
0

]

This gives v1 = 2v2. Eigenvector: v⃗2 =
[
2
1

]
.

Problem 5. Let A =


1 0 0
0 2 1
0 0 2

. Find the eigenvalues and their algebraic multiplicities.

Solution: This is an upper triangular matrix, so the eigenvalues are the diagonal entries:

det(A − λI) = (1 − λ)(2 − λ)2 = 0

Eigenvalues:

• λ1 = 1 with algebraic multiplicity 1

• λ2 = 2 with algebraic multiplicity 2

Problem 6. Determine if A =
[
1 2
2 1

]
is diagonalizable. If so, find matrices P and D such
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that A = PDP −1.
Solution: Find eigenvalues:

det(A − λI) = (1 − λ)2 − 4
= 1 − 2λ + λ2 − 4
= λ2 − 2λ − 3
= (λ − 3)(λ + 1) = 0

Eigenvalues: λ1 = 3 and λ2 = −1 (two distinct eigenvalues, so A is diagonalizable).
For λ1 = 3:

(A − 3I)v⃗ =
[
−2 2
2 −2

] [
v1

v2

]
= 0⃗

This gives v1 = v2. Eigenvector: v⃗1 =
[
1
1

]
.

For λ2 = −1:

(A + I)v⃗ =
[
2 2
2 2

] [
v1

v2

]
= 0⃗

This gives v1 = −v2. Eigenvector: v⃗2 =
[

1
−1

]
.

Therefore:
P =

[
1 1
1 −1

]
, D =

[
3 0
0 −1

]

Problem 7. If A =
[
2 0
0 3

]
, compute A10 using diagonalization.

Solution: Since A is already diagonal with eigenvalues λ1 = 2 and λ2 = 3:

A10 =
[
210 0
0 310

]
=
[
1024 0

0 59049

]

Problem 8. Show that if λ is an eigenvalue of A, then λ2 is an eigenvalue of A2.
Solution: If λ is an eigenvalue of A, there exists a nonzero vector v⃗ such that:

Av⃗ = λv⃗
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Multiply both sides by A:

A(Av⃗) = A(λv⃗) = λ(Av⃗) = λ(λv⃗) = λ2v⃗

Therefore:
A2v⃗ = λ2v⃗

This shows that v⃗ is an eigenvector of A2 with eigenvalue λ2.

Intermediate Problems

Problem 9. For A =


1 1 0
0 2 2
0 0 3

, find all eigenvalues and a basis for each eigenspace.

Solution: Since A is upper triangular, the eigenvalues are the diagonal entries: λ1 = 1,
λ2 = 2, λ3 = 3 (all with algebraic multiplicity 1).
For λ1 = 1:

(A − I)v⃗ =


0 1 0
0 1 2
0 0 2



v1

v2

v3

 = 0⃗

From the third equation: 2v3 = 0 ⇒ v3 = 0. From the second equation: v2 + 2v3 = 0 ⇒ v2 =
0. v1 is free.

Basis for E1:



1
0
0




For λ2 = 2:

(A − 2I)v⃗ =


−1 1 0
0 0 2
0 0 1



v1

v2

v3

 = 0⃗

From the third equation: v3 = 0. From the first equation: −v1 + v2 = 0 ⇒ v2 = v1.

Basis for E2:



1
1
0



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For λ3 = 3:

(A − 3I)v⃗ =


−2 1 0
0 −1 2
0 0 0



v1

v2

v3

 = 0⃗

From the second equation: −v2 + 2v3 = 0 ⇒ v2 = 2v3. From the first equation: −2v1 + v2 =
0 ⇒ v1 = v2

2 = v3.
Choosing v3 = 1: v1 = 1, v2 = 2, v3 = 1.

Basis for E3:



1
2
1




Problem 10. Diagonalize A =
[

7 2
−2 3

]
and use it to compute A5.

Solution: Find eigenvalues:

det(A − λI) = (7 − λ)(3 − λ) − (−2)(2)
= 21 − 7λ − 3λ + λ2 + 4
= λ2 − 10λ + 25
= (λ − 5)2 = 0

So λ = 5 with algebraic multiplicity 2.
For λ = 5:

(A − 5I)v⃗ =
[

2 2
−2 −2

] [
v1

v2

]
= 0⃗

This gives v1 = −v2. We can find two linearly independent eigenvectors: v⃗1 =
[

1
−1

]
and

v⃗2 =
[
1
1

]
.

Wait, let me check: (A − 5I)
[
1
1

]
=
[

4
−4

]
̸= 0⃗.

Let me recalculate. The eigenspace is one-dimensional with basis
{[

1
−1

]}
. Since the geo-

metric multiplicity is 1 but algebraic multiplicity is 2, this matrix is NOT diagonalizable.
However, we can still compute A5 directly or using other methods. Let’s compute it di-
rectly:

A2 =
[

7 2
−2 3

] [
7 2

−2 3

]
=
[

45 20
−20 5

]
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This becomes tedious. The matrix is actually not diagonalizable, so we cannot use the
diagonalization method as stated in the problem.
Note: This problem as stated cannot be solved using diagonalization since the matrix is not
diagonalizable. The geometric multiplicity (1) is less than the algebraic multiplicity (2).

Problem 11. Let A =


0 1 0
0 0 1
1 0 0

. Find the eigenvalues and show that A is diagonalizable.

Solution: Find the characteristic polynomial:

det(A − λI) = det


−λ 1 0
0 −λ 1
1 0 −λ


Expanding along the first row:

= −λ det
[
−λ 1
0 −λ

]
− 1 det

[
0 1
1 −λ

]
= −λ(λ2) − 1(−1)
= −λ3 + 1
= −(λ3 − 1)
= −(λ − 1)(λ2 + λ + 1)

The eigenvalues are:

• λ1 = 1

• λ2 = −1+i
√

3
2 = e2πi/3 (complex)

• λ3 = −1−i
√

3
2 = e−2πi/3 (complex)

Since we have three distinct eigenvalues for a 3 × 3 matrix, A is diagonalizable (over the
complex numbers).

Problem 12. Prove that if A is invertible and λ is an eigenvalue of A, then 1
λ

is an eigen-
value of A−1.
Solution: If λ is an eigenvalue of A, then there exists a nonzero vector v⃗ such that:

Av⃗ = λv⃗
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Since A is invertible, multiply both sides by A−1:

v⃗ = λA−1v⃗

Dividing both sides by λ (note: λ ̸= 0 since A is invertible):

1
λ

v⃗ = A−1v⃗

This shows that v⃗ is an eigenvector of A−1 with eigenvalue 1
λ
.

Problem 13. Show that the trace of a matrix (sum of diagonal entries) equals the sum of
its eigenvalues, and the determinant equals the product of its eigenvalues.
Solution: Let A be an n × n matrix with characteristic polynomial:

p(λ) = det(A − λI)

This is a polynomial of degree n that can be written as:

p(λ) = (−1)n(λ − λ1)(λ − λ2) · · · (λ − λn)

where λ1, λ2, . . . , λn are the eigenvalues (counting multiplicity).
Expanding this:

p(λ) = (−1)n[λn − (λ1 + λ2 + · · · + λn)λn−1 + · · · + (−1)nλ1λ2 · · · λn]

Now, let’s compute det(A − λI) directly. For a 2 × 2 matrix A =
[
a b

c d

]
:

det(A − λI) = det
[
a − λ b

c d − λ

]
= (a − λ)(d − λ) − bc

= ad − (a + d)λ + λ2 − bc = λ2 − (a + d)λ + (ad − bc)

Comparing coefficients:

• Coefficient of λ: −(a + d) = −(λ1 + λ2), so tr(A) = a + d = λ1 + λ2

• Constant term: ad − bc = λ1λ2, and we know det(A) = ad − bc

This generalizes to n × n matrices:

• tr(A) = ∑n
i=1 λi
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• det(A) = ∏n
i=1 λi

Problem 14. Find the eigenvalues and eigenvectors of A =
[

2 −1
−1 2

]
and orthogonally

diagonalize it.
Solution: Find eigenvalues:

det(A − λI) = (2 − λ)2 − 1
= 4 − 4λ + λ2 − 1
= λ2 − 4λ + 3
= (λ − 3)(λ − 1) = 0

Eigenvalues: λ1 = 3 and λ2 = 1.
For λ1 = 3:

(A − 3I)v⃗ =
[
−1 −1
−1 −1

] [
v1

v2

]
= 0⃗

This gives v1 = −v2. Eigenvector: v⃗1 =
[

1
−1

]
.

For λ2 = 1:

(A − I)v⃗ =
[

1 −1
−1 1

] [
v1

v2

]
= 0⃗

This gives v1 = v2. Eigenvector: v⃗2 =
[
1
1

]
.

Verify orthogonality: v⃗1 · v⃗2 = (1)(1) + (−1)(1) = 0 ✓

Normalize the eigenvectors:

u⃗1 = 1√
2

[
1

−1

]
, u⃗2 = 1√

2

[
1
1

]

Orthogonal diagonalization:

Q = 1√
2

[
1 1

−1 1

]
, D =

[
3 0
0 1

]

and A = QDQT .

Problem 15. Suppose A has eigenvalues λ1 = 3 and λ2 = −1 with corresponding eigen-



Contents 109

vectors v⃗1 =
[
1
1

]
and v⃗2 =

[
1

−1

]
. Find A100

[
5
3

]
.

Solution: First, express
[
5
3

]
as a linear combination of the eigenvectors:

[
5
3

]
= c1

[
1
1

]
+ c2

[
1

−1

]

This gives:

c1 + c2 = 5
c1 − c2 = 3

Adding: 2c1 = 8 ⇒ c1 = 4. Subtracting: 2c2 = 2 ⇒ c2 = 1.

So
[
5
3

]
= 4v⃗1 + 1v⃗2.

Now:

A100
[
5
3

]
= A100(4v⃗1 + v⃗2)

= 4A100v⃗1 + A100v⃗2

= 4λ100
1 v⃗1 + λ100

2 v⃗2

= 4(3)100
[
1
1

]
+ (−1)100

[
1

−1

]

= 4 · 3100
[
1
1

]
+
[

1
−1

]

=
[
4 · 3100 + 1
4 · 3100 − 1

]

Problem 16. Solve the system of differential equations:

d

dt

[
x

y

]
=
[
1 2
2 1

] [
x

y

]
,

[
x(0)
y(0)

]
=
[
2
0

]

Solution: Let A =
[
1 2
2 1

]
.
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Find eigenvalues:

det(A − λI) = (1 − λ)2 − 4
= 1 − 2λ + λ2 − 4
= λ2 − 2λ − 3
= (λ − 3)(λ + 1) = 0

Eigenvalues: λ1 = 3 and λ2 = −1.
For λ1 = 3:

(A − 3I)v⃗ =
[
−2 2
2 −2

] [
v1

v2

]
= 0⃗

Eigenvector: v⃗1 =
[
1
1

]
.

For λ2 = −1:

(A + I)v⃗ =
[
2 2
2 2

] [
v1

v2

]
= 0⃗

Eigenvector: v⃗2 =
[

1
−1

]
.

General solution: [
x(t)
y(t)

]
= c1e

3t

[
1
1

]
+ c2e

−t

[
1

−1

]

Apply initial condition: [
2
0

]
= c1

[
1
1

]
+ c2

[
1

−1

]

This gives:

c1 + c2 = 2
c1 − c2 = 0

So c1 = c2 = 1.
Solution: [

x(t)
y(t)

]
= e3t

[
1
1

]
+ e−t

[
1

−1

]
=
[
e3t + e−t

e3t − e−t

]
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Challenge Problems
Problem 17. Prove that eigenvectors corresponding to distinct eigenvalues are linearly
independent.
Solution: We’ll prove this by induction on the number of eigenvectors.
Base case: A single nonzero eigenvector is linearly independent by definition.
Inductive step: Suppose eigenvectors v⃗1, v⃗2, . . . , v⃗k corresponding to distinct eigenvalues
λ1, λ2, . . . , λk are linearly independent. We need to show that adding v⃗k+1 with eigenvalue
λk+1 (distinct from all previous eigenvalues) maintains linear independence.
Suppose:

c1v⃗1 + c2v⃗2 + · · · + ckv⃗k + ck+1v⃗k+1 = 0⃗

Multiply both sides by A:

c1Av⃗1 + c2Av⃗2 + · · · + ckAv⃗k + ck+1Av⃗k+1 = 0⃗

c1λ1v⃗1 + c2λ2v⃗2 + · · · + ckλkv⃗k + ck+1λk+1v⃗k+1 = 0⃗

Now multiply the original equation by λk+1:

c1λk+1v⃗1 + c2λk+1v⃗2 + · · · + ckλk+1v⃗k + ck+1λk+1v⃗k+1 = 0⃗

Subtract this from the equation after multiplying by A:

c1(λ1 − λk+1)v⃗1 + c2(λ2 − λk+1)v⃗2 + · · · + ck(λk − λk+1)v⃗k = 0⃗

By the inductive hypothesis, v⃗1, . . . , v⃗k are linearly independent, so:

ci(λi − λk+1) = 0 for i = 1, 2, . . . , k

Since all eigenvalues are distinct, λi ̸= λk+1, so ci = 0 for i = 1, 2, . . . , k.
Substituting back into the original equation:

ck+1v⃗k+1 = 0⃗

Since v⃗k+1 ̸= 0⃗, we have ck+1 = 0.
Therefore, all coefficients are zero, proving linear independence.

Problem 18. Let A be a 3 × 3 matrix with eigenvalues 2, 3, 5. What are the possible values
of det(A) and tr(A)?
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Solution: From Problem 13, we know:

• det(A) = λ1 · λ2 · λ3 = 2 · 3 · 5 = 30

• tr(A) = λ1 + λ2 + λ3 = 2 + 3 + 5 = 10

There is only one possible value for each:

• det(A) = 30

• tr(A) = 10

Problem 19. Prove that if A is a real symmetric matrix, then eigenvectors corresponding
to distinct eigenvalues are orthogonal.
Solution: Let v⃗1 and v⃗2 be eigenvectors corresponding to distinct eigenvalues λ1 and λ2.
We have:

Av⃗1 = λ1v⃗1 and Av⃗2 = λ2v⃗2

Consider the dot product v⃗1 · (Av⃗2):

v⃗1 · (Av⃗2) = v⃗1 · (λ2v⃗2) = λ2(v⃗1 · v⃗2)

Since A is symmetric, AT = A. Therefore:

v⃗1 · (Av⃗2) = (Av⃗1)T v⃗2 = (λ1v⃗1)T v⃗2 = λ1(v⃗T
1 v⃗2) = λ1(v⃗1 · v⃗2)

Combining these two results:
λ2(v⃗1 · v⃗2) = λ1(v⃗1 · v⃗2)

(λ2 − λ1)(v⃗1 · v⃗2) = 0

Since λ1 ̸= λ2 (distinct eigenvalues), we must have:

v⃗1 · v⃗2 = 0

Therefore, the eigenvectors are orthogonal.

Problem 20. A matrix A satisfies A2 = A (called idempotent). Show that the only
possible eigenvalues are 0 and 1.
Solution: Let λ be an eigenvalue of A with eigenvector v⃗. Then:

Av⃗ = λv⃗
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Apply A to both sides:

A(Av⃗) = A(λv⃗) = λ(Av⃗) = λ(λv⃗) = λ2v⃗

So:
A2v⃗ = λ2v⃗

But we’re given that A2 = A, so:
A2v⃗ = Av⃗ = λv⃗

Therefore:
λ2v⃗ = λv⃗

(λ2 − λ)v⃗ = 0⃗

λ(λ − 1)v⃗ = 0⃗

Since v⃗ ̸= 0⃗ (eigenvectors are nonzero), we must have:

λ(λ − 1) = 0

Therefore, λ = 0 or λ = 1.

Problem 21. Consider the Fibonacci matrix F =
[
1 1
1 0

]
. Diagonalize F and use it to

derive a formula for the nth Fibonacci number.
Solution: Find eigenvalues:

det(F − λI) = (1 − λ)(−λ) − 1
= −λ + λ2 − 1
= λ2 − λ − 1

Using the quadratic formula:

λ = 1 ±
√

1 + 4
2 = 1 ±

√
5

2

So λ1 = 1+
√

5
2 = ϕ (the golden ratio) and λ2 = 1−

√
5

2 = − 1
ϕ
.

For λ1 = ϕ:

(F − ϕI)v⃗ =
[
1 − ϕ 1

1 −ϕ

] [
v1

v2

]
= 0⃗
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Since ϕ2 = ϕ + 1, we have 1 − ϕ = −ϕ + 1 = −(ϕ − 1) = − 1
ϕ
.

From the first equation: (1 − ϕ)v1 + v2 = 0, so v2 = (ϕ − 1)v1 = v1
ϕ

.

Actually, it’s easier to note that from λ2 − λ − 1 = 0, we get λ2 = λ + 1, so λ = λ2

1 =
λ + 1 − 1 = λ.
Let me use the relation (1 − λ)v1 + v2 = 0 directly. For λ1 = ϕ: v2 = (ϕ − 1)v1. Since
ϕ − 1 = 1

ϕ
, we can use v2 = ϕv1 from the second row.

Actually, from the second row: v1 − ϕv2 = 0, so v1 = ϕv2. Choosing v2 = 1:

v⃗1 =
[
ϕ

1

]

Similarly, for λ2 = 1−
√

5
2 :

v⃗2 =
[1−

√
5

2
1

]

Let P =
[
ϕ 1−

√
5

2
1 1

]
and D =

[
ϕ 0
0 1−

√
5

2

]
.

The Fibonacci sequence satisfies: [
Fn+1

Fn

]
= F n

[
1
0

]

Using diagonalization:
F n = PDnP −1

After computing (the algebra is tedious), we get Binet’s formula:

Fn = 1√
5

[(
1 +

√
5

2

)n

−
(

1 −
√

5
2

)n]
= ϕn − (−ϕ)−n

√
5

Problem 22. Find the eigenvalues of the circulant matrix:

C =


a b c

c a b

b c a


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Solution: The characteristic polynomial is:

det(C − λI) = det


a − λ b c

c a − λ b

b c a − λ


Expanding (using cofactor expansion or other methods):

= (a − λ)[(a − λ)2 − bc] − b[c(a − λ) − b2] + c[c2 − b(a − λ)]
= (a − λ)3 − (a − λ)bc − bc(a − λ) + b3 + c3 − bc(a − λ)
= (a − λ)3 − 3bc(a − λ) + b3 + c3

This is complex to factor in general. However, circulant matrices have a special property:
their eigenvectors are related to roots of unity.
For a 3 × 3 circulant matrix, the eigenvalues are:

λ1 = a + b + c

λ2 = a + bω + cω2

λ3 = a + bω2 + cω

where ω = e2πi/3 = −1+i
√

3
2 is a primitive cube root of unity.

These can be verified by computing C times the eigenvectors


1

ωk

ω2k

 for k = 0, 1, 2.

Problem 23. Suppose A is a 5 × 5 matrix with characteristic polynomial p(λ) = (λ −
2)3(λ + 1)2. What can you conclude about the diagonalizability of A?
Solution: The characteristic polynomial tells us:

• λ1 = 2 with algebraic multiplicity 3

• λ2 = −1 with algebraic multiplicity 2

For A to be diagonalizable, we need the geometric multiplicity to equal the algebraic multi-
plicity for each eigenvalue. That is:

• dim(E2) = 3 (eigenspace for λ = 2 must be 3-dimensional)

• dim(E−1) = 2 (eigenspace for λ = −1 must be 2-dimensional)
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We know that:
1 ≤ geometric multiplicity ≤ algebraic multiplicity

So:

• 1 ≤ dim(E2) ≤ 3

• 1 ≤ dim(E−1) ≤ 2

**Conclusion:** We cannot definitively determine if A is diagonalizable from the char-
acteristic polynomial alone. We would need to compute the eigenspaces to check if their
dimensions match the algebraic multiplicities. The matrix is diagonalizable if and only if
dim(E2) = 3 and dim(E−1) = 2.

Problem 24. A population is modeled by p⃗n+1 = Ap⃗n where A =
[
0.8 0.3
0.2 0.7

]
and p⃗n

represents the population distribution between two locations. Find the long-term steady-
state distribution.
Solution: The steady-state distribution p⃗∗ satisfies Ap⃗∗ = p⃗∗, which means p⃗∗ is an eigen-
vector with eigenvalue λ = 1.
First, verify that λ = 1 is an eigenvalue:

det(A − I) = det
[
−0.2 0.3
0.2 −0.3

]
= (−0.2)(−0.3) − (0.3)(0.2) = 0.06 − 0.06 = 0

Yes, λ = 1 is an eigenvalue.
Solve (A − I)p⃗ = 0⃗: [

−0.2 0.3
0.2 −0.3

] [
p1

p2

]
=
[
0
0

]

From the first equation: −0.2p1 + 0.3p2 = 0, so p1 = 0.3
0.2p2 = 1.5p2.

The steady-state eigenvector is p⃗ =
[
1.5
1

]
(or any scalar multiple).

Since we want a probability distribution, normalize so that p1 + p2 = 1:

1.5 + 1 = 2.5

Therefore:
p⃗∗ =

[
1.5/2.5
1/2.5

]
=
[
0.6
0.4

]

In the long run, 60
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Problem 25. Prove the Cayley-Hamilton theorem for 2 × 2 matrices: every matrix satisfies
its own characteristic equation. That is, if p(λ) = det(A − λI), then p(A) = 0.

Solution: Let A =
[
a b

c d

]
.

The characteristic polynomial is:

p(λ) = det(A − λI) = (a − λ)(d − λ) − bc

= λ2 − (a + d)λ + (ad − bc)
= λ2 − tr(A)λ + det(A)

The Cayley-Hamilton theorem states that p(A) = 0, i.e.:

A2 − tr(A)A + det(A)I = 0

Let’s verify this directly:

A2 =
[
a b

c d

] [
a b

c d

]
=
[
a2 + bc ab + bd

ac + cd bc + d2

]

tr(A)A = (a + d)
[
a b

c d

]
=
[
a(a + d) b(a + d)
c(a + d) d(a + d)

]

det(A)I = (ad − bc)
[
1 0
0 1

]
=
[
ad − bc 0

0 ad − bc

]

Now compute A2 − tr(A)A + det(A)I:
Entry (1, 1):

= a2 + bc − a(a + d) + (ad − bc)
= a2 + bc − a2 − ad + ad − bc

= 0

Entry (1, 2):

= ab + bd − b(a + d) + 0
= ab + bd − ab − bd

= 0
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Entry (2, 1):

= ac + cd − c(a + d) + 0
= ac + cd − ac − cd

= 0

Entry (2, 2):

= bc + d2 − d(a + d) + (ad − bc)
= bc + d2 − ad − d2 + ad − bc

= 0

Therefore:
A2 − tr(A)A + det(A)I =

[
0 0
0 0

]
= 0

This proves the Cayley-Hamilton theorem for 2 × 2 matrices.

Problem 26. For the quadratic form Q(x, y) = 5x2 +4xy +5y2, find the matrix A such that

Q(x, y) =
[
x y

]
A

[
x

y

]
. Orthogonally diagonalize A and identify the type of conic section

described by Q(x, y) = 1.
Solution: Expand the matrix form:

[
x y

] [a b

c d

] [
x

y

]
=
[
x y

] [ax + by

cx + dy

]
= ax2 + bxy + cxy + dy2

Comparing with 5x2 + 4xy + 5y2:

a = 5
b + c = 4

d = 5

For a symmetric matrix, b = c = 2:

A =
[
5 2
2 5

]



Contents 119

Find eigenvalues:

det(A − λI) = (5 − λ)2 − 4
= 25 − 10λ + λ2 − 4
= λ2 − 10λ + 21
= (λ − 7)(λ − 3) = 0

Eigenvalues: λ1 = 7 and λ2 = 3.
For λ1 = 7:

(A − 7I)v⃗ =
[
−2 2
2 −2

] [
v1

v2

]
= 0⃗

Eigenvector: v⃗1 =
[
1
1

]
, normalized: u⃗1 = 1√

2

[
1
1

]
.

For λ2 = 3:

(A − 3I)v⃗ =
[
2 2
2 2

] [
v1

v2

]
= 0⃗

Eigenvector: v⃗2 =
[

1
−1

]
, normalized: u⃗2 = 1√

2

[
1

−1

]
.

Orthogonal diagonalization:

Q = 1√
2

[
1 1
1 −1

]
, D =

[
7 0
0 3

]

In the rotated coordinates (using QT

[
x

y

]
=
[
x′

y′

]
):

Q(x, y) = 7(x′)2 + 3(y′)2 = 1

or

(x′)2

1/7 + (y′)2

1/3 = 1

This is an **ellipse** with semi-axes of length 1√
7 and 1√

3 , rotated 45° from the standard
axes.
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Solutions to Chapter 8 Practice Problems

Basic Problems
Problem 1. Verify that ⟨u⃗, v⃗⟩ = 2u1v1 + 3u2v2 defines an inner product on R2.
Solution: We need to verify the four axioms:
(1) Positivity:

⟨v⃗, v⃗⟩ = 2v2
1 + 3v2

2 ≥ 0

since it’s a sum of non-negative terms (and the coefficients are positive). ✓

(2) Definiteness: If ⟨v⃗, v⃗⟩ = 0, then 2v2
1 + 3v2

2 = 0. Since both terms are non-negative, this
means v2

1 = 0 and v2
2 = 0, so v1 = v2 = 0, thus v⃗ = 0⃗. ✓

(3) Symmetry:
⟨u⃗, v⃗⟩ = 2u1v1 + 3u2v2 = 2v1u1 + 3v2u2 = ⟨v⃗, u⃗⟩

✓

(4) Linearity:

⟨u⃗, cv⃗ + w⃗⟩ = 2u1(cv1 + w1) + 3u2(cv2 + w2)
= 2cu1v1 + 2u1w1 + 3cu2v2 + 3u2w2

= c(2u1v1 + 3u2v2) + (2u1w1 + 3u2w2)
= c⟨u⃗, v⃗⟩ + ⟨u⃗, w⃗⟩

✓

All four axioms are satisfied, so this defines an inner product.

Problem 2. Using the inner product ⟨p, q⟩ =
∫ 1

0 p(x)q(x) dx on P2:
(a) Compute ⟨x, x2⟩
Solution:

⟨x, x2⟩ =
∫ 1

0
x · x2 dx =

∫ 1

0
x3 dx =

[
x4

4

]1

0
= 1

4

(b) Find ∥1 + x∥
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Solution:

∥1 + x∥2 = ⟨1 + x, 1 + x⟩ =
∫ 1

0
(1 + x)2 dx

=
∫ 1

0
(1 + 2x + x2) dx

=
[
x + x2 + x3

3

]1

0

= 1 + 1 + 1
3 = 7

3

Therefore: ∥1 + x∥ =
√

7
3 =

√
21
3 .

(c) Are p(x) = x and q(x) = 1 − 2x orthogonal?
Solution:

⟨p, q⟩ =
∫ 1

0
x(1 − 2x) dx =

∫ 1

0
(x − 2x2) dx

=
[

x2

2 − 2x3

3

]1

0

= 1
2 − 2

3 = 3 − 4
6 = −1

6 ̸= 0

No, they are not orthogonal.

Problem 3. Show that u⃗ =


2

−1
1

 and v⃗ =


1
2
0

 are orthogonal.

Solution:
u⃗ · v⃗ = 2(1) + (−1)(2) + 1(0) = 2 − 2 + 0 = 0

Since the dot product is zero, the vectors are orthogonal.

Problem 4. Find the angle between u⃗ =


1
2
2

 and v⃗ =


2
0
1

.

Solution: First compute the dot product:

u⃗ · v⃗ = 1(2) + 2(0) + 2(1) = 2 + 0 + 2 = 4

Compute the norms:
∥u⃗∥ =

√
12 + 22 + 22 =

√
9 = 3
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∥v⃗∥ =
√

22 + 02 + 12 =
√

5

Therefore:
cos θ = u⃗ · v⃗

∥u⃗∥∥v⃗∥
= 4

3
√

5
= 4

√
5

15

θ = arccos
(

4
√

5
15

)
≈ 53.3ř

Problem 5. Determine if



1
1
0

 ,


1

−1
0

 ,


0
0
1


 is an orthogonal set. Is it orthonormal?

Solution: Check pairwise orthogonality:
v⃗1 · v⃗2 = 1(1) + 1(−1) + 0(0) = 0 ✓

v⃗1 · v⃗3 = 1(0) + 1(0) + 0(1) = 0 ✓

v⃗2 · v⃗3 = 1(0) + (−1)(0) + 0(1) = 0 ✓

The set is orthogonal.
Check norms:

∥v⃗1∥ =
√

12 + 12 + 02 =
√

2 ̸= 1

Since the vectors don’t all have norm 1, the set is **orthogonal but not orthonormal**.

Problem 6. Find the projection of v⃗ =


3
1
2

 onto u⃗ =


1
0
1

.

Solution:
proju⃗(v⃗) = v⃗ · u⃗

u⃗ · u⃗
u⃗

Compute:
v⃗ · u⃗ = 3(1) + 1(0) + 2(1) = 5

u⃗ · u⃗ = 12 + 02 + 12 = 2

Therefore:

proju⃗(v⃗) = 5
2


1
0
1

 =


5/2
0

5/2



Problem 7. Apply the Gram-Schmidt process to
{[

1
1

]
,

[
1
2

]}
.
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Solution: Let v⃗1 =
[
1
1

]
and v⃗2 =

[
1
2

]
.

Step 1: u⃗1 = v⃗1 =
[
1
1

]
Step 2:

u⃗2 = v⃗2 − v⃗2 · u⃗1

u⃗1 · u⃗1
u⃗1

Compute:
v⃗2 · u⃗1 = 1(1) + 2(1) = 3

u⃗1 · u⃗1 = 12 + 12 = 2

Therefore:
u⃗2 =

[
1
2

]
− 3

2

[
1
1

]
=
[
1 − 3/2
2 − 3/2

]
=
[
−1/2
1/2

]

We can multiply by 2 to get: u⃗2 =
[
−1
1

]
(or

[
1

−1

]
).

The orthogonal basis is:
{[

1
1

]
,

[
1

−1

]}
.

Problem 8. Find an orthonormal basis for the subspace spanned by


1
0
1

 and


0
1
1

.

Solution: Let v⃗1 =


1
0
1

 and v⃗2 =


0
1
1

.

Apply Gram-Schmidt:

Step 1: u⃗1 = v⃗1 =


1
0
1


Step 2:

v⃗2 · u⃗1 = 0(1) + 1(0) + 1(1) = 1

u⃗1 · u⃗1 = 12 + 02 + 12 = 2

u⃗2 =


0
1
1

− 1
2


1
0
1

 =


−1/2

1
1/2


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Multiply by 2: u⃗2 =


−1
2
1

.

Now normalize:

∥u⃗1∥ =
√

2, û1 = 1√
2


1
0
1



∥u⃗2∥ =
√

1 + 4 + 1 =
√

6, û2 = 1√
6


−1
2
1



Orthonormal basis:

 1√
2


1
0
1

 , 1√
6


−1
2
1


.

Intermediate Problems
Problem 9. Prove that if u⃗ and v⃗ are orthogonal, then ∥u⃗+v⃗∥2 = ∥u⃗∥2+∥v⃗∥2 (Pythagorean
theorem).
Solution:

∥u⃗ + v⃗∥2 = ⟨u⃗ + v⃗, u⃗ + v⃗⟩
= ⟨u⃗, u⃗⟩ + ⟨u⃗, v⃗⟩ + ⟨v⃗, u⃗⟩ + ⟨v⃗, v⃗⟩
= ⟨u⃗, u⃗⟩ + 2⟨u⃗, v⃗⟩ + ⟨v⃗, v⃗⟩

Since u⃗ and v⃗ are orthogonal, ⟨u⃗, v⃗⟩ = 0:

∥u⃗ + v⃗∥2 = ⟨u⃗, u⃗⟩ + ⟨v⃗, v⃗⟩ = ∥u⃗∥2 + ∥v⃗∥2

This is the Pythagorean theorem in inner product spaces! □

Problem 10. Apply the Gram-Schmidt process to find an orthogonal basis for the col-
umn space of:

A =


1 0 1
1 1 2
0 1 1


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Solution: The columns are v⃗1 =


1
1
0

, v⃗2 =


0
1
1

, v⃗3 =


1
2
1

.

Step 1: u⃗1 = v⃗1 =


1
1
0


Step 2:

v⃗2 · u⃗1 = 0(1) + 1(1) + 1(0) = 1

u⃗1 · u⃗1 = 2

u⃗2 =


0
1
1

− 1
2


1
1
0

 =


−1/2
1/2
1



Multiply by 2: u⃗2 =


−1
1
2

.

Step 3:
v⃗3 · u⃗1 = 1(1) + 2(1) + 1(0) = 3

v⃗3 · u⃗2 = 1(−1) + 2(1) + 1(2) = −1 + 2 + 2 = 3

u⃗2 · u⃗2 = 1 + 1 + 4 = 6

u⃗3 =


1
2
1

− 3
2


1
1
0

− 3
6


−1
1
2



=


1
2
1

−


3/2
3/2
0

−


−1/2
1/2
1

 =


0
0
0


This means v⃗3 is in the span of {v⃗1, v⃗2}, so the column space has dimension 2.

Orthogonal basis:



1
1
0

 ,


−1
1
2


.

Problem 11. Find the QR factorization of A =


1 1
1 2
1 3

.
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Solution: The columns are v⃗1 =


1
1
1

 and v⃗2 =


1
2
3

.

Apply Gram-Schmidt:

Step 1: u⃗1 = v⃗1 =


1
1
1



∥u⃗1∥ =
√

3, so û1 = 1√
3


1
1
1


Step 2:

v⃗2 · u⃗1 = 1 + 2 + 3 = 6

u⃗1 · u⃗1 = 3

u⃗2 =


1
2
3

− 6
3


1
1
1

 =


1
2
3

−


2
2
2

 =


−1
0
1



∥u⃗2∥ =
√

1 + 0 + 1 =
√

2, so û2 = 1√
2


−1
0
1


Thus:

Q =


1/

√
3 −1/

√
2

1/
√

3 0
1/

√
3 1/

√
2


To find R, use R = QT A:

R =
[

1/
√

3 1/
√

3 1/
√

3
−1/

√
2 0 1/

√
2

] 
1 1
1 2
1 3


First column of R:

r11 = 1√
3

(1 + 1 + 1) =
√

3

r21 = 1√
2

(−1 + 0 + 1) = 0

Second column of R:
r12 = 1√

3
(1 + 2 + 3) = 6√

3
= 2

√
3
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r22 = 1√
2

(−1 + 0 + 3) = 2√
2

=
√

2

Therefore:
R =

[√
3 2

√
3

0
√

2

]

Problem 12. Let W = span




1
0
1
0

 ,


0
1
0
1


. Find the projection of v⃗ =


1
2
3
4

 onto W .

Solution: The basis vectors u⃗1 =


1
0
1
0

 and u⃗2 =


0
1
0
1

 are already orthogonal (check:

u⃗1 · u⃗2 = 0).
The projection is:

projW (v⃗) = v⃗ · u⃗1

u⃗1 · u⃗1
u⃗1 + v⃗ · u⃗2

u⃗2 · u⃗2
u⃗2

Compute:
v⃗ · u⃗1 = 1(1) + 2(0) + 3(1) + 4(0) = 4

u⃗1 · u⃗1 = 1 + 0 + 1 + 0 = 2

v⃗ · u⃗2 = 1(0) + 2(1) + 3(0) + 4(1) = 6

u⃗2 · u⃗2 = 0 + 1 + 0 + 1 = 2

Therefore:

projW (v⃗) = 4
2


1
0
1
0

+ 6
2


0
1
0
1

 = 2


1
0
1
0

+ 3


0
1
0
1

 =


2
3
2
3



Problem 13. Show that if {u⃗1, u⃗2, u⃗3} is an orthonormal basis for R3, then for any v⃗ ∈
R3:

∥v⃗∥2 = |⟨v⃗, u⃗1⟩|2 + |⟨v⃗, u⃗2⟩|2 + |⟨v⃗, u⃗3⟩|2

(This is Parseval’s identity.)
Solution: Since {u⃗1, u⃗2, u⃗3} is a basis for R3, we can write:

v⃗ = c1u⃗1 + c2u⃗2 + c3u⃗3
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For an orthonormal basis, ci = ⟨v⃗, u⃗i⟩.
Compute the norm:

∥v⃗∥2 = ⟨v⃗, v⃗⟩
= ⟨c1u⃗1 + c2u⃗2 + c3u⃗3, c1u⃗1 + c2u⃗2 + c3u⃗3⟩
= c2

1⟨u⃗1, u⃗1⟩ + c2
2⟨u⃗2, u⃗2⟩ + c2

3⟨u⃗3, u⃗3⟩
+ 2c1c2⟨u⃗1, u⃗2⟩ + 2c1c3⟨u⃗1, u⃗3⟩ + 2c2c3⟨u⃗2, u⃗3⟩

Since the basis is orthonormal:

• ⟨u⃗i, u⃗i⟩ = 1 for all i

• ⟨u⃗i, u⃗j⟩ = 0 for i ̸= j

Therefore:
∥v⃗∥2 = c2

1 + c2
2 + c2

3 = |⟨v⃗, u⃗1⟩|2 + |⟨v⃗, u⃗2⟩|2 + |⟨v⃗, u⃗3⟩|2

□

Problem 14. Find the least squares solution to:
1 1
2 1
1 2


[
x1

x2

]
=


2
3
4



Solution: Use the normal equations: AT Ax̂ = AT b⃗.
Compute AT A:

AT A =
[
1 2 1
1 1 2

] 
1 1
2 1
1 2

 =
[
6 5
5 6

]

Compute AT b⃗:

AT b⃗ =
[
1 2 1
1 1 2

] 
2
3
4

 =
[
12
13

]

Solve: [
6 5
5 6

] [
x1

x2

]
=
[
12
13

]

Using the inverse:

(AT A)−1 = 1
36 − 25

[
6 −5

−5 6

]
= 1

11

[
6 −5

−5 6

]
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x̂ = 1
11

[
6 −5

−5 6

] [
12
13

]
= 1

11

[
72 − 65

−60 + 78

]
= 1

11

[
7
18

]

Therefore: x̂ =
[

7/11
18/11

]
.

Problem 15. Find the best-fit line y = mx + c through the points (1, 2), (2, 3), (3, 5), (4, 4).
Solution: Set up the system: 

1 1
2 1
3 1
4 1


[
m

c

]
=


2
3
5
4


Compute AT A:

AT A =
[
1 2 3 4
1 1 1 1

] 
1 1
2 1
3 1
4 1

 =
[
30 10
10 4

]

Compute AT b⃗:

AT b⃗ =
[
1 2 3 4
1 1 1 1

] 
2
3
5
4

 =
[
38
14

]

Solve: [
30 10
10 4

] [
m

c

]
=
[
38
14

]

From the second equation: 10m + 4c = 14 ⇒ 5m + 2c = 7.
From the first equation: 30m + 10c = 38 ⇒ 3m + c = 3.8.
From 5m + 2c = 7: c = 7−5m

2 .
Substitute into 3m + c = 3.8:

3m + 7 − 5m

2 = 3.8 ⇒ 6m + 7 − 5m = 7.6 ⇒ m = 0.6

c = 7 − 5(0.6)
2 = 7 − 3

2 = 2

The best-fit line is: y = 0.6x + 2.
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Problem 16. Using ⟨f, g⟩ =
∫ π

−π f(x)g(x) dx, show that sin(x) and cos(x) are orthogonal
on [−π, π].
Solution:

⟨sin(x), cos(x)⟩ =
∫ π

−π
sin(x) cos(x) dx

=
∫ π

−π

1
2 sin(2x) dx

= 1
2

[
−1

2 cos(2x)
]π

−π

= −1
4[cos(2π) − cos(−2π)]

= −1
4[1 − 1] = 0

Therefore, sin(x) and cos(x) are orthogonal.

Challenge Problems
Problem 17. Prove the Cauchy-Schwarz inequality: for any vectors u⃗, v⃗ in an inner prod-
uct space, |⟨u⃗, v⃗⟩| ≤ ∥u⃗∥∥v⃗∥.
Solution: If v⃗ = 0⃗, both sides are zero and the inequality holds.
Assume v⃗ ̸= 0⃗. Consider the vector:

w⃗ = u⃗ − ⟨u⃗, v⃗⟩
⟨v⃗, v⃗⟩

v⃗

This is the component of u⃗ orthogonal to v⃗ (i.e., u⃗ minus its projection onto v⃗).
We can verify that ⟨w⃗, v⃗⟩ = 0:

⟨w⃗, v⃗⟩ =
〈

u⃗ − ⟨u⃗, v⃗⟩
⟨v⃗, v⃗⟩

v⃗, v⃗

〉

= ⟨u⃗, v⃗⟩ − ⟨u⃗, v⃗⟩
⟨v⃗, v⃗⟩

⟨v⃗, v⃗⟩

= ⟨u⃗, v⃗⟩ − ⟨u⃗, v⃗⟩ = 0
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Since ∥w⃗∥2 ≥ 0:

0 ≤ ∥w⃗∥2 = ⟨w⃗, w⃗⟩

=
〈

u⃗ − ⟨u⃗, v⃗⟩
⟨v⃗, v⃗⟩

v⃗, u⃗ − ⟨u⃗, v⃗⟩
⟨v⃗, v⃗⟩

v⃗

〉

= ⟨u⃗, u⃗⟩ − 2⟨u⃗, v⃗⟩
⟨v⃗, v⃗⟩

⟨u⃗, v⃗⟩ + |⟨u⃗, v⃗⟩|2

⟨v⃗, v⃗⟩2 ⟨v⃗, v⃗⟩

= ⟨u⃗, u⃗⟩ − |⟨u⃗, v⃗⟩|2

⟨v⃗, v⃗⟩

Therefore:
|⟨u⃗, v⃗⟩|2

⟨v⃗, v⃗⟩
≤ ⟨u⃗, u⃗⟩

|⟨u⃗, v⃗⟩|2 ≤ ⟨u⃗, u⃗⟩⟨v⃗, v⃗⟩ = ∥u⃗∥2∥v⃗∥2

Taking square roots:
|⟨u⃗, v⃗⟩| ≤ ∥u⃗∥∥v⃗∥

□

Problem 18. Prove the triangle inequality: ∥u⃗ + v⃗∥ ≤ ∥u⃗∥ + ∥v⃗∥ using the Cauchy-Schwarz
inequality.
Solution:

∥u⃗ + v⃗∥2 = ⟨u⃗ + v⃗, u⃗ + v⃗⟩
= ⟨u⃗, u⃗⟩ + 2⟨u⃗, v⃗⟩ + ⟨v⃗, v⃗⟩
= ∥u⃗∥2 + 2⟨u⃗, v⃗⟩ + ∥v⃗∥2

By Cauchy-Schwarz, ⟨u⃗, v⃗⟩ ≤ |⟨u⃗, v⃗⟩| ≤ ∥u⃗∥∥v⃗∥:

∥u⃗ + v⃗∥2 ≤ ∥u⃗∥2 + 2∥u⃗∥∥v⃗∥ + ∥v⃗∥2

= (∥u⃗∥ + ∥v⃗∥)2

Taking square roots:
∥u⃗ + v⃗∥ ≤ ∥u⃗∥ + ∥v⃗∥

□

Problem 19. Show that the distance function d(u⃗, v⃗) = ∥u⃗ − v⃗∥ satisfies:

1. d(u⃗, v⃗) ≥ 0 with equality iff u⃗ = v⃗
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2. d(u⃗, v⃗) = d(v⃗, u⃗)

3. d(u⃗, w⃗) ≤ d(u⃗, v⃗) + d(v⃗, w⃗) (triangle inequality)

Solution:
(1) Since the norm is always non-negative, d(u⃗, v⃗) = ∥u⃗ − v⃗∥ ≥ 0.
Equality holds iff ∥u⃗ − v⃗∥ = 0, which by definiteness of the norm occurs iff u⃗ − v⃗ = 0⃗, i.e.,
u⃗ = v⃗. ✓

(2)
d(u⃗, v⃗) = ∥u⃗ − v⃗∥ = ∥(−1)(v⃗ − u⃗)∥ = | − 1|∥v⃗ − u⃗∥ = ∥v⃗ − u⃗∥ = d(v⃗, u⃗)

✓

(3) Using the triangle inequality for norms:

d(u⃗, w⃗) = ∥u⃗ − w⃗∥
= ∥(u⃗ − v⃗) + (v⃗ − w⃗)∥
≤ ∥u⃗ − v⃗∥ + ∥v⃗ − w⃗∥
= d(u⃗, v⃗) + d(v⃗, w⃗)

✓

These three properties define a metric, so any inner product space is a metric space. □

Problem 20. Let W be a subspace with orthonormal basis {u⃗1, . . . , u⃗k}. Show that the
projection matrix P = u⃗1u⃗

T
1 + · · · + u⃗ku⃗T

k satisfies P 2 = P and P T = P .
Solution:
Showing P T = P (symmetry):

P T = (u⃗1u⃗
T
1 + · · · + u⃗ku⃗T

k )T = u⃗T
1

T u⃗T
1 + · · · + u⃗T

k
T u⃗T

k = u⃗1u⃗
T
1 + · · · + u⃗ku⃗T

k = P

✓

Showing P 2 = P (idempotent):

P 2 =
(

k∑
i=1

u⃗iu⃗
T
i

) k∑
j=1

u⃗ju⃗
T
j


=

k∑
i=1

k∑
j=1

u⃗iu⃗
T
i u⃗ju⃗

T
j

=
k∑

i=1

k∑
j=1

u⃗i(u⃗T
i u⃗j)u⃗T

j
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Since the basis is orthonormal, u⃗T
i u⃗j = δij (Kronecker delta):

P 2 =
k∑

i=1

k∑
j=1

u⃗iδiju⃗
T
j =

k∑
i=1

u⃗iu⃗
T
i = P

✓

A matrix satisfying P 2 = P is called idempotent, and projection matrices always have this
property. □

Problem 21. Find the polynomial p(x) = a + bx that best approximates f(x) = ex on [0, 1]
using the inner product ⟨f, g⟩ =

∫ 1
0 f(x)g(x) dx.

Solution: We want to find p(x) = a + bx that minimizes ∥f − p∥2. This is equivalent to
finding the projection of f onto span{1, x}.
First, apply Gram-Schmidt to {1, x}:
u⃗1 = 1
u⃗2 = x − ⟨x,1⟩

⟨1,1⟩ · 1
Compute:

⟨x, 1⟩ =
∫ 1

0
x · 1 dx = 1

2

⟨1, 1⟩ =
∫ 1

0
1 · 1 dx = 1

So: u⃗2 = x − 1
2

The best approximation is:

p(x) = ⟨ex, 1⟩
⟨1, 1⟩

· 1 + ⟨ex, x − 1/2⟩
⟨x − 1/2, x − 1/2⟩

(x − 1/2)

Compute the needed inner products:

⟨ex, 1⟩ =
∫ 1

0
ex dx = [ex]10 = e − 1

⟨ex, x − 1/2⟩ =
∫ 1

0
ex(x − 1/2) dx

Using integration by parts (let u = x − 1/2, dv = exdx):

= [(x − 1/2)ex]10 −
∫ 1

0
ex dx = (1/2)e − (−1/2) − (e − 1) = e

2 + 1
2 − e + 1 = 3

2 − e

2
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⟨x − 1/2, x − 1/2⟩ =
∫ 1

0
(x − 1/2)2 dx =

∫ 1

0
(x2 − x + 1/4) dx = 1

3 − 1
2 + 1

4 = 1
12

Therefore:

p(x) = (e − 1) + (3/2 − e/2)
1/12 (x − 1/2) = (e − 1) + 12

(3 − e

2

)
(x − 1/2)

Simplifying:

p(x) = (e − 1) + (18 − 6e)(x − 1/2) = (e − 1) + (18 − 6e)x − (9 − 3e)

= e − 1 − 9 + 3e + (18 − 6e)x = 4e − 10 + (18 − 6e)x

Or in the form a + bx:
a ≈ 0.87, b ≈ 1.72

The best linear approximation is p(x) ≈ 0.87 + 1.72x.

Problem 22. Suppose {v⃗1, v⃗2, v⃗3} is a linearly independent set. Show that after applying
Gram-Schmidt, the resulting orthogonal set {u⃗1, u⃗2, u⃗3} satisfies:

span{v⃗1, . . . , v⃗k} = span{u⃗1, . . . , u⃗k}

for k = 1, 2, 3.
Solution: We’ll prove this by induction.
Base case (k = 1): u⃗1 = v⃗1, so span{v⃗1} = span{u⃗1}. ✓

Inductive step: Assume span{v⃗1, . . . , ⃗k − 1} = span{u⃗1, . . . , u⃗k−1}.
By the Gram-Schmidt formula:

u⃗k = v⃗k −
k−1∑
i=1

⟨v⃗k, u⃗i⟩
⟨u⃗i, u⃗i⟩

u⃗i

This shows that u⃗k is a linear combination of v⃗k and u⃗1, . . . , u⃗k−1.
By the inductive hypothesis, u⃗1, . . . , u⃗k−1 ∈ span{v⃗1, . . . , v⃗k−1}.
Therefore, u⃗k ∈ span{v⃗1, . . . , v⃗k}.
Conversely, we can solve for v⃗k:

v⃗k = u⃗k +
k−1∑
i=1

⟨v⃗k, u⃗i⟩
⟨u⃗i, u⃗i⟩

u⃗i
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This shows v⃗k ∈ span{u⃗1, . . . , u⃗k}.
Combined with the inductive hypothesis, we have:

span{v⃗1, . . . , v⃗k} = span{u⃗1, . . . , u⃗k}

□

Problem 23. Let A be an m × n matrix with linearly independent columns. Show that
AT A is invertible.
Solution: We need to show that AT A has trivial null space, i.e., if AT Ax⃗ = 0⃗, then x⃗ = 0⃗.
Suppose AT Ax⃗ = 0⃗. Multiply both sides on the left by x⃗T :

x⃗T AT Ax⃗ = x⃗T 0⃗ = 0

The left side can be rewritten:

x⃗T AT Ax⃗ = (Ax⃗)T (Ax⃗) = ∥Ax⃗∥2

So we have ∥Ax⃗∥2 = 0, which means Ax⃗ = 0⃗.
Since the columns of A are linearly independent, Null(A) = {⃗0}. Therefore, x⃗ = 0⃗.
This proves that Null(AT A) = {⃗0}, so AT A is invertible. □

Problem 24. Find the distance from the point (1, 1, 1, 1) to the subspace W = span




1
0
1
0

 ,


0
1
0
1


.

Solution: The distance from v⃗ =


1
1
1
1

 to W is:

d(v⃗, W ) = ∥v⃗ − projW (v⃗)∥

From Problem 12, we found:

projW (v⃗) =


2
3
2
3


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Wait, let me recalculate with v⃗ =


1
1
1
1

:

v⃗ · u⃗1 = 1 + 0 + 1 + 0 = 2, u⃗1 · u⃗1 = 2

v⃗ · u⃗2 = 0 + 1 + 0 + 1 = 2, u⃗2 · u⃗2 = 2

projW (v⃗) = 2
2


1
0
1
0

+ 2
2


0
1
0
1

 =


1
1
1
1


This means v⃗ is already in W ! So the distance is 0.
Actually, let’s verify: is (1, 1, 1, 1) in the span of those two vectors?

c1


1
0
1
0

+ c2


0
1
0
1

 =


1
1
1
1



This gives c1 = 1 and c2 = 1, so yes!
The distance is 0 .

Problem 25. Using Fourier series ideas, find the best approximation to f(x) = x on
[−π, π] using span{1, sin(x), cos(x)} with inner product ⟨f, g⟩ =

∫ π
−π f(x)g(x) dx.

Solution: First, note that {1, sin(x), cos(x)} is already orthogonal on [−π, π] (we can
verify this).
The best approximation is:

p(x) = ⟨x, 1⟩
⟨1, 1⟩

· 1 + ⟨x, sin(x)⟩
⟨sin(x), sin(x)⟩ sin(x) + ⟨x, cos(x)⟩

⟨cos(x), cos(x)⟩ cos(x)

Compute each term:
Constant term:

⟨x, 1⟩ =
∫ π

−π
x dx =

[
x2

2

]π

−π

= 0

(by symmetry)
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Sine term:
⟨x, sin(x)⟩ =

∫ π

−π
x sin(x) dx

Using integration by parts:

= [−x cos(x)]π−π +
∫ π

−π
cos(x) dx = −π(−1) − (−π)(−1) + 0 = −2π

⟨sin(x), sin(x)⟩ =
∫ π

−π
sin2(x) dx = π

Cosine term:
⟨x, cos(x)⟩ =

∫ π

−π
x cos(x) dx = 0

(by symmetry: odd function)
Therefore:

p(x) = 0 + −2π

π
sin(x) + 0 = −2 sin(x)

The best approximation is p(x) = −2 sin(x).

Problem 26. Prove that if Q is an n × n orthogonal matrix (i.e., QT Q = I), then multipli-
cation by Q preserves inner products: ⟨Qu⃗, Qv⃗⟩ = ⟨u⃗, v⃗⟩ for all u⃗, v⃗ ∈ Rn.
Solution: Using the standard dot product (which equals u⃗T v⃗):

⟨Qu⃗, Qv⃗⟩ = (Qu⃗)T (Qv⃗) = u⃗T QT Qv⃗

Since Q is orthogonal, QT Q = I:

= u⃗T Iv⃗ = u⃗T v⃗ = ⟨u⃗, v⃗⟩

□

This means orthogonal transformations preserve angles and lengths—they are rigid mo-
tions (rotations and reflections).
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Solutions to Chapter 9 Practice Problems

Basic Problems

Problem 1. For the transition matrix P =
[
0.7 0.2
0.3 0.8

]
:

(a) Verify that it’s a valid transition matrix
Solution: Check that all entries are non-negative: Yes, all entries are between 0 and 1. ✓

Check that each column sums to 1:

• Column 1: 0.7 + 0.3 = 1.0 ✓

• Column 2: 0.2 + 0.8 = 1.0 ✓

Therefore, P is a valid transition matrix.
(b) Find the steady-state vector
Solution: Solve (P − I)v⃗ = 0⃗:

[
−0.3 0.2
0.3 −0.2

] [
v1

v2

]
= 0⃗

From the first equation: −0.3v1 + 0.2v2 = 0 ⇒ 0.3v1 = 0.2v2 ⇒ v1 = 2
3v2.

Since probabilities sum to 1: v1 + v2 = 1 ⇒ 2
3v2 + v2 = 1 ⇒ 5

3v2 = 1 ⇒ v2 = 3
5 .

Therefore: v1 = 2
5 and v2 = 3

5 .

Steady-state vector: v⃗ =
[
0.4
0.6

]
(c) If you start in state 1, what’s the probability of being in state 2 after 2 transitions?

Solution: Starting state: x⃗0 =
[
1
0

]
After 1 transition:

x⃗1 = Px⃗0 =
[
0.7 0.2
0.3 0.8

] [
1
0

]
=
[
0.7
0.3

]

After 2 transitions:

x⃗2 = Px⃗1 =
[
0.7 0.2
0.3 0.8

] [
0.7
0.3

]
=
[
0.49 + 0.06
0.21 + 0.24

]
=
[
0.55
0.45

]

The probability of being in state 2 after 2 transitions is 0.45 .
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Problem 2. A factory produces products A and B. Product A requires 2 hours and yields
$20 profit. Product B requires 3 hours and yields $25 profit. With 30 hours available, set
up and solve a linear programming problem to maximize profit.
Solution: Let x = number of product A, y = number of product B.
Objective: Maximize P = 20x + 25y

Constraints:

2x + 3y ≤ 30 (time)
x, y ≥ 0 (non-negativity)

Find vertices of feasible region:

• (0, 0): P = 0

• (15, 0): P = 20(15) + 25(0) = 300

• (0, 10): P = 20(0) + 25(10) = 250

The maximum profit is $300 , achieved by producing 15 units of product A and 0 units of
product B.

Problem 3. Find the singular values of A =
[
4 0
0 3

]
.

Solution: For a diagonal matrix with non-negative entries, the singular values are simply
the diagonal entries.
The singular values are σ1 = 4 and σ2 = 3.
We can verify by computing AT A:

AT A =
[
4 0
0 3

] [
4 0
0 3

]
=
[
16 0
0 9

]

The eigenvalues of AT A are 16 and 9, and
√

16 = 4,
√

9 = 3. ✓

Problem 4. Given data points (1, 2), (2, 4), (3, 7), (4, 8), compute the covariance between
the x and y coordinates.
Solution: First, compute the means:

x̄ = 1 + 2 + 3 + 4
4 = 10

4 = 2.5

ȳ = 2 + 4 + 7 + 8
4 = 21

4 = 5.25
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The covariance is:
Cov(x, y) = 1

n − 1

n∑
i=1

(xi − x̄)(yi − ȳ)

Compute deviations:

(1 − 2.5)(2 − 5.25) = (−1.5)(−3.25) = 4.875
(2 − 2.5)(4 − 5.25) = (−0.5)(−1.25) = 0.625
(3 − 2.5)(7 − 5.25) = (0.5)(1.75) = 0.875
(4 − 2.5)(8 − 5.25) = (1.5)(2.75) = 4.125

Sum: 4.875 + 0.625 + 0.875 + 4.125 = 10.5

Cov(x, y) = 10.5
3 = 3.5

Problem 5. Write the 4 × 4 homogeneous coordinate matrix for translating by (2, −1, 3) in
3D space.
Solution:

T =


1 0 0 2
0 1 0 −1
0 0 1 3
0 0 0 1



Problem 6. Solve the system dx⃗
dt

=
[
2 0
0 −1

]
x⃗ with x⃗(0) =

[
1
2

]
.

Solution: The matrix is diagonal, so eigenvalues are λ1 = 2 and λ2 = −1.
The eigenvectors are the standard basis vectors:

v⃗1 =
[
1
0

]
, v⃗2 =

[
0
1

]

General solution:
x⃗(t) = c1e

2t

[
1
0

]
+ c2e

−t

[
0
1

]

Apply initial condition: [
1
2

]
= c1

[
1
0

]
+ c2

[
0
1

]
⇒ c1 = 1, c2 = 2
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Therefore:
x⃗(t) = e2t

[
1
0

]
+ 2e−t

[
0
1

]
=
[

e2t

2e−t

]

Problem 7. For lighting calculation, if the surface normal is n⃗ =


0
0
1

 and light direction

is l⃗ =


1/

√
2

0
1/

√
2

, what is the light intensity (using n⃗ · l⃗)?

Solution:
n⃗ · l⃗ = 0 · 1√

2
+ 0 · 0 + 1 · 1√

2
= 1√

2
=

√
2

2 ≈ 0.707

The light intensity is 1√
2

or approximately 70.7% of maximum.

Problem 8. Determine the stability of dx⃗
dt

=
[
−1 2
0 −3

]
x⃗.

Solution: For an upper triangular matrix, the eigenvalues are the diagonal entries: λ1 =
−1 and λ2 = −3.
Since both eigenvalues have negative real parts (−1 < 0 and −3 < 0), the system is stable.
Solutions decay exponentially to zero as t → ∞.

Intermediate Problems

Problem 9. A Markov chain has transition matrix P =


0.5 0.3 0.2
0.2 0.6 0.4
0.3 0.1 0.4

. Find the steady-

state distribution.
Solution: Solve (P − I)v⃗ = 0⃗:

−0.5 0.3 0.2
0.2 −0.4 0.4
0.3 0.1 −0.6



v1

v2

v3

 = 0⃗
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Using row reduction: 
−0.5 0.3 0.2
0.2 −0.4 0.4
0.3 0.1 −0.6

 ∼


1 0 −1
0 1 −1.5
0 0 0


This gives:

v1 − v3 = 0 ⇒ v1 = v3

v2 − 1.5v3 = 0 ⇒ v2 = 1.5v3

With v1 + v2 + v3 = 1:

v3 + 1.5v3 + v3 = 1 ⇒ 3.5v3 = 1 ⇒ v3 = 2
7

Therefore: v1 = 2
7 , v2 = 3

7 , v3 = 2
7 .

Steady-state vector: v⃗ =


2/7
3/7
2/7

 ≈


0.286
0.429
0.286


Problem 10. A company produces three products with constraints on labor and materi-
als. Set up the linear programming problem:

• Product 1: 2 labor hours, 1 material unit, $15 profit

• Product 2: 3 labor hours, 2 material units, $20 profit

• Product 3: 1 labor hour, 1 material unit, $10 profit

• Available: 100 labor hours, 60 material units

Solution: Let x1, x2, x3 be the quantities of products 1, 2, and 3.
Objective: Maximize P = 15x1 + 20x2 + 10x3

Constraints:

2x1 + 3x2 + x3 ≤ 100 (labor)
x1 + 2x2 + x3 ≤ 60 (materials)

x1, x2, x3 ≥ 0 (non-negativity)

In matrix form:
Maximize c⃗T x⃗ subject to Ax⃗ ≤ b⃗, x⃗ ≥ 0⃗
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where

c⃗ =


15
20
10

 , A =
[
2 3 1
1 2 1

]
, b⃗ =

[
100
60

]

(Solving this requires the simplex method or numerical optimization software.)

Problem 11. Find the SVD of A =
[
1 1
0 1

]
by computing eigenvalues of AT A.

Solution: Compute AT A:

AT A =
[
1 0
1 1

] [
1 1
0 1

]
=
[
1 1
1 2

]

Find eigenvalues:

det(AT A − λI) = det
[
1 − λ 1

1 2 − λ

]
= (1 − λ)(2 − λ) − 1 = λ2 − 3λ + 1 = 0

Using the quadratic formula:

λ = 3 ±
√

9 − 4
2 = 3 ±

√
5

2

So: λ1 = 3+
√

5
2 ≈ 2.618, λ2 = 3−

√
5

2 ≈ 0.382
The singular values are:

σ1 =
√

λ1 =
√

3 +
√

5
2 ≈ 1.618

σ2 =
√

λ2 =
√

3 −
√

5
2 ≈ 0.618

To find the complete SVD, we’d need to find the eigenvectors of AT A (for V ) and AAT

(for U).

Problem 12. For the dataset:

X =


2 3
4 5
6 8
8 9


Find the principal component (eigenvector of covariance matrix with largest eigenvalue).
Solution: Step 1: Center the data.
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Means: x̄1 = 2+4+6+8
4 = 5, x̄2 = 3+5+8+9

4 = 6.25
Centered data:

Xc =


−3 −3.25
−1 −1.25
1 1.75
3 2.75


Step 2: Compute covariance matrix.

C = 1
n − 1XT

c Xc = 1
3

[
−3 −1 1 3

−3.25 −1.25 1.75 2.75

] 
−3 −3.25
−1 −1.25
1 1.75
3 2.75



= 1
3

[
20 21.5

21.5 24.1875

]
=
[
6.667 7.167
7.167 8.063

]

Step 3: Find eigenvalues.

det(C − λI) = (6.667 − λ)(8.063 − λ) − 7.1672 = 0

Computing: λ2 − 14.73λ + 2.366 = 0
Using quadratic formula: λ1 ≈ 14.57, λ2 ≈ 0.16
Step 4: Find eigenvector for λ1.
Solve (C − 14.57I)v⃗ = 0⃗: [

−7.90 7.167
7.167 −6.507

]
v⃗ = 0⃗

From the first equation: −7.90v1 + 7.167v2 = 0 ⇒ v1 ≈ 0.907v2

Normalizing with v2 = 1: v⃗ =
[
0.907

1

]
, or normalized: v⃗ ≈

[
0.672
0.741

]

The first principal component is approximately
[
0.67
0.74

]
.

Problem 13. Create the composite transformation matrix that rotates by 90° about the
z-axis, then translates by (1, 2, 0).
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Solution: Rotation by 90° about z-axis:

R =


cos(90ř) − sin(90ř) 0 0
sin(90ř) cos(90ř) 0 0

0 0 1 0
0 0 0 1

 =


0 −1 0 0
1 0 0 0
0 0 1 0
0 0 0 1



Translation by (1, 2, 0):

T =


1 0 0 1
0 1 0 2
0 0 1 0
0 0 0 1


Composite transformation (translation after rotation): M = T · R

M =


1 0 0 1
0 1 0 2
0 0 1 0
0 0 0 1



0 −1 0 0
1 0 0 0
0 0 1 0
0 0 0 1

 =


0 −1 0 1
1 0 0 2
0 0 1 0
0 0 0 1



Problem 14. Solve dx⃗
dt

=
[

0 1
−4 −4

]
x⃗ with x⃗(0) =

[
1
0

]
.

Solution: Find eigenvalues:

det(A − λI) = det
[
−λ 1
−4 −4 − λ

]
= −λ(−4 − λ) + 4 = λ2 + 4λ + 4 = (λ + 2)2 = 0

So λ = −2 with algebraic multiplicity 2.
Find eigenvectors:

(A − (−2)I)v⃗ =
[

2 1
−4 −2

]
v⃗ = 0⃗

This gives 2v1 + v2 = 0 ⇒ v2 = −2v1. Eigenvector: v⃗1 =
[

1
−2

]
Since we have only one linearly independent eigenvector but algebraic multiplicity 2, we
need a generalized eigenvector.
For a repeated eigenvalue with deficient eigenspace, the general solution is:

x⃗(t) = e−2t (c1v⃗1 + c2(tv⃗1 + w⃗))
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where w⃗ is the generalized eigenvector satisfying (A + 2I)w⃗ = v⃗1.
Solving: [

2 1
−4 −2

]
w⃗ =

[
1

−2

]

From the first equation: 2w1 + w2 = 1. Choosing w1 = 0: w2 = 1.

So w⃗ =
[
0
1

]
.

General solution:
x⃗(t) = c1e

−2t

[
1

−2

]
+ c2e

−2t

(
t

[
1

−2

]
+
[
0
1

])

Apply initial condition x⃗(0) =
[
1
0

]
:

c1

[
1

−2

]
+ c2

[
0
1

]
=
[
1
0

]

This gives: c1 = 1 and −2c1 + c2 = 0 ⇒ c2 = 2.
Therefore:

x⃗(t) = e−2t

[
1

−2

]
+ 2e−2t

(
t

[
1

−2

]
+
[
0
1

])
= e−2t

[
1 + 2t

−4t

]

Problem 15. In a simple PageRank example with 3 pages where page 1 links to pages 2
and 3, page 2 links to page 1, and page 3 links to pages 1 and 2, find the PageRank scores.
Solution: Construct the transition matrix (equal probability for each outgoing link):

• Page 1 → pages 2, 3 (probability 1/2 each)

• Page 2 → page 1 (probability 1)

• Page 3 → pages 1, 2 (probability 1/2 each)

P =


0 1 1/2

1/2 0 1/2
1/2 0 0


Find steady-state: (P − I)v⃗ = 0⃗ 

−1 1 1/2
1/2 −1 1/2
1/2 0 −1

 v⃗ = 0⃗
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Using row reduction and the constraint v1 + v2 + v3 = 1:
From the equations, we get: v1 = v2 + 1

2v3 and 1
2v1 = v2 − 1

2v3.
Solving: v1 = 2

5 , v2 = 2
5 , v3 = 1

5 .

PageRank scores: v⃗ =


0.4
0.4
0.2


Pages 1 and 2 tie for highest rank (40% each), while page 3 has rank 20%.

Challenge Problems
Problem 16. Prove that every transition matrix has λ = 1 as an eigenvalue. (Hint:
Consider what P T 1⃗ equals, where 1⃗ is the vector of all 1’s.)

Solution: Let P be an n × n transition matrix and 1⃗ =


1
1
...
1

.

Since each column of P sums to 1, when we multiply P T by 1⃗, each row of P T (which is a
column of P ) sums to 1.
Therefore:

P T 1⃗ =


∑

i pi1∑
i pi2
...∑

i pin

 =


1
1
...
1

 = 1⃗

This shows that 1⃗ is an eigenvector of P T with eigenvalue 1.
Since P and P T have the same eigenvalues (they have the same characteristic polynomial),
P also has λ = 1 as an eigenvalue. □

Problem 17. For the feasible region defined by x + y ≤ 5, 2x + y ≤ 8, x, y ≥ 0, find all
vertices and determine which maximizes 3x + 2y.
Solution: Find intersection points (vertices):
Vertex 1: (0, 0) (origin) f(0, 0) = 0
Vertex 2: x = 0 and x + y = 5: (0, 5) Check: 2(0) + 5 = 5 ≤ 8 ✓ f(0, 5) = 3(0) + 2(5) = 10
Vertex 3: y = 0 and 2x + y = 8: (4, 0) Check: 4 + 0 = 4 ≤ 5 ✓ f(4, 0) = 3(4) + 2(0) = 12
Vertex 4: Intersection of x + y = 5 and 2x + y = 8: Subtract: (2x + y) − (x + y) = 8 − 5 ⇒
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x = 3 Then: 3 + y = 5 ⇒ y = 2 Point: (3, 2) f(3, 2) = 3(3) + 2(2) = 13
The vertices are: (0, 0), (0, 5), (4, 0), (3, 2).
The maximum value of 3x + 2y is 13 , achieved at (3, 2).

Problem 18. Show that the singular values of A are the square roots of the eigenvalues
of AT A.
Solution: By definition, the SVD of A is A = UΣV T where:

• U and V are orthogonal matrices

• Σ is diagonal with singular values σ1, . . . , σr ≥ 0

Compute AT A:
AT A = (UΣV T )T (UΣV T ) = V ΣT UT UΣV T

Since UT U = I (orthogonal matrix):

AT A = V ΣT ΣV T = V Σ2V T

where Σ2 is diagonal with entries σ2
1, σ2

2, . . . , σ2
r .

This is the eigenvalue decomposition of AT A with:

• Eigenvalues: σ2
1, σ2

2, . . . , σ2
r

• Eigenvectors: columns of V

Therefore, the singular values of A are the square roots of the eigenvalues of AT A. □

Problem 19. Prove that the covariance matrix is always symmetric and positive semi-
definite.
Solution: Let X be an n × p centered data matrix (rows are observations, columns are
features).
The covariance matrix is:

C = 1
n − 1XT X

Symmetry:

CT =
( 1

n − 1XT X
)T

= 1
n − 1(XT )T X = 1

n − 1XT X = C

✓
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Positive semi-definite: For any vector v⃗ ∈ Rp:

v⃗T Cv⃗ = v⃗T
( 1

n − 1XT X
)

v⃗ = 1
n − 1 v⃗T XT Xv⃗ = 1

n − 1(Xv⃗)T (Xv⃗) = 1
n − 1∥Xv⃗∥2 ≥ 0

Since v⃗T Cv⃗ ≥ 0 for all v⃗, the matrix C is positive semi-definite. □

Problem 20. Explain why the product of rotation matrices is another rotation matrix.
What property ensures this?
Solution: Rotation matrices are orthogonal matrices with determinant 1. Let R1 and R2

be rotation matrices.
Property 1: Orthogonality is preserved

(R1R2)T (R1R2) = RT
2 RT

1 R1R2 = RT
2 IR2 = RT

2 R2 = I

So R1R2 is orthogonal. ✓

Property 2: Determinant equals 1

det(R1R2) = det(R1) det(R2) = (1)(1) = 1

✓

Therefore, the product of rotation matrices is also a rotation matrix.
The key property is that orthogonal matrices form a group under multiplication:

• Closure: product of orthogonal matrices is orthogonal

• Associativity: matrix multiplication is associative

• Identity: I is orthogonal

• Inverses: if R is orthogonal, so is RT = R−1

Geometrically, composing two rotations gives another rotation (possibly about a different
axis and angle).

Problem 21. For the system dx⃗
dt

= Ax⃗ where A has complex eigenvalues λ = a ± bi, show
that solutions spiral inward when a < 0 and spiral outward when a > 0.
Solution: For a 2×2 matrix with complex eigenvalues λ = a ± bi, the eigenvectors are also
complex conjugates.
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The general real solution can be written as:

x⃗(t) = eat

(
c1

[
cos(bt)
sin(bt)

]
+ c2

[
− sin(bt)
cos(bt)

])

(This is a linear combination of the real and imaginary parts of eλtv⃗.)
The key observation: the term eat controls the amplitude:

• If a < 0: eat → 0 as t → ∞, so the radius decreases → spiral inward

• If a > 0: eat → ∞ as t → ∞, so the radius increases → spiral outward

• If a = 0: eat = 1, so the radius is constant → circular motion

The terms cos(bt) and sin(bt) cause rotation with angular frequency b.
Therefore: solutions spiral inward when a < 0 and spiral outward when a > 0. □

Problem 22. A more realistic PageRank includes a damping factor d = 0.85:

v⃗ = d(P v⃗) + 1 − d

n
1⃗

Explain why this modification is necessary (consider pages with no outlinks).
Solution: The damping factor addresses several problems:
Problem 1: Dangling nodes (pages with no outlinks)
If a page has no outlinks, the corresponding column in P would be all zeros, violating the
transition matrix requirement that columns sum to 1. A random surfer reaching such a
page would be "stuck."
Problem 2: Closed loops
Groups of pages that only link to each other (with no external links) can trap all the
PageRank within that group.
Solution: Random jumping
The modified equation:

v⃗ = d(P v⃗) + 1 − d

n
1⃗

models a surfer who:

• With probability d = 0.85: follows a link from the current page

• With probability 1 − d = 0.15: jumps to a random page
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This ensures:

• Every page has a non-zero probability of being visited (no dead ends)

• The transition matrix is "ergodic" (strongly connected and aperiodic)

• A unique steady-state distribution exists

• The system can escape from closed loops

The value d = 0.85 is empirically chosen to balance the influence of the link structure
against random exploration.

Problem 23. In PCA, prove that projecting data onto the first k principal components
minimizes the reconstruction error ∥X − Xk∥2.
Solution: Let X be the centered n × p data matrix. The SVD is:

X = UΣV T =
r∑

i=1
σiu⃗iv⃗

T
i

where r = rank(X).
The rank-k approximation using the first k singular values is:

Xk =
k∑

i=1
σiu⃗iv⃗

T
i

This is equivalent to projecting onto the first k principal components (columns of V ).
Eckart-Young-Mirsky Theorem: Among all rank-k matrices B, the matrix Xk mini-
mizes:

∥X − B∥2
F =

∑
i,j

(xij − bij)2

(where ∥ · ∥F is the Frobenius norm).
Proof idea: The reconstruction error for Xk is:

∥X − Xk∥2
F =

∥∥∥∥∥∥
r∑

i=k+1
σiu⃗iv⃗

T
i

∥∥∥∥∥∥
2

F

=
r∑

i=k+1
σ2

i

For any other rank-k matrix B, the error would include contributions from singular values
larger than σk+1, . . . , σr, making the error larger.
Therefore, PCA (projecting onto the first k principal components) gives the optimal rank-
k approximation. □



152 Contents

Problem 24. Show that homogeneous coordinates can represent perspective projection,
which makes distant objects appear smaller.
Solution: In perspective projection, points are projected onto a plane (the image plane)
from a center of projection (the camera).
For simplicity, consider projection onto the plane z = d with center at the origin.
A 3D point (x, y, z) projects to (x′, y′, d) where the ratios are:

x′

d
= x

z
⇒ x′ = dx

z

y′

d
= y

z
⇒ y′ = dy

z

In homogeneous coordinates, we represent the point as:

x

y

z

1



The perspective projection matrix is:

P =


1 0 0 0
0 1 0 0
0 0 1 0
0 0 1/d 0



Applying this:

P


x

y

z

1

 =


x

y

z

z/d


Converting back to 3D by dividing by the fourth coordinate:

x/(z/d)
y/(z/d)
z/(z/d)

 =


dx/z

dy/z

d


This gives us x′ = dx/z and y′ = dy/z, showing that:

• Points farther away (larger z) have smaller x′ and y′ coordinates
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• This creates the illusion of depth: distant objects appear smaller

The fourth coordinate in homogeneous coordinates allows us to represent this non-linear
transformation as a matrix multiplication! □

Problem 25. For the predator-prey model dx⃗
dt

=
[
a −b

c −d

]
x⃗ with a, b, c, d > 0, find condi-

tions on the parameters for oscillatory behavior (purely imaginary eigenvalues).
Solution: Find the characteristic polynomial:

det(A − λI) = det
[
a − λ −b

c −d − λ

]
= (a − λ)(−d − λ) + bc

= −ad − aλ + dλ + λ2 + bc = λ2 + (d − a)λ + (bc − ad)

Using the quadratic formula:

λ =
−(d − a) ±

√
(d − a)2 − 4(bc − ad)

2

For purely imaginary eigenvalues λ = ±ωi, we need:

1. The real part to be zero: d − a = 0 ⇒ a = d

2. The discriminant to be negative: (d − a)2 − 4(bc − ad) < 0

With a = d:
0 − 4(bc − d2) < 0 ⇒ bc − d2 < 0 ⇒ bc < d2

Wait, but if a = d, then bc − ad = bc − d2. For purely imaginary eigenvalues:

λ2 + (bc − d2) = 0 ⇒ λ = ±i
√

d2 − bc

This requires d2 − bc > 0 ⇒ bc < d2.
Actually, let me reconsider. For purely imaginary eigenvalues, we need the real part to be
exactly zero.

From λ = −(d−a)±
√

(d−a)2−4(bc−ad)
2 :

Real part = −(d−a)
2 = 0 ⇒ a = d

With a = d, the eigenvalues are:

λ = ±

√
−4(bc − d2)

2 = ±i
√

bc − d2



154 Contents

For this to be real (as ±i times a real number), we need bc − d2 > 0, or:
Conditions for oscillatory behavior:

a = d and bc > ad

Biologically: prey growth rate equals predator death rate, and the interaction terms domi-
nate the individual rates.



Solutions to Chapter 7: Eigenvalues and
Eigenvectors

Basic Problems

Problem 1. Determine if v⃗ =
[
2
3

]
is an eigenvector of A =

[
1 2
3 2

]
. If so, find the eigen-

value.
Solution: Compute Av⃗:

Av⃗ =
[
1 2
3 2

] [
2
3

]
=
[
1(2) + 2(3)
3(2) + 2(3)

]
=
[

8
12

]

Check if this is a scalar multiple of v⃗: [
8
12

]
= k

[
2
3

]

This requires 8 = 2k and 12 = 3k, which gives k = 4 in both cases.

Therefore, v⃗ =
[
2
3

]
is an eigenvector with eigenvalue λ = 4.

Problem 2. Find the eigenvalues of each matrix:

(a) A =
[
5 0
0 −3

]
Solution: This is a diagonal matrix, so the eigenvalues are the diagonal entries: λ1 = 5
and λ2 = −3.

(b) B =
[
2 1
0 2

]
Solution: Form the characteristic equation:

det(B − λI) = det
[
2 − λ 1

0 2 − λ

]
= (2 − λ)2 = 0

Therefore, λ = 2 with algebraic multiplicity 2.

155
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(c) C =
[

0 1
−1 0

]
Solution:

det(C − λI) = det
[
−λ 1
−1 −λ

]
= λ2 + 1 = 0

This gives λ2 = −1, so λ = ±i. The eigenvalues are λ1 = i and λ2 = −i (complex
eigenvalues).

Problem 3. For A =
[
3 2
2 0

]
:

(a) Find the characteristic polynomial
Solution:

det(A − λI) = det
[
3 − λ 2

2 −λ

]
= (3 − λ)(−λ) − (2)(2)
= −3λ + λ2 − 4
= λ2 − 3λ − 4

The characteristic polynomial is p(λ) = λ2 − 3λ − 4.
(b) Find all eigenvalues
Solution: Factor the characteristic polynomial:

λ2 − 3λ − 4 = (λ − 4)(λ + 1) = 0

The eigenvalues are λ1 = 4 and λ2 = −1.
(c) Find an eigenvector for each eigenvalue
Solution:
For λ1 = 4:

(A − 4I)v⃗ =
[
−1 2
2 −4

] [
v1

v2

]
=
[
0
0

]

This gives −v1 + 2v2 = 0, so v1 = 2v2. Choosing v2 = 1:

v⃗1 =
[
2
1

]
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For λ2 = −1:

(A + I)v⃗ =
[
4 2
2 1

] [
v1

v2

]
=
[
0
0

]

This gives 4v1 + 2v2 = 0, so v2 = −2v1. Choosing v1 = 1:

v⃗2 =
[

1
−2

]

Problem 4. Find the eigenvalues and eigenvectors of A =
[
4 −2
1 1

]
.

Solution: Characteristic equation:

det(A − λI) = det
[
4 − λ −2

1 1 − λ

]
= (4 − λ)(1 − λ) − (−2)(1)
= 4 − 4λ − λ + λ2 + 2
= λ2 − 5λ + 6
= (λ − 2)(λ − 3) = 0

Eigenvalues: λ1 = 2 and λ2 = 3.
For λ1 = 2:

(A − 2I)v⃗ =
[
2 −2
1 −1

] [
v1

v2

]
=
[
0
0

]

This gives v1 = v2. Eigenvector: v⃗1 =
[
1
1

]
.

For λ2 = 3:

(A − 3I)v⃗ =
[
1 −2
1 −2

] [
v1

v2

]
=
[
0
0

]

This gives v1 = 2v2. Eigenvector: v⃗2 =
[
2
1

]
.

Problem 5. Let A =


1 0 0
0 2 1
0 0 2

. Find the eigenvalues and their algebraic multiplicities.
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Solution: This is an upper triangular matrix, so the eigenvalues are the diagonal entries:

det(A − λI) = (1 − λ)(2 − λ)2 = 0

Eigenvalues:

• λ1 = 1 with algebraic multiplicity 1

• λ2 = 2 with algebraic multiplicity 2

Problem 6. Determine if A =
[
1 2
2 1

]
is diagonalizable. If so, find matrices P and D such

that A = PDP −1.
Solution: Find eigenvalues:

det(A − λI) = (1 − λ)2 − 4
= 1 − 2λ + λ2 − 4
= λ2 − 2λ − 3
= (λ − 3)(λ + 1) = 0

Eigenvalues: λ1 = 3 and λ2 = −1 (two distinct eigenvalues, so A is diagonalizable).
For λ1 = 3:

(A − 3I)v⃗ =
[
−2 2
2 −2

] [
v1

v2

]
= 0⃗

This gives v1 = v2. Eigenvector: v⃗1 =
[
1
1

]
.

For λ2 = −1:

(A + I)v⃗ =
[
2 2
2 2

] [
v1

v2

]
= 0⃗

This gives v1 = −v2. Eigenvector: v⃗2 =
[

1
−1

]
.

Therefore:
P =

[
1 1
1 −1

]
, D =

[
3 0
0 −1

]

Problem 7. If A =
[
2 0
0 3

]
, compute A10 using diagonalization.
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Solution: Since A is already diagonal with eigenvalues λ1 = 2 and λ2 = 3:

A10 =
[
210 0
0 310

]
=
[
1024 0

0 59049

]

Problem 8. Show that if λ is an eigenvalue of A, then λ2 is an eigenvalue of A2.
Solution: If λ is an eigenvalue of A, there exists a nonzero vector v⃗ such that:

Av⃗ = λv⃗

Multiply both sides by A:

A(Av⃗) = A(λv⃗) = λ(Av⃗) = λ(λv⃗) = λ2v⃗

Therefore:
A2v⃗ = λ2v⃗

This shows that v⃗ is an eigenvector of A2 with eigenvalue λ2.

Intermediate Problems

Problem 9. For A =


1 1 0
0 2 2
0 0 3

, find all eigenvalues and a basis for each eigenspace.

Solution: Since A is upper triangular, the eigenvalues are the diagonal entries: λ1 = 1,
λ2 = 2, λ3 = 3 (all with algebraic multiplicity 1).
For λ1 = 1:

(A − I)v⃗ =


0 1 0
0 1 2
0 0 2



v1

v2

v3

 = 0⃗

From the third equation: 2v3 = 0 ⇒ v3 = 0. From the second equation: v2 + 2v3 = 0 ⇒ v2 =
0. v1 is free.

Basis for E1:



1
0
0



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For λ2 = 2:

(A − 2I)v⃗ =


−1 1 0
0 0 2
0 0 1



v1

v2

v3

 = 0⃗

From the third equation: v3 = 0. From the first equation: −v1 + v2 = 0 ⇒ v2 = v1.

Basis for E2:



1
1
0




For λ3 = 3:

(A − 3I)v⃗ =


−2 1 0
0 −1 2
0 0 0



v1

v2

v3

 = 0⃗

From the second equation: −v2 + 2v3 = 0 ⇒ v2 = 2v3. From the first equation: −2v1 + v2 =
0 ⇒ v1 = v2

2 = v3.
Choosing v3 = 1: v1 = 1, v2 = 2, v3 = 1.

Basis for E3:



1
2
1




Problem 10. Diagonalize A =
[

7 2
−2 3

]
and use it to compute A5.

Solution: Find eigenvalues:

det(A − λI) = (7 − λ)(3 − λ) − (−2)(2)
= 21 − 7λ − 3λ + λ2 + 4
= λ2 − 10λ + 25
= (λ − 5)2 = 0

So λ = 5 with algebraic multiplicity 2.
For λ = 5:

(A − 5I)v⃗ =
[

2 2
−2 −2

] [
v1

v2

]
= 0⃗

This gives v1 = −v2. We can find two linearly independent eigenvectors: v⃗1 =
[

1
−1

]
and

v⃗2 =
[
1
1

]
.
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Wait, let me check: (A − 5I)
[
1
1

]
=
[

4
−4

]
̸= 0⃗.

Let me recalculate. The eigenspace is one-dimensional with basis
{[

1
−1

]}
. Since the geo-

metric multiplicity is 1 but algebraic multiplicity is 2, this matrix is NOT diagonalizable.
However, we can still compute A5 directly or using other methods. Let’s compute it di-
rectly:

A2 =
[

7 2
−2 3

] [
7 2

−2 3

]
=
[

45 20
−20 5

]
This becomes tedious. The matrix is actually not diagonalizable, so we cannot use the
diagonalization method as stated in the problem.
Note: This problem as stated cannot be solved using diagonalization since the matrix is not
diagonalizable. The geometric multiplicity (1) is less than the algebraic multiplicity (2).

Problem 11. Let A =


0 1 0
0 0 1
1 0 0

. Find the eigenvalues and show that A is diagonalizable.

Solution: Find the characteristic polynomial:

det(A − λI) = det


−λ 1 0
0 −λ 1
1 0 −λ


Expanding along the first row:

= −λ det
[
−λ 1
0 −λ

]
− 1 det

[
0 1
1 −λ

]
= −λ(λ2) − 1(−1)
= −λ3 + 1
= −(λ3 − 1)
= −(λ − 1)(λ2 + λ + 1)

The eigenvalues are:

• λ1 = 1

• λ2 = −1+i
√

3
2 = e2πi/3 (complex)

• λ3 = −1−i
√

3
2 = e−2πi/3 (complex)
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Since we have three distinct eigenvalues for a 3 × 3 matrix, A is diagonalizable (over the
complex numbers).

Problem 12. Prove that if A is invertible and λ is an eigenvalue of A, then 1
λ

is an eigen-
value of A−1.
Solution: If λ is an eigenvalue of A, then there exists a nonzero vector v⃗ such that:

Av⃗ = λv⃗

Since A is invertible, multiply both sides by A−1:

v⃗ = λA−1v⃗

Dividing both sides by λ (note: λ ̸= 0 since A is invertible):

1
λ

v⃗ = A−1v⃗

This shows that v⃗ is an eigenvector of A−1 with eigenvalue 1
λ
.

Problem 13. Show that the trace of a matrix (sum of diagonal entries) equals the sum of
its eigenvalues, and the determinant equals the product of its eigenvalues.
Solution: Let A be an n × n matrix with characteristic polynomial:

p(λ) = det(A − λI)

This is a polynomial of degree n that can be written as:

p(λ) = (−1)n(λ − λ1)(λ − λ2) · · · (λ − λn)

where λ1, λ2, . . . , λn are the eigenvalues (counting multiplicity).
Expanding this:

p(λ) = (−1)n[λn − (λ1 + λ2 + · · · + λn)λn−1 + · · · + (−1)nλ1λ2 · · · λn]

Now, let’s compute det(A − λI) directly. For a 2 × 2 matrix A =
[
a b

c d

]
:

det(A − λI) = det
[
a − λ b

c d − λ

]
= (a − λ)(d − λ) − bc
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= ad − (a + d)λ + λ2 − bc = λ2 − (a + d)λ + (ad − bc)

Comparing coefficients:

• Coefficient of λ: −(a + d) = −(λ1 + λ2), so tr(A) = a + d = λ1 + λ2

• Constant term: ad − bc = λ1λ2, and we know det(A) = ad − bc

This generalizes to n × n matrices:

• tr(A) = ∑n
i=1 λi

• det(A) = ∏n
i=1 λi

Problem 14. Find the eigenvalues and eigenvectors of A =
[

2 −1
−1 2

]
and orthogonally

diagonalize it.
Solution: Find eigenvalues:

det(A − λI) = (2 − λ)2 − 1
= 4 − 4λ + λ2 − 1
= λ2 − 4λ + 3
= (λ − 3)(λ − 1) = 0

Eigenvalues: λ1 = 3 and λ2 = 1.
For λ1 = 3:

(A − 3I)v⃗ =
[
−1 −1
−1 −1

] [
v1

v2

]
= 0⃗

This gives v1 = −v2. Eigenvector: v⃗1 =
[

1
−1

]
.

For λ2 = 1:

(A − I)v⃗ =
[

1 −1
−1 1

] [
v1

v2

]
= 0⃗

This gives v1 = v2. Eigenvector: v⃗2 =
[
1
1

]
.

Verify orthogonality: v⃗1 · v⃗2 = (1)(1) + (−1)(1) = 0 ✓

Normalize the eigenvectors:

u⃗1 = 1√
2

[
1

−1

]
, u⃗2 = 1√

2

[
1
1

]
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Orthogonal diagonalization:

Q = 1√
2

[
1 1

−1 1

]
, D =

[
3 0
0 1

]

and A = QDQT .

Problem 15. Suppose A has eigenvalues λ1 = 3 and λ2 = −1 with corresponding eigen-

vectors v⃗1 =
[
1
1

]
and v⃗2 =

[
1

−1

]
. Find A100

[
5
3

]
.

Solution: First, express
[
5
3

]
as a linear combination of the eigenvectors:

[
5
3

]
= c1

[
1
1

]
+ c2

[
1

−1

]

This gives:

c1 + c2 = 5
c1 − c2 = 3

Adding: 2c1 = 8 ⇒ c1 = 4. Subtracting: 2c2 = 2 ⇒ c2 = 1.

So
[
5
3

]
= 4v⃗1 + 1v⃗2.

Now:

A100
[
5
3

]
= A100(4v⃗1 + v⃗2)

= 4A100v⃗1 + A100v⃗2

= 4λ100
1 v⃗1 + λ100

2 v⃗2

= 4(3)100
[
1
1

]
+ (−1)100

[
1

−1

]

= 4 · 3100
[
1
1

]
+
[

1
−1

]

=
[
4 · 3100 + 1
4 · 3100 − 1

]
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Problem 16. Solve the system of differential equations:

d

dt

[
x

y

]
=
[
1 2
2 1

] [
x

y

]
,

[
x(0)
y(0)

]
=
[
2
0

]

Solution: Let A =
[
1 2
2 1

]
.

Find eigenvalues:

det(A − λI) = (1 − λ)2 − 4
= 1 − 2λ + λ2 − 4
= λ2 − 2λ − 3
= (λ − 3)(λ + 1) = 0

Eigenvalues: λ1 = 3 and λ2 = −1.
For λ1 = 3:

(A − 3I)v⃗ =
[
−2 2
2 −2

] [
v1

v2

]
= 0⃗

Eigenvector: v⃗1 =
[
1
1

]
.

For λ2 = −1:

(A + I)v⃗ =
[
2 2
2 2

] [
v1

v2

]
= 0⃗

Eigenvector: v⃗2 =
[

1
−1

]
.

General solution: [
x(t)
y(t)

]
= c1e

3t

[
1
1

]
+ c2e

−t

[
1

−1

]

Apply initial condition: [
2
0

]
= c1

[
1
1

]
+ c2

[
1

−1

]

This gives:

c1 + c2 = 2
c1 − c2 = 0

So c1 = c2 = 1.
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Solution: [
x(t)
y(t)

]
= e3t

[
1
1

]
+ e−t

[
1

−1

]
=
[
e3t + e−t

e3t − e−t

]

Challenge Problems
Problem 17. Prove that eigenvectors corresponding to distinct eigenvalues are linearly
independent.
Solution: We’ll prove this by induction on the number of eigenvectors.
Base case: A single nonzero eigenvector is linearly independent by definition.
Inductive step: Suppose eigenvectors v⃗1, v⃗2, . . . , v⃗k corresponding to distinct eigenvalues
λ1, λ2, . . . , λk are linearly independent. We need to show that adding v⃗k+1 with eigenvalue
λk+1 (distinct from all previous eigenvalues) maintains linear independence.
Suppose:

c1v⃗1 + c2v⃗2 + · · · + ckv⃗k + ck+1v⃗k+1 = 0⃗

Multiply both sides by A:

c1Av⃗1 + c2Av⃗2 + · · · + ckAv⃗k + ck+1Av⃗k+1 = 0⃗

c1λ1v⃗1 + c2λ2v⃗2 + · · · + ckλkv⃗k + ck+1λk+1v⃗k+1 = 0⃗

Now multiply the original equation by λk+1:

c1λk+1v⃗1 + c2λk+1v⃗2 + · · · + ckλk+1v⃗k + ck+1λk+1v⃗k+1 = 0⃗

Subtract this from the equation after multiplying by A:

c1(λ1 − λk+1)v⃗1 + c2(λ2 − λk+1)v⃗2 + · · · + ck(λk − λk+1)v⃗k = 0⃗

By the inductive hypothesis, v⃗1, . . . , v⃗k are linearly independent, so:

ci(λi − λk+1) = 0 for i = 1, 2, . . . , k

Since all eigenvalues are distinct, λi ̸= λk+1, so ci = 0 for i = 1, 2, . . . , k.
Substituting back into the original equation:

ck+1v⃗k+1 = 0⃗
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Since v⃗k+1 ̸= 0⃗, we have ck+1 = 0.
Therefore, all coefficients are zero, proving linear independence.

Problem 18. Let A be a 3 × 3 matrix with eigenvalues 2, 3, 5. What are the possible values
of det(A) and tr(A)?
Solution: From Problem 13, we know:

• det(A) = λ1 · λ2 · λ3 = 2 · 3 · 5 = 30

• tr(A) = λ1 + λ2 + λ3 = 2 + 3 + 5 = 10

There is only one possible value for each:

• det(A) = 30

• tr(A) = 10

Problem 19. Prove that if A is a real symmetric matrix, then eigenvectors corresponding
to distinct eigenvalues are orthogonal.
Solution: Let v⃗1 and v⃗2 be eigenvectors corresponding to distinct eigenvalues λ1 and λ2.
We have:

Av⃗1 = λ1v⃗1 and Av⃗2 = λ2v⃗2

Consider the dot product v⃗1 · (Av⃗2):

v⃗1 · (Av⃗2) = v⃗1 · (λ2v⃗2) = λ2(v⃗1 · v⃗2)

Since A is symmetric, AT = A. Therefore:

v⃗1 · (Av⃗2) = (Av⃗1)T v⃗2 = (λ1v⃗1)T v⃗2 = λ1(v⃗T
1 v⃗2) = λ1(v⃗1 · v⃗2)

Combining these two results:
λ2(v⃗1 · v⃗2) = λ1(v⃗1 · v⃗2)

(λ2 − λ1)(v⃗1 · v⃗2) = 0

Since λ1 ̸= λ2 (distinct eigenvalues), we must have:

v⃗1 · v⃗2 = 0

Therefore, the eigenvectors are orthogonal.
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Problem 20. A matrix A satisfies A2 = A (called idempotent). Show that the only
possible eigenvalues are 0 and 1.
Solution: Let λ be an eigenvalue of A with eigenvector v⃗. Then:

Av⃗ = λv⃗

Apply A to both sides:

A(Av⃗) = A(λv⃗) = λ(Av⃗) = λ(λv⃗) = λ2v⃗

So:
A2v⃗ = λ2v⃗

But we’re given that A2 = A, so:
A2v⃗ = Av⃗ = λv⃗

Therefore:
λ2v⃗ = λv⃗

(λ2 − λ)v⃗ = 0⃗

λ(λ − 1)v⃗ = 0⃗

Since v⃗ ̸= 0⃗ (eigenvectors are nonzero), we must have:

λ(λ − 1) = 0

Therefore, λ = 0 or λ = 1.

Problem 21. Consider the Fibonacci matrix F =
[
1 1
1 0

]
. Diagonalize F and use it to

derive a formula for the nth Fibonacci number.
Solution: Find eigenvalues:

det(F − λI) = (1 − λ)(−λ) − 1
= −λ + λ2 − 1
= λ2 − λ − 1

Using the quadratic formula:

λ = 1 ±
√

1 + 4
2 = 1 ±

√
5

2
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So λ1 = 1+
√

5
2 = ϕ (the golden ratio) and λ2 = 1−

√
5

2 = − 1
ϕ
.

For λ1 = ϕ:

(F − ϕI)v⃗ =
[
1 − ϕ 1

1 −ϕ

] [
v1

v2

]
= 0⃗

Since ϕ2 = ϕ + 1, we have 1 − ϕ = −ϕ + 1 = −(ϕ − 1) = − 1
ϕ
.

From the first equation: (1 − ϕ)v1 + v2 = 0, so v2 = (ϕ − 1)v1 = v1
ϕ

.

Actually, it’s easier to note that from λ2 − λ − 1 = 0, we get λ2 = λ + 1, so λ = λ2

1 =
λ + 1 − 1 = λ.
Let me use the relation (1 − λ)v1 + v2 = 0 directly. For λ1 = ϕ: v2 = (ϕ − 1)v1. Since
ϕ − 1 = 1

ϕ
, we can use v2 = ϕv1 from the second row.

Actually, from the second row: v1 − ϕv2 = 0, so v1 = ϕv2. Choosing v2 = 1:

v⃗1 =
[
ϕ

1

]

Similarly, for λ2 = 1−
√

5
2 :

v⃗2 =
[1−

√
5

2
1

]

Let P =
[
ϕ 1−

√
5

2
1 1

]
and D =

[
ϕ 0
0 1−

√
5

2

]
.

The Fibonacci sequence satisfies: [
Fn+1

Fn

]
= F n

[
1
0

]

Using diagonalization:
F n = PDnP −1

After computing (the algebra is tedious), we get Binet’s formula:

Fn = 1√
5

[(
1 +

√
5

2

)n

−
(

1 −
√

5
2

)n]
= ϕn − (−ϕ)−n

√
5
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Problem 22. Find the eigenvalues of the circulant matrix:

C =


a b c

c a b

b c a


Solution: The characteristic polynomial is:

det(C − λI) = det


a − λ b c

c a − λ b

b c a − λ


Expanding (using cofactor expansion or other methods):

= (a − λ)[(a − λ)2 − bc] − b[c(a − λ) − b2] + c[c2 − b(a − λ)]
= (a − λ)3 − (a − λ)bc − bc(a − λ) + b3 + c3 − bc(a − λ)
= (a − λ)3 − 3bc(a − λ) + b3 + c3

This is complex to factor in general. However, circulant matrices have a special property:
their eigenvectors are related to roots of unity.
For a 3 × 3 circulant matrix, the eigenvalues are:

λ1 = a + b + c

λ2 = a + bω + cω2

λ3 = a + bω2 + cω

where ω = e2πi/3 = −1+i
√

3
2 is a primitive cube root of unity.

These can be verified by computing C times the eigenvectors


1

ωk

ω2k

 for k = 0, 1, 2.

Problem 23. Suppose A is a 5 × 5 matrix with characteristic polynomial p(λ) = (λ −
2)3(λ + 1)2. What can you conclude about the diagonalizability of A?
Solution: The characteristic polynomial tells us:

• λ1 = 2 with algebraic multiplicity 3

• λ2 = −1 with algebraic multiplicity 2

For A to be diagonalizable, we need the geometric multiplicity to equal the algebraic multi-
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plicity for each eigenvalue. That is:

• dim(E2) = 3 (eigenspace for λ = 2 must be 3-dimensional)

• dim(E−1) = 2 (eigenspace for λ = −1 must be 2-dimensional)

We know that:
1 ≤ geometric multiplicity ≤ algebraic multiplicity

So:

• 1 ≤ dim(E2) ≤ 3

• 1 ≤ dim(E−1) ≤ 2

**Conclusion:** We cannot definitively determine if A is diagonalizable from the char-
acteristic polynomial alone. We would need to compute the eigenspaces to check if their
dimensions match the algebraic multiplicities. The matrix is diagonalizable if and only if
dim(E2) = 3 and dim(E−1) = 2.

Problem 24. A population is modeled by p⃗n+1 = Ap⃗n where A =
[
0.8 0.3
0.2 0.7

]
and p⃗n

represents the population distribution between two locations. Find the long-term steady-
state distribution.
Solution: The steady-state distribution p⃗∗ satisfies Ap⃗∗ = p⃗∗, which means p⃗∗ is an eigen-
vector with eigenvalue λ = 1.
First, verify that λ = 1 is an eigenvalue:

det(A − I) = det
[
−0.2 0.3
0.2 −0.3

]
= (−0.2)(−0.3) − (0.3)(0.2) = 0.06 − 0.06 = 0

Yes, λ = 1 is an eigenvalue.
Solve (A − I)p⃗ = 0⃗: [

−0.2 0.3
0.2 −0.3

] [
p1

p2

]
=
[
0
0

]

From the first equation: −0.2p1 + 0.3p2 = 0, so p1 = 0.3
0.2p2 = 1.5p2.

The steady-state eigenvector is p⃗ =
[
1.5
1

]
(or any scalar multiple).

Since we want a probability distribution, normalize so that p1 + p2 = 1:

1.5 + 1 = 2.5
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Therefore:
p⃗∗ =

[
1.5/2.5
1/2.5

]
=
[
0.6
0.4

]

In the long run, 60

Problem 25. Prove the Cayley-Hamilton theorem for 2 × 2 matrices: every matrix satisfies
its own characteristic equation. That is, if p(λ) = det(A − λI), then p(A) = 0.

Solution: Let A =
[
a b

c d

]
.

The characteristic polynomial is:

p(λ) = det(A − λI) = (a − λ)(d − λ) − bc

= λ2 − (a + d)λ + (ad − bc)
= λ2 − tr(A)λ + det(A)

The Cayley-Hamilton theorem states that p(A) = 0, i.e.:

A2 − tr(A)A + det(A)I = 0

Let’s verify this directly:

A2 =
[
a b

c d

] [
a b

c d

]
=
[
a2 + bc ab + bd

ac + cd bc + d2

]

tr(A)A = (a + d)
[
a b

c d

]
=
[
a(a + d) b(a + d)
c(a + d) d(a + d)

]

det(A)I = (ad − bc)
[
1 0
0 1

]
=
[
ad − bc 0

0 ad − bc

]

Now compute A2 − tr(A)A + det(A)I:
Entry (1, 1):

= a2 + bc − a(a + d) + (ad − bc)
= a2 + bc − a2 − ad + ad − bc

= 0
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Entry (1, 2):

= ab + bd − b(a + d) + 0
= ab + bd − ab − bd

= 0

Entry (2, 1):

= ac + cd − c(a + d) + 0
= ac + cd − ac − cd

= 0

Entry (2, 2):

= bc + d2 − d(a + d) + (ad − bc)
= bc + d2 − ad − d2 + ad − bc

= 0

Therefore:
A2 − tr(A)A + det(A)I =

[
0 0
0 0

]
= 0

This proves the Cayley-Hamilton theorem for 2 × 2 matrices.

Problem 26. For the quadratic form Q(x, y) = 5x2 +4xy +5y2, find the matrix A such that

Q(x, y) =
[
x y

]
A

[
x

y

]
. Orthogonally diagonalize A and identify the type of conic section

described by Q(x, y) = 1.
Solution: Expand the matrix form:

[
x y

] [a b

c d

] [
x

y

]
=
[
x y

] [ax + by

cx + dy

]
= ax2 + bxy + cxy + dy2

Comparing with 5x2 + 4xy + 5y2:

a = 5
b + c = 4

d = 5
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For a symmetric matrix, b = c = 2:

A =
[
5 2
2 5

]

Find eigenvalues:

det(A − λI) = (5 − λ)2 − 4
= 25 − 10λ + λ2 − 4
= λ2 − 10λ + 21
= (λ − 7)(λ − 3) = 0

Eigenvalues: λ1 = 7 and λ2 = 3.
For λ1 = 7:

(A − 7I)v⃗ =
[
−2 2
2 −2

] [
v1

v2

]
= 0⃗

Eigenvector: v⃗1 =
[
1
1

]
, normalized: u⃗1 = 1√

2

[
1
1

]
.

For λ2 = 3:

(A − 3I)v⃗ =
[
2 2
2 2

] [
v1

v2

]
= 0⃗

Eigenvector: v⃗2 =
[

1
−1

]
, normalized: u⃗2 = 1√

2

[
1

−1

]
.

Orthogonal diagonalization:

Q = 1√
2

[
1 1
1 −1

]
, D =

[
7 0
0 3

]

In the rotated coordinates (using QT

[
x

y

]
=
[
x′

y′

]
):

Q(x, y) = 7(x′)2 + 3(y′)2 = 1

or

(x′)2

1/7 + (y′)2

1/3 = 1

This is an **ellipse** with semi-axes of length 1√
7 and 1√

3 , rotated 45° from the standard
axes.



Solutions to Chapter 8: Inner Product
Spaces

Basic Problems
Problem 1. Verify that ⟨u⃗, v⃗⟩ = 2u1v1 + 3u2v2 defines an inner product on R2.
Solution: We need to verify the four axioms:
(1) Positivity:

⟨v⃗, v⃗⟩ = 2v2
1 + 3v2

2 ≥ 0

since it’s a sum of non-negative terms (and the coefficients are positive). ✓

(2) Definiteness: If ⟨v⃗, v⃗⟩ = 0, then 2v2
1 + 3v2

2 = 0. Since both terms are non-negative, this
means v2

1 = 0 and v2
2 = 0, so v1 = v2 = 0, thus v⃗ = 0⃗. ✓

(3) Symmetry:
⟨u⃗, v⃗⟩ = 2u1v1 + 3u2v2 = 2v1u1 + 3v2u2 = ⟨v⃗, u⃗⟩

✓

(4) Linearity:

⟨u⃗, cv⃗ + w⃗⟩ = 2u1(cv1 + w1) + 3u2(cv2 + w2)
= 2cu1v1 + 2u1w1 + 3cu2v2 + 3u2w2

= c(2u1v1 + 3u2v2) + (2u1w1 + 3u2w2)
= c⟨u⃗, v⃗⟩ + ⟨u⃗, w⃗⟩

✓

All four axioms are satisfied, so this defines an inner product.

Problem 2. Using the inner product ⟨p, q⟩ =
∫ 1

0 p(x)q(x) dx on P2:
(a) Compute ⟨x, x2⟩
Solution:

⟨x, x2⟩ =
∫ 1

0
x · x2 dx =

∫ 1

0
x3 dx =

[
x4

4

]1

0
= 1

4

(b) Find ∥1 + x∥

175
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Solution:

∥1 + x∥2 = ⟨1 + x, 1 + x⟩ =
∫ 1

0
(1 + x)2 dx

=
∫ 1

0
(1 + 2x + x2) dx

=
[
x + x2 + x3

3

]1

0

= 1 + 1 + 1
3 = 7

3

Therefore: ∥1 + x∥ =
√

7
3 =

√
21
3 .

(c) Are p(x) = x and q(x) = 1 − 2x orthogonal?
Solution:

⟨p, q⟩ =
∫ 1

0
x(1 − 2x) dx =

∫ 1

0
(x − 2x2) dx

=
[

x2

2 − 2x3

3

]1

0

= 1
2 − 2

3 = 3 − 4
6 = −1

6 ̸= 0

No, they are not orthogonal.

Problem 3. Show that u⃗ =


2

−1
1

 and v⃗ =


1
2
0

 are orthogonal.

Solution:
u⃗ · v⃗ = 2(1) + (−1)(2) + 1(0) = 2 − 2 + 0 = 0

Since the dot product is zero, the vectors are orthogonal.

Problem 4. Find the angle between u⃗ =


1
2
2

 and v⃗ =


2
0
1

.

Solution: First compute the dot product:

u⃗ · v⃗ = 1(2) + 2(0) + 2(1) = 2 + 0 + 2 = 4

Compute the norms:
∥u⃗∥ =

√
12 + 22 + 22 =

√
9 = 3
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∥v⃗∥ =
√

22 + 02 + 12 =
√

5

Therefore:
cos θ = u⃗ · v⃗

∥u⃗∥∥v⃗∥
= 4

3
√

5
= 4

√
5

15

θ = arccos
(

4
√

5
15

)
≈ 53.3ř

Problem 5. Determine if



1
1
0

 ,


1

−1
0

 ,


0
0
1


 is an orthogonal set. Is it orthonormal?

Solution: Check pairwise orthogonality:
v⃗1 · v⃗2 = 1(1) + 1(−1) + 0(0) = 0 ✓

v⃗1 · v⃗3 = 1(0) + 1(0) + 0(1) = 0 ✓

v⃗2 · v⃗3 = 1(0) + (−1)(0) + 0(1) = 0 ✓

The set is orthogonal.
Check norms:

∥v⃗1∥ =
√

12 + 12 + 02 =
√

2 ̸= 1

Since the vectors don’t all have norm 1, the set is **orthogonal but not orthonormal**.

Problem 6. Find the projection of v⃗ =


3
1
2

 onto u⃗ =


1
0
1

.

Solution:
proju⃗(v⃗) = v⃗ · u⃗

u⃗ · u⃗
u⃗

Compute:
v⃗ · u⃗ = 3(1) + 1(0) + 2(1) = 5

u⃗ · u⃗ = 12 + 02 + 12 = 2

Therefore:

proju⃗(v⃗) = 5
2


1
0
1

 =


5/2
0

5/2



Problem 7. Apply the Gram-Schmidt process to
{[

1
1

]
,

[
1
2

]}
.
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Solution: Let v⃗1 =
[
1
1

]
and v⃗2 =

[
1
2

]
.

Step 1: u⃗1 = v⃗1 =
[
1
1

]
Step 2:

u⃗2 = v⃗2 − v⃗2 · u⃗1

u⃗1 · u⃗1
u⃗1

Compute:
v⃗2 · u⃗1 = 1(1) + 2(1) = 3

u⃗1 · u⃗1 = 12 + 12 = 2

Therefore:
u⃗2 =

[
1
2

]
− 3

2

[
1
1

]
=
[
1 − 3/2
2 − 3/2

]
=
[
−1/2
1/2

]

We can multiply by 2 to get: u⃗2 =
[
−1
1

]
(or

[
1

−1

]
).

The orthogonal basis is:
{[

1
1

]
,

[
1

−1

]}
.

Problem 8. Find an orthonormal basis for the subspace spanned by


1
0
1

 and


0
1
1

.

Solution: Let v⃗1 =


1
0
1

 and v⃗2 =


0
1
1

.

Apply Gram-Schmidt:

Step 1: u⃗1 = v⃗1 =


1
0
1


Step 2:

v⃗2 · u⃗1 = 0(1) + 1(0) + 1(1) = 1

u⃗1 · u⃗1 = 12 + 02 + 12 = 2

u⃗2 =


0
1
1

− 1
2


1
0
1

 =


−1/2

1
1/2


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Multiply by 2: u⃗2 =


−1
2
1

.

Now normalize:

∥u⃗1∥ =
√

2, û1 = 1√
2


1
0
1



∥u⃗2∥ =
√

1 + 4 + 1 =
√

6, û2 = 1√
6


−1
2
1



Orthonormal basis:

 1√
2


1
0
1

 , 1√
6


−1
2
1


.

Intermediate Problems
Problem 9. Prove that if u⃗ and v⃗ are orthogonal, then ∥u⃗+v⃗∥2 = ∥u⃗∥2+∥v⃗∥2 (Pythagorean
theorem).
Solution:

∥u⃗ + v⃗∥2 = ⟨u⃗ + v⃗, u⃗ + v⃗⟩
= ⟨u⃗, u⃗⟩ + ⟨u⃗, v⃗⟩ + ⟨v⃗, u⃗⟩ + ⟨v⃗, v⃗⟩
= ⟨u⃗, u⃗⟩ + 2⟨u⃗, v⃗⟩ + ⟨v⃗, v⃗⟩

Since u⃗ and v⃗ are orthogonal, ⟨u⃗, v⃗⟩ = 0:

∥u⃗ + v⃗∥2 = ⟨u⃗, u⃗⟩ + ⟨v⃗, v⃗⟩ = ∥u⃗∥2 + ∥v⃗∥2

This is the Pythagorean theorem in inner product spaces! □

Problem 10. Apply the Gram-Schmidt process to find an orthogonal basis for the col-
umn space of:

A =


1 0 1
1 1 2
0 1 1


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Solution: The columns are v⃗1 =


1
1
0

, v⃗2 =


0
1
1

, v⃗3 =


1
2
1

.

Step 1: u⃗1 = v⃗1 =


1
1
0


Step 2:

v⃗2 · u⃗1 = 0(1) + 1(1) + 1(0) = 1

u⃗1 · u⃗1 = 2

u⃗2 =


0
1
1

− 1
2


1
1
0

 =


−1/2
1/2
1



Multiply by 2: u⃗2 =


−1
1
2

.

Step 3:
v⃗3 · u⃗1 = 1(1) + 2(1) + 1(0) = 3

v⃗3 · u⃗2 = 1(−1) + 2(1) + 1(2) = −1 + 2 + 2 = 3

u⃗2 · u⃗2 = 1 + 1 + 4 = 6

u⃗3 =


1
2
1

− 3
2


1
1
0

− 3
6


−1
1
2



=


1
2
1

−


3/2
3/2
0

−


−1/2
1/2
1

 =


0
0
0


This means v⃗3 is in the span of {v⃗1, v⃗2}, so the column space has dimension 2.

Orthogonal basis:



1
1
0

 ,


−1
1
2


.

Problem 11. Find the QR factorization of A =


1 1
1 2
1 3

.
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Solution: The columns are v⃗1 =


1
1
1

 and v⃗2 =


1
2
3

.

Apply Gram-Schmidt:

Step 1: u⃗1 = v⃗1 =


1
1
1



∥u⃗1∥ =
√

3, so û1 = 1√
3


1
1
1


Step 2:

v⃗2 · u⃗1 = 1 + 2 + 3 = 6

u⃗1 · u⃗1 = 3

u⃗2 =


1
2
3

− 6
3


1
1
1

 =


1
2
3

−


2
2
2

 =


−1
0
1



∥u⃗2∥ =
√

1 + 0 + 1 =
√

2, so û2 = 1√
2


−1
0
1


Thus:

Q =


1/

√
3 −1/

√
2

1/
√

3 0
1/

√
3 1/

√
2


To find R, use R = QT A:

R =
[

1/
√

3 1/
√

3 1/
√

3
−1/

√
2 0 1/

√
2

] 
1 1
1 2
1 3


First column of R:

r11 = 1√
3

(1 + 1 + 1) =
√

3

r21 = 1√
2

(−1 + 0 + 1) = 0

Second column of R:
r12 = 1√

3
(1 + 2 + 3) = 6√

3
= 2

√
3
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r22 = 1√
2

(−1 + 0 + 3) = 2√
2

=
√

2

Therefore:
R =

[√
3 2

√
3

0
√

2

]

Problem 12. Let W = span




1
0
1
0

 ,


0
1
0
1


. Find the projection of v⃗ =


1
2
3
4

 onto W .

Solution: The basis vectors u⃗1 =


1
0
1
0

 and u⃗2 =


0
1
0
1

 are already orthogonal (check:

u⃗1 · u⃗2 = 0).
The projection is:

projW (v⃗) = v⃗ · u⃗1

u⃗1 · u⃗1
u⃗1 + v⃗ · u⃗2

u⃗2 · u⃗2
u⃗2

Compute:
v⃗ · u⃗1 = 1(1) + 2(0) + 3(1) + 4(0) = 4

u⃗1 · u⃗1 = 1 + 0 + 1 + 0 = 2

v⃗ · u⃗2 = 1(0) + 2(1) + 3(0) + 4(1) = 6

u⃗2 · u⃗2 = 0 + 1 + 0 + 1 = 2

Therefore:

projW (v⃗) = 4
2


1
0
1
0

+ 6
2


0
1
0
1

 = 2


1
0
1
0

+ 3


0
1
0
1

 =


2
3
2
3



Problem 13. Show that if {u⃗1, u⃗2, u⃗3} is an orthonormal basis for R3, then for any v⃗ ∈
R3:

∥v⃗∥2 = |⟨v⃗, u⃗1⟩|2 + |⟨v⃗, u⃗2⟩|2 + |⟨v⃗, u⃗3⟩|2

(This is Parseval’s identity.)
Solution: Since {u⃗1, u⃗2, u⃗3} is a basis for R3, we can write:

v⃗ = c1u⃗1 + c2u⃗2 + c3u⃗3



Contents 183

For an orthonormal basis, ci = ⟨v⃗, u⃗i⟩.
Compute the norm:

∥v⃗∥2 = ⟨v⃗, v⃗⟩
= ⟨c1u⃗1 + c2u⃗2 + c3u⃗3, c1u⃗1 + c2u⃗2 + c3u⃗3⟩
= c2

1⟨u⃗1, u⃗1⟩ + c2
2⟨u⃗2, u⃗2⟩ + c2

3⟨u⃗3, u⃗3⟩
+ 2c1c2⟨u⃗1, u⃗2⟩ + 2c1c3⟨u⃗1, u⃗3⟩ + 2c2c3⟨u⃗2, u⃗3⟩

Since the basis is orthonormal:

• ⟨u⃗i, u⃗i⟩ = 1 for all i

• ⟨u⃗i, u⃗j⟩ = 0 for i ̸= j

Therefore:
∥v⃗∥2 = c2

1 + c2
2 + c2

3 = |⟨v⃗, u⃗1⟩|2 + |⟨v⃗, u⃗2⟩|2 + |⟨v⃗, u⃗3⟩|2

□

Problem 14. Find the least squares solution to:
1 1
2 1
1 2


[
x1

x2

]
=


2
3
4



Solution: Use the normal equations: AT Ax̂ = AT b⃗.
Compute AT A:

AT A =
[
1 2 1
1 1 2

] 
1 1
2 1
1 2

 =
[
6 5
5 6

]

Compute AT b⃗:

AT b⃗ =
[
1 2 1
1 1 2

] 
2
3
4

 =
[
12
13

]

Solve: [
6 5
5 6

] [
x1

x2

]
=
[
12
13

]

Using the inverse:

(AT A)−1 = 1
36 − 25

[
6 −5

−5 6

]
= 1

11

[
6 −5

−5 6

]
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x̂ = 1
11

[
6 −5

−5 6

] [
12
13

]
= 1

11

[
72 − 65

−60 + 78

]
= 1

11

[
7
18

]

Therefore: x̂ =
[

7/11
18/11

]
.

Problem 15. Find the best-fit line y = mx + c through the points (1, 2), (2, 3), (3, 5), (4, 4).
Solution: Set up the system: 

1 1
2 1
3 1
4 1


[
m

c

]
=


2
3
5
4


Compute AT A:

AT A =
[
1 2 3 4
1 1 1 1

] 
1 1
2 1
3 1
4 1

 =
[
30 10
10 4

]

Compute AT b⃗:

AT b⃗ =
[
1 2 3 4
1 1 1 1

] 
2
3
5
4

 =
[
38
14

]

Solve: [
30 10
10 4

] [
m

c

]
=
[
38
14

]

From the second equation: 10m + 4c = 14 ⇒ 5m + 2c = 7.
From the first equation: 30m + 10c = 38 ⇒ 3m + c = 3.8.
From 5m + 2c = 7: c = 7−5m

2 .
Substitute into 3m + c = 3.8:

3m + 7 − 5m

2 = 3.8 ⇒ 6m + 7 − 5m = 7.6 ⇒ m = 0.6

c = 7 − 5(0.6)
2 = 7 − 3

2 = 2

The best-fit line is: y = 0.6x + 2.
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Problem 16. Using ⟨f, g⟩ =
∫ π

−π f(x)g(x) dx, show that sin(x) and cos(x) are orthogonal
on [−π, π].
Solution:

⟨sin(x), cos(x)⟩ =
∫ π

−π
sin(x) cos(x) dx

=
∫ π

−π

1
2 sin(2x) dx

= 1
2

[
−1

2 cos(2x)
]π

−π

= −1
4[cos(2π) − cos(−2π)]

= −1
4[1 − 1] = 0

Therefore, sin(x) and cos(x) are orthogonal.

Challenge Problems
Problem 17. Prove the Cauchy-Schwarz inequality: for any vectors u⃗, v⃗ in an inner prod-
uct space, |⟨u⃗, v⃗⟩| ≤ ∥u⃗∥∥v⃗∥.
Solution: If v⃗ = 0⃗, both sides are zero and the inequality holds.
Assume v⃗ ̸= 0⃗. Consider the vector:

w⃗ = u⃗ − ⟨u⃗, v⃗⟩
⟨v⃗, v⃗⟩

v⃗

This is the component of u⃗ orthogonal to v⃗ (i.e., u⃗ minus its projection onto v⃗).
We can verify that ⟨w⃗, v⃗⟩ = 0:

⟨w⃗, v⃗⟩ =
〈

u⃗ − ⟨u⃗, v⃗⟩
⟨v⃗, v⃗⟩

v⃗, v⃗

〉

= ⟨u⃗, v⃗⟩ − ⟨u⃗, v⃗⟩
⟨v⃗, v⃗⟩

⟨v⃗, v⃗⟩

= ⟨u⃗, v⃗⟩ − ⟨u⃗, v⃗⟩ = 0
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Since ∥w⃗∥2 ≥ 0:

0 ≤ ∥w⃗∥2 = ⟨w⃗, w⃗⟩

=
〈

u⃗ − ⟨u⃗, v⃗⟩
⟨v⃗, v⃗⟩

v⃗, u⃗ − ⟨u⃗, v⃗⟩
⟨v⃗, v⃗⟩

v⃗

〉

= ⟨u⃗, u⃗⟩ − 2⟨u⃗, v⃗⟩
⟨v⃗, v⃗⟩

⟨u⃗, v⃗⟩ + |⟨u⃗, v⃗⟩|2

⟨v⃗, v⃗⟩2 ⟨v⃗, v⃗⟩

= ⟨u⃗, u⃗⟩ − |⟨u⃗, v⃗⟩|2

⟨v⃗, v⃗⟩

Therefore:
|⟨u⃗, v⃗⟩|2

⟨v⃗, v⃗⟩
≤ ⟨u⃗, u⃗⟩

|⟨u⃗, v⃗⟩|2 ≤ ⟨u⃗, u⃗⟩⟨v⃗, v⃗⟩ = ∥u⃗∥2∥v⃗∥2

Taking square roots:
|⟨u⃗, v⃗⟩| ≤ ∥u⃗∥∥v⃗∥

□

Problem 18. Prove the triangle inequality: ∥u⃗ + v⃗∥ ≤ ∥u⃗∥ + ∥v⃗∥ using the Cauchy-Schwarz
inequality.
Solution:

∥u⃗ + v⃗∥2 = ⟨u⃗ + v⃗, u⃗ + v⃗⟩
= ⟨u⃗, u⃗⟩ + 2⟨u⃗, v⃗⟩ + ⟨v⃗, v⃗⟩
= ∥u⃗∥2 + 2⟨u⃗, v⃗⟩ + ∥v⃗∥2

By Cauchy-Schwarz, ⟨u⃗, v⃗⟩ ≤ |⟨u⃗, v⃗⟩| ≤ ∥u⃗∥∥v⃗∥:

∥u⃗ + v⃗∥2 ≤ ∥u⃗∥2 + 2∥u⃗∥∥v⃗∥ + ∥v⃗∥2

= (∥u⃗∥ + ∥v⃗∥)2

Taking square roots:
∥u⃗ + v⃗∥ ≤ ∥u⃗∥ + ∥v⃗∥

□

Problem 19. Show that the distance function d(u⃗, v⃗) = ∥u⃗ − v⃗∥ satisfies:

1. d(u⃗, v⃗) ≥ 0 with equality iff u⃗ = v⃗
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2. d(u⃗, v⃗) = d(v⃗, u⃗)

3. d(u⃗, w⃗) ≤ d(u⃗, v⃗) + d(v⃗, w⃗) (triangle inequality)

Solution:
(1) Since the norm is always non-negative, d(u⃗, v⃗) = ∥u⃗ − v⃗∥ ≥ 0.
Equality holds iff ∥u⃗ − v⃗∥ = 0, which by definiteness of the norm occurs iff u⃗ − v⃗ = 0⃗, i.e.,
u⃗ = v⃗. ✓

(2)
d(u⃗, v⃗) = ∥u⃗ − v⃗∥ = ∥(−1)(v⃗ − u⃗)∥ = | − 1|∥v⃗ − u⃗∥ = ∥v⃗ − u⃗∥ = d(v⃗, u⃗)

✓

(3) Using the triangle inequality for norms:

d(u⃗, w⃗) = ∥u⃗ − w⃗∥
= ∥(u⃗ − v⃗) + (v⃗ − w⃗)∥
≤ ∥u⃗ − v⃗∥ + ∥v⃗ − w⃗∥
= d(u⃗, v⃗) + d(v⃗, w⃗)

✓

These three properties define a metric, so any inner product space is a metric space. □

Problem 20. Let W be a subspace with orthonormal basis {u⃗1, . . . , u⃗k}. Show that the
projection matrix P = u⃗1u⃗

T
1 + · · · + u⃗ku⃗T

k satisfies P 2 = P and P T = P .
Solution:
Showing P T = P (symmetry):

P T = (u⃗1u⃗
T
1 + · · · + u⃗ku⃗T

k )T = u⃗T
1

T u⃗T
1 + · · · + u⃗T

k
T u⃗T

k = u⃗1u⃗
T
1 + · · · + u⃗ku⃗T

k = P

✓

Showing P 2 = P (idempotent):

P 2 =
(

k∑
i=1

u⃗iu⃗
T
i

) k∑
j=1

u⃗ju⃗
T
j


=

k∑
i=1

k∑
j=1

u⃗iu⃗
T
i u⃗ju⃗

T
j

=
k∑

i=1

k∑
j=1

u⃗i(u⃗T
i u⃗j)u⃗T

j
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Since the basis is orthonormal, u⃗T
i u⃗j = δij (Kronecker delta):

P 2 =
k∑

i=1

k∑
j=1

u⃗iδiju⃗
T
j =

k∑
i=1

u⃗iu⃗
T
i = P

✓

A matrix satisfying P 2 = P is called idempotent, and projection matrices always have this
property. □

Problem 21. Find the polynomial p(x) = a + bx that best approximates f(x) = ex on [0, 1]
using the inner product ⟨f, g⟩ =

∫ 1
0 f(x)g(x) dx.

Solution: We want to find p(x) = a + bx that minimizes ∥f − p∥2. This is equivalent to
finding the projection of f onto span{1, x}.
First, apply Gram-Schmidt to {1, x}:
u⃗1 = 1
u⃗2 = x − ⟨x,1⟩

⟨1,1⟩ · 1
Compute:

⟨x, 1⟩ =
∫ 1

0
x · 1 dx = 1

2

⟨1, 1⟩ =
∫ 1

0
1 · 1 dx = 1

So: u⃗2 = x − 1
2

The best approximation is:

p(x) = ⟨ex, 1⟩
⟨1, 1⟩

· 1 + ⟨ex, x − 1/2⟩
⟨x − 1/2, x − 1/2⟩

(x − 1/2)

Compute the needed inner products:

⟨ex, 1⟩ =
∫ 1

0
ex dx = [ex]10 = e − 1

⟨ex, x − 1/2⟩ =
∫ 1

0
ex(x − 1/2) dx

Using integration by parts (let u = x − 1/2, dv = exdx):

= [(x − 1/2)ex]10 −
∫ 1

0
ex dx = (1/2)e − (−1/2) − (e − 1) = e

2 + 1
2 − e + 1 = 3

2 − e

2
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⟨x − 1/2, x − 1/2⟩ =
∫ 1

0
(x − 1/2)2 dx =

∫ 1

0
(x2 − x + 1/4) dx = 1

3 − 1
2 + 1

4 = 1
12

Therefore:

p(x) = (e − 1) + (3/2 − e/2)
1/12 (x − 1/2) = (e − 1) + 12

(3 − e

2

)
(x − 1/2)

Simplifying:

p(x) = (e − 1) + (18 − 6e)(x − 1/2) = (e − 1) + (18 − 6e)x − (9 − 3e)

= e − 1 − 9 + 3e + (18 − 6e)x = 4e − 10 + (18 − 6e)x

Or in the form a + bx:
a ≈ 0.87, b ≈ 1.72

The best linear approximation is p(x) ≈ 0.87 + 1.72x.

Problem 22. Suppose {v⃗1, v⃗2, v⃗3} is a linearly independent set. Show that after applying
Gram-Schmidt, the resulting orthogonal set {u⃗1, u⃗2, u⃗3} satisfies:

span{v⃗1, . . . , v⃗k} = span{u⃗1, . . . , u⃗k}

for k = 1, 2, 3.
Solution: We’ll prove this by induction.
Base case (k = 1): u⃗1 = v⃗1, so span{v⃗1} = span{u⃗1}. ✓

Inductive step: Assume span{v⃗1, . . . , ⃗k − 1} = span{u⃗1, . . . , u⃗k−1}.
By the Gram-Schmidt formula:

u⃗k = v⃗k −
k−1∑
i=1

⟨v⃗k, u⃗i⟩
⟨u⃗i, u⃗i⟩

u⃗i

This shows that u⃗k is a linear combination of v⃗k and u⃗1, . . . , u⃗k−1.
By the inductive hypothesis, u⃗1, . . . , u⃗k−1 ∈ span{v⃗1, . . . , v⃗k−1}.
Therefore, u⃗k ∈ span{v⃗1, . . . , v⃗k}.
Conversely, we can solve for v⃗k:

v⃗k = u⃗k +
k−1∑
i=1

⟨v⃗k, u⃗i⟩
⟨u⃗i, u⃗i⟩

u⃗i
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This shows v⃗k ∈ span{u⃗1, . . . , u⃗k}.
Combined with the inductive hypothesis, we have:

span{v⃗1, . . . , v⃗k} = span{u⃗1, . . . , u⃗k}

□

Problem 23. Let A be an m × n matrix with linearly independent columns. Show that
AT A is invertible.
Solution: We need to show that AT A has trivial null space, i.e., if AT Ax⃗ = 0⃗, then x⃗ = 0⃗.
Suppose AT Ax⃗ = 0⃗. Multiply both sides on the left by x⃗T :

x⃗T AT Ax⃗ = x⃗T 0⃗ = 0

The left side can be rewritten:

x⃗T AT Ax⃗ = (Ax⃗)T (Ax⃗) = ∥Ax⃗∥2

So we have ∥Ax⃗∥2 = 0, which means Ax⃗ = 0⃗.
Since the columns of A are linearly independent, Null(A) = {⃗0}. Therefore, x⃗ = 0⃗.
This proves that Null(AT A) = {⃗0}, so AT A is invertible. □

Problem 24. Find the distance from the point (1, 1, 1, 1) to the subspace W = span




1
0
1
0

 ,


0
1
0
1


.

Solution: The distance from v⃗ =


1
1
1
1

 to W is:

d(v⃗, W ) = ∥v⃗ − projW (v⃗)∥

From Problem 12, we found:

projW (v⃗) =


2
3
2
3


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Wait, let me recalculate with v⃗ =


1
1
1
1

:

v⃗ · u⃗1 = 1 + 0 + 1 + 0 = 2, u⃗1 · u⃗1 = 2

v⃗ · u⃗2 = 0 + 1 + 0 + 1 = 2, u⃗2 · u⃗2 = 2

projW (v⃗) = 2
2


1
0
1
0

+ 2
2


0
1
0
1

 =


1
1
1
1


This means v⃗ is already in W ! So the distance is 0.
Actually, let’s verify: is (1, 1, 1, 1) in the span of those two vectors?

c1


1
0
1
0

+ c2


0
1
0
1

 =


1
1
1
1



This gives c1 = 1 and c2 = 1, so yes!
The distance is 0 .

Problem 25. Using Fourier series ideas, find the best approximation to f(x) = x on
[−π, π] using span{1, sin(x), cos(x)} with inner product ⟨f, g⟩ =

∫ π
−π f(x)g(x) dx.

Solution: First, note that {1, sin(x), cos(x)} is already orthogonal on [−π, π] (we can
verify this).
The best approximation is:

p(x) = ⟨x, 1⟩
⟨1, 1⟩

· 1 + ⟨x, sin(x)⟩
⟨sin(x), sin(x)⟩ sin(x) + ⟨x, cos(x)⟩

⟨cos(x), cos(x)⟩ cos(x)

Compute each term:
Constant term:

⟨x, 1⟩ =
∫ π

−π
x dx =

[
x2

2

]π

−π

= 0

(by symmetry)
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Sine term:
⟨x, sin(x)⟩ =

∫ π

−π
x sin(x) dx

Using integration by parts:

= [−x cos(x)]π−π +
∫ π

−π
cos(x) dx = −π(−1) − (−π)(−1) + 0 = −2π

⟨sin(x), sin(x)⟩ =
∫ π

−π
sin2(x) dx = π

Cosine term:
⟨x, cos(x)⟩ =

∫ π

−π
x cos(x) dx = 0

(by symmetry: odd function)
Therefore:

p(x) = 0 + −2π

π
sin(x) + 0 = −2 sin(x)

The best approximation is p(x) = −2 sin(x).

Problem 26. Prove that if Q is an n × n orthogonal matrix (i.e., QT Q = I), then multipli-
cation by Q preserves inner products: ⟨Qu⃗, Qv⃗⟩ = ⟨u⃗, v⃗⟩ for all u⃗, v⃗ ∈ Rn.
Solution: Using the standard dot product (which equals u⃗T v⃗):

⟨Qu⃗, Qv⃗⟩ = (Qu⃗)T (Qv⃗) = u⃗T QT Qv⃗

Since Q is orthogonal, QT Q = I:

= u⃗T Iv⃗ = u⃗T v⃗ = ⟨u⃗, v⃗⟩

□

This means orthogonal transformations preserve angles and lengths—they are rigid mo-
tions (rotations and reflections).



Solutions to Chapter 9: Applications and
Advanced Topics

Basic Problems

Problem 1. For the transition matrix P =
[
0.7 0.2
0.3 0.8

]
:

(a) Verify that it’s a valid transition matrix
Solution: Check that all entries are non-negative: Yes, all entries are between 0 and 1. ✓

Check that each column sums to 1:

• Column 1: 0.7 + 0.3 = 1.0 ✓

• Column 2: 0.2 + 0.8 = 1.0 ✓

Therefore, P is a valid transition matrix.
(b) Find the steady-state vector
Solution: Solve (P − I)v⃗ = 0⃗:

[
−0.3 0.2
0.3 −0.2

] [
v1

v2

]
= 0⃗

From the first equation: −0.3v1 + 0.2v2 = 0 ⇒ 0.3v1 = 0.2v2 ⇒ v1 = 2
3v2.

Since probabilities sum to 1: v1 + v2 = 1 ⇒ 2
3v2 + v2 = 1 ⇒ 5

3v2 = 1 ⇒ v2 = 3
5 .

Therefore: v1 = 2
5 and v2 = 3

5 .

Steady-state vector: v⃗ =
[
0.4
0.6

]
(c) If you start in state 1, what’s the probability of being in state 2 after 2 transitions?

Solution: Starting state: x⃗0 =
[
1
0

]
After 1 transition:

x⃗1 = Px⃗0 =
[
0.7 0.2
0.3 0.8

] [
1
0

]
=
[
0.7
0.3

]

193
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After 2 transitions:

x⃗2 = Px⃗1 =
[
0.7 0.2
0.3 0.8

] [
0.7
0.3

]
=
[
0.49 + 0.06
0.21 + 0.24

]
=
[
0.55
0.45

]

The probability of being in state 2 after 2 transitions is 0.45 .

Problem 2. A factory produces products A and B. Product A requires 2 hours and yields
$20 profit. Product B requires 3 hours and yields $25 profit. With 30 hours available, set
up and solve a linear programming problem to maximize profit.
Solution: Let x = number of product A, y = number of product B.
Objective: Maximize P = 20x + 25y

Constraints:

2x + 3y ≤ 30 (time)
x, y ≥ 0 (non-negativity)

Find vertices of feasible region:

• (0, 0): P = 0

• (15, 0): P = 20(15) + 25(0) = 300

• (0, 10): P = 20(0) + 25(10) = 250

The maximum profit is $300 , achieved by producing 15 units of product A and 0 units of
product B.

Problem 3. Find the singular values of A =
[
4 0
0 3

]
.

Solution: For a diagonal matrix with non-negative entries, the singular values are simply
the diagonal entries.
The singular values are σ1 = 4 and σ2 = 3.
We can verify by computing AT A:

AT A =
[
4 0
0 3

] [
4 0
0 3

]
=
[
16 0
0 9

]

The eigenvalues of AT A are 16 and 9, and
√

16 = 4,
√

9 = 3. ✓
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Problem 4. Given data points (1, 2), (2, 4), (3, 7), (4, 8), compute the covariance between
the x and y coordinates.
Solution: First, compute the means:

x̄ = 1 + 2 + 3 + 4
4 = 10

4 = 2.5

ȳ = 2 + 4 + 7 + 8
4 = 21

4 = 5.25

The covariance is:
Cov(x, y) = 1

n − 1

n∑
i=1

(xi − x̄)(yi − ȳ)

Compute deviations:

(1 − 2.5)(2 − 5.25) = (−1.5)(−3.25) = 4.875
(2 − 2.5)(4 − 5.25) = (−0.5)(−1.25) = 0.625
(3 − 2.5)(7 − 5.25) = (0.5)(1.75) = 0.875
(4 − 2.5)(8 − 5.25) = (1.5)(2.75) = 4.125

Sum: 4.875 + 0.625 + 0.875 + 4.125 = 10.5

Cov(x, y) = 10.5
3 = 3.5

Problem 5. Write the 4 × 4 homogeneous coordinate matrix for translating by (2, −1, 3) in
3D space.
Solution:

T =


1 0 0 2
0 1 0 −1
0 0 1 3
0 0 0 1



Problem 6. Solve the system dx⃗
dt

=
[
2 0
0 −1

]
x⃗ with x⃗(0) =

[
1
2

]
.

Solution: The matrix is diagonal, so eigenvalues are λ1 = 2 and λ2 = −1.
The eigenvectors are the standard basis vectors:

v⃗1 =
[
1
0

]
, v⃗2 =

[
0
1

]
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General solution:
x⃗(t) = c1e

2t

[
1
0

]
+ c2e

−t

[
0
1

]

Apply initial condition: [
1
2

]
= c1

[
1
0

]
+ c2

[
0
1

]
⇒ c1 = 1, c2 = 2

Therefore:
x⃗(t) = e2t

[
1
0

]
+ 2e−t

[
0
1

]
=
[

e2t

2e−t

]

Problem 7. For lighting calculation, if the surface normal is n⃗ =


0
0
1

 and light direction

is l⃗ =


1/

√
2

0
1/

√
2

, what is the light intensity (using n⃗ · l⃗)?

Solution:
n⃗ · l⃗ = 0 · 1√

2
+ 0 · 0 + 1 · 1√

2
= 1√

2
=

√
2

2 ≈ 0.707

The light intensity is 1√
2

or approximately 70.7% of maximum.

Problem 8. Determine the stability of dx⃗
dt

=
[
−1 2
0 −3

]
x⃗.

Solution: For an upper triangular matrix, the eigenvalues are the diagonal entries: λ1 =
−1 and λ2 = −3.
Since both eigenvalues have negative real parts (−1 < 0 and −3 < 0), the system is stable.
Solutions decay exponentially to zero as t → ∞.
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Intermediate Problems

Problem 9. A Markov chain has transition matrix P =


0.5 0.3 0.2
0.2 0.6 0.4
0.3 0.1 0.4

. Find the steady-

state distribution.
Solution: Solve (P − I)v⃗ = 0⃗:

−0.5 0.3 0.2
0.2 −0.4 0.4
0.3 0.1 −0.6



v1

v2

v3

 = 0⃗

Using row reduction: 
−0.5 0.3 0.2
0.2 −0.4 0.4
0.3 0.1 −0.6

 ∼


1 0 −1
0 1 −1.5
0 0 0


This gives:

v1 − v3 = 0 ⇒ v1 = v3

v2 − 1.5v3 = 0 ⇒ v2 = 1.5v3

With v1 + v2 + v3 = 1:

v3 + 1.5v3 + v3 = 1 ⇒ 3.5v3 = 1 ⇒ v3 = 2
7

Therefore: v1 = 2
7 , v2 = 3

7 , v3 = 2
7 .

Steady-state vector: v⃗ =


2/7
3/7
2/7

 ≈


0.286
0.429
0.286


Problem 10. A company produces three products with constraints on labor and materi-
als. Set up the linear programming problem:

• Product 1: 2 labor hours, 1 material unit, $15 profit

• Product 2: 3 labor hours, 2 material units, $20 profit

• Product 3: 1 labor hour, 1 material unit, $10 profit

• Available: 100 labor hours, 60 material units
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Solution: Let x1, x2, x3 be the quantities of products 1, 2, and 3.
Objective: Maximize P = 15x1 + 20x2 + 10x3

Constraints:

2x1 + 3x2 + x3 ≤ 100 (labor)
x1 + 2x2 + x3 ≤ 60 (materials)

x1, x2, x3 ≥ 0 (non-negativity)

In matrix form:
Maximize c⃗T x⃗ subject to Ax⃗ ≤ b⃗, x⃗ ≥ 0⃗

where

c⃗ =


15
20
10

 , A =
[
2 3 1
1 2 1

]
, b⃗ =

[
100
60

]

(Solving this requires the simplex method or numerical optimization software.)

Problem 11. Find the SVD of A =
[
1 1
0 1

]
by computing eigenvalues of AT A.

Solution: Compute AT A:

AT A =
[
1 0
1 1

] [
1 1
0 1

]
=
[
1 1
1 2

]

Find eigenvalues:

det(AT A − λI) = det
[
1 − λ 1

1 2 − λ

]
= (1 − λ)(2 − λ) − 1 = λ2 − 3λ + 1 = 0

Using the quadratic formula:

λ = 3 ±
√

9 − 4
2 = 3 ±

√
5

2

So: λ1 = 3+
√

5
2 ≈ 2.618, λ2 = 3−

√
5

2 ≈ 0.382
The singular values are:

σ1 =
√

λ1 =
√

3 +
√

5
2 ≈ 1.618

σ2 =
√

λ2 =
√

3 −
√

5
2 ≈ 0.618
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To find the complete SVD, we’d need to find the eigenvectors of AT A (for V ) and AAT

(for U).

Problem 12. For the dataset:

X =


2 3
4 5
6 8
8 9


Find the principal component (eigenvector of covariance matrix with largest eigenvalue).
Solution: Step 1: Center the data.
Means: x̄1 = 2+4+6+8

4 = 5, x̄2 = 3+5+8+9
4 = 6.25

Centered data:

Xc =


−3 −3.25
−1 −1.25
1 1.75
3 2.75


Step 2: Compute covariance matrix.

C = 1
n − 1XT

c Xc = 1
3

[
−3 −1 1 3

−3.25 −1.25 1.75 2.75

] 
−3 −3.25
−1 −1.25
1 1.75
3 2.75



= 1
3

[
20 21.5

21.5 24.1875

]
=
[
6.667 7.167
7.167 8.063

]

Step 3: Find eigenvalues.

det(C − λI) = (6.667 − λ)(8.063 − λ) − 7.1672 = 0

Computing: λ2 − 14.73λ + 2.366 = 0
Using quadratic formula: λ1 ≈ 14.57, λ2 ≈ 0.16
Step 4: Find eigenvector for λ1.
Solve (C − 14.57I)v⃗ = 0⃗: [

−7.90 7.167
7.167 −6.507

]
v⃗ = 0⃗

From the first equation: −7.90v1 + 7.167v2 = 0 ⇒ v1 ≈ 0.907v2
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Normalizing with v2 = 1: v⃗ =
[
0.907

1

]
, or normalized: v⃗ ≈

[
0.672
0.741

]

The first principal component is approximately
[
0.67
0.74

]
.

Problem 13. Create the composite transformation matrix that rotates by 90° about the
z-axis, then translates by (1, 2, 0).
Solution: Rotation by 90° about z-axis:

R =


cos(90ř) − sin(90ř) 0 0
sin(90ř) cos(90ř) 0 0

0 0 1 0
0 0 0 1

 =


0 −1 0 0
1 0 0 0
0 0 1 0
0 0 0 1



Translation by (1, 2, 0):

T =


1 0 0 1
0 1 0 2
0 0 1 0
0 0 0 1


Composite transformation (translation after rotation): M = T · R

M =


1 0 0 1
0 1 0 2
0 0 1 0
0 0 0 1



0 −1 0 0
1 0 0 0
0 0 1 0
0 0 0 1

 =


0 −1 0 1
1 0 0 2
0 0 1 0
0 0 0 1



Problem 14. Solve dx⃗
dt

=
[

0 1
−4 −4

]
x⃗ with x⃗(0) =

[
1
0

]
.

Solution: Find eigenvalues:

det(A − λI) = det
[
−λ 1
−4 −4 − λ

]
= −λ(−4 − λ) + 4 = λ2 + 4λ + 4 = (λ + 2)2 = 0

So λ = −2 with algebraic multiplicity 2.
Find eigenvectors:

(A − (−2)I)v⃗ =
[

2 1
−4 −2

]
v⃗ = 0⃗
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This gives 2v1 + v2 = 0 ⇒ v2 = −2v1. Eigenvector: v⃗1 =
[

1
−2

]
Since we have only one linearly independent eigenvector but algebraic multiplicity 2, we
need a generalized eigenvector.
For a repeated eigenvalue with deficient eigenspace, the general solution is:

x⃗(t) = e−2t (c1v⃗1 + c2(tv⃗1 + w⃗))

where w⃗ is the generalized eigenvector satisfying (A + 2I)w⃗ = v⃗1.
Solving: [

2 1
−4 −2

]
w⃗ =

[
1

−2

]

From the first equation: 2w1 + w2 = 1. Choosing w1 = 0: w2 = 1.

So w⃗ =
[
0
1

]
.

General solution:
x⃗(t) = c1e

−2t

[
1

−2

]
+ c2e

−2t

(
t

[
1

−2

]
+
[
0
1

])

Apply initial condition x⃗(0) =
[
1
0

]
:

c1

[
1

−2

]
+ c2

[
0
1

]
=
[
1
0

]

This gives: c1 = 1 and −2c1 + c2 = 0 ⇒ c2 = 2.
Therefore:

x⃗(t) = e−2t

[
1

−2

]
+ 2e−2t

(
t

[
1

−2

]
+
[
0
1

])
= e−2t

[
1 + 2t

−4t

]

Problem 15. In a simple PageRank example with 3 pages where page 1 links to pages 2
and 3, page 2 links to page 1, and page 3 links to pages 1 and 2, find the PageRank scores.
Solution: Construct the transition matrix (equal probability for each outgoing link):

• Page 1 → pages 2, 3 (probability 1/2 each)

• Page 2 → page 1 (probability 1)

• Page 3 → pages 1, 2 (probability 1/2 each)
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P =


0 1 1/2

1/2 0 1/2
1/2 0 0


Find steady-state: (P − I)v⃗ = 0⃗ 

−1 1 1/2
1/2 −1 1/2
1/2 0 −1

 v⃗ = 0⃗

Using row reduction and the constraint v1 + v2 + v3 = 1:
From the equations, we get: v1 = v2 + 1

2v3 and 1
2v1 = v2 − 1

2v3.
Solving: v1 = 2

5 , v2 = 2
5 , v3 = 1

5 .

PageRank scores: v⃗ =


0.4
0.4
0.2


Pages 1 and 2 tie for highest rank (40% each), while page 3 has rank 20%.

Challenge Problems
Problem 16. Prove that every transition matrix has λ = 1 as an eigenvalue. (Hint:
Consider what P T 1⃗ equals, where 1⃗ is the vector of all 1’s.)

Solution: Let P be an n × n transition matrix and 1⃗ =


1
1
...
1

.

Since each column of P sums to 1, when we multiply P T by 1⃗, each row of P T (which is a
column of P ) sums to 1.
Therefore:

P T 1⃗ =


∑

i pi1∑
i pi2
...∑

i pin

 =


1
1
...
1

 = 1⃗

This shows that 1⃗ is an eigenvector of P T with eigenvalue 1.
Since P and P T have the same eigenvalues (they have the same characteristic polynomial),



Contents 203

P also has λ = 1 as an eigenvalue. □

Problem 17. For the feasible region defined by x + y ≤ 5, 2x + y ≤ 8, x, y ≥ 0, find all
vertices and determine which maximizes 3x + 2y.
Solution: Find intersection points (vertices):
Vertex 1: (0, 0) (origin) f(0, 0) = 0
Vertex 2: x = 0 and x + y = 5: (0, 5) Check: 2(0) + 5 = 5 ≤ 8 ✓ f(0, 5) = 3(0) + 2(5) = 10
Vertex 3: y = 0 and 2x + y = 8: (4, 0) Check: 4 + 0 = 4 ≤ 5 ✓ f(4, 0) = 3(4) + 2(0) = 12
Vertex 4: Intersection of x + y = 5 and 2x + y = 8: Subtract: (2x + y) − (x + y) = 8 − 5 ⇒
x = 3 Then: 3 + y = 5 ⇒ y = 2 Point: (3, 2) f(3, 2) = 3(3) + 2(2) = 13
The vertices are: (0, 0), (0, 5), (4, 0), (3, 2).
The maximum value of 3x + 2y is 13 , achieved at (3, 2).

Problem 18. Show that the singular values of A are the square roots of the eigenvalues
of AT A.
Solution: By definition, the SVD of A is A = UΣV T where:

• U and V are orthogonal matrices

• Σ is diagonal with singular values σ1, . . . , σr ≥ 0

Compute AT A:
AT A = (UΣV T )T (UΣV T ) = V ΣT UT UΣV T

Since UT U = I (orthogonal matrix):

AT A = V ΣT ΣV T = V Σ2V T

where Σ2 is diagonal with entries σ2
1, σ2

2, . . . , σ2
r .

This is the eigenvalue decomposition of AT A with:

• Eigenvalues: σ2
1, σ2

2, . . . , σ2
r

• Eigenvectors: columns of V

Therefore, the singular values of A are the square roots of the eigenvalues of AT A. □

Problem 19. Prove that the covariance matrix is always symmetric and positive semi-
definite.
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Solution: Let X be an n × p centered data matrix (rows are observations, columns are
features).
The covariance matrix is:

C = 1
n − 1XT X

Symmetry:

CT =
( 1

n − 1XT X
)T

= 1
n − 1(XT )T X = 1

n − 1XT X = C

✓

Positive semi-definite: For any vector v⃗ ∈ Rp:

v⃗T Cv⃗ = v⃗T
( 1

n − 1XT X
)

v⃗ = 1
n − 1 v⃗T XT Xv⃗ = 1

n − 1(Xv⃗)T (Xv⃗) = 1
n − 1∥Xv⃗∥2 ≥ 0

Since v⃗T Cv⃗ ≥ 0 for all v⃗, the matrix C is positive semi-definite. □

Problem 20. Explain why the product of rotation matrices is another rotation matrix.
What property ensures this?
Solution: Rotation matrices are orthogonal matrices with determinant 1. Let R1 and R2

be rotation matrices.
Property 1: Orthogonality is preserved

(R1R2)T (R1R2) = RT
2 RT

1 R1R2 = RT
2 IR2 = RT

2 R2 = I

So R1R2 is orthogonal. ✓

Property 2: Determinant equals 1

det(R1R2) = det(R1) det(R2) = (1)(1) = 1

✓

Therefore, the product of rotation matrices is also a rotation matrix.
The key property is that orthogonal matrices form a group under multiplication:

• Closure: product of orthogonal matrices is orthogonal

• Associativity: matrix multiplication is associative

• Identity: I is orthogonal

• Inverses: if R is orthogonal, so is RT = R−1
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Geometrically, composing two rotations gives another rotation (possibly about a different
axis and angle).

Problem 21. For the system dx⃗
dt

= Ax⃗ where A has complex eigenvalues λ = a ± bi, show
that solutions spiral inward when a < 0 and spiral outward when a > 0.
Solution: For a 2×2 matrix with complex eigenvalues λ = a ± bi, the eigenvectors are also
complex conjugates.
The general real solution can be written as:

x⃗(t) = eat

(
c1

[
cos(bt)
sin(bt)

]
+ c2

[
− sin(bt)
cos(bt)

])

(This is a linear combination of the real and imaginary parts of eλtv⃗.)
The key observation: the term eat controls the amplitude:

• If a < 0: eat → 0 as t → ∞, so the radius decreases → spiral inward

• If a > 0: eat → ∞ as t → ∞, so the radius increases → spiral outward

• If a = 0: eat = 1, so the radius is constant → circular motion

The terms cos(bt) and sin(bt) cause rotation with angular frequency b.
Therefore: solutions spiral inward when a < 0 and spiral outward when a > 0. □

Problem 22. A more realistic PageRank includes a damping factor d = 0.85:

v⃗ = d(P v⃗) + 1 − d

n
1⃗

Explain why this modification is necessary (consider pages with no outlinks).
Solution: The damping factor addresses several problems:
Problem 1: Dangling nodes (pages with no outlinks)
If a page has no outlinks, the corresponding column in P would be all zeros, violating the
transition matrix requirement that columns sum to 1. A random surfer reaching such a
page would be "stuck."
Problem 2: Closed loops
Groups of pages that only link to each other (with no external links) can trap all the
PageRank within that group.
Solution: Random jumping
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The modified equation:
v⃗ = d(P v⃗) + 1 − d

n
1⃗

models a surfer who:

• With probability d = 0.85: follows a link from the current page

• With probability 1 − d = 0.15: jumps to a random page

This ensures:

• Every page has a non-zero probability of being visited (no dead ends)

• The transition matrix is "ergodic" (strongly connected and aperiodic)

• A unique steady-state distribution exists

• The system can escape from closed loops

The value d = 0.85 is empirically chosen to balance the influence of the link structure
against random exploration.

Problem 23. In PCA, prove that projecting data onto the first k principal components
minimizes the reconstruction error ∥X − Xk∥2.
Solution: Let X be the centered n × p data matrix. The SVD is:

X = UΣV T =
r∑

i=1
σiu⃗iv⃗

T
i

where r = rank(X).
The rank-k approximation using the first k singular values is:

Xk =
k∑

i=1
σiu⃗iv⃗

T
i

This is equivalent to projecting onto the first k principal components (columns of V ).
Eckart-Young-Mirsky Theorem: Among all rank-k matrices B, the matrix Xk mini-
mizes:

∥X − B∥2
F =

∑
i,j

(xij − bij)2

(where ∥ · ∥F is the Frobenius norm).
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Proof idea: The reconstruction error for Xk is:

∥X − Xk∥2
F =

∥∥∥∥∥∥
r∑

i=k+1
σiu⃗iv⃗

T
i

∥∥∥∥∥∥
2

F

=
r∑

i=k+1
σ2

i

For any other rank-k matrix B, the error would include contributions from singular values
larger than σk+1, . . . , σr, making the error larger.
Therefore, PCA (projecting onto the first k principal components) gives the optimal rank-
k approximation. □

Problem 24. Show that homogeneous coordinates can represent perspective projection,
which makes distant objects appear smaller.
Solution: In perspective projection, points are projected onto a plane (the image plane)
from a center of projection (the camera).
For simplicity, consider projection onto the plane z = d with center at the origin.
A 3D point (x, y, z) projects to (x′, y′, d) where the ratios are:

x′

d
= x

z
⇒ x′ = dx

z

y′

d
= y

z
⇒ y′ = dy

z

In homogeneous coordinates, we represent the point as:

x

y

z

1



The perspective projection matrix is:

P =


1 0 0 0
0 1 0 0
0 0 1 0
0 0 1/d 0


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Applying this:

P


x

y

z

1

 =


x

y

z

z/d


Converting back to 3D by dividing by the fourth coordinate:

x/(z/d)
y/(z/d)
z/(z/d)

 =


dx/z

dy/z

d


This gives us x′ = dx/z and y′ = dy/z, showing that:

• Points farther away (larger z) have smaller x′ and y′ coordinates

• This creates the illusion of depth: distant objects appear smaller

The fourth coordinate in homogeneous coordinates allows us to represent this non-linear
transformation as a matrix multiplication! □

Problem 25. For the predator-prey model dx⃗
dt

=
[
a −b

c −d

]
x⃗ with a, b, c, d > 0, find condi-

tions on the parameters for oscillatory behavior (purely imaginary eigenvalues).
Solution: Find the characteristic polynomial:

det(A − λI) = det
[
a − λ −b

c −d − λ

]
= (a − λ)(−d − λ) + bc

= −ad − aλ + dλ + λ2 + bc = λ2 + (d − a)λ + (bc − ad)

Using the quadratic formula:

λ =
−(d − a) ±

√
(d − a)2 − 4(bc − ad)

2

For purely imaginary eigenvalues λ = ±ωi, we need:

1. The real part to be zero: d − a = 0 ⇒ a = d

2. The discriminant to be negative: (d − a)2 − 4(bc − ad) < 0

With a = d:
0 − 4(bc − d2) < 0 ⇒ bc − d2 < 0 ⇒ bc < d2
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Wait, but if a = d, then bc − ad = bc − d2. For purely imaginary eigenvalues:

λ2 + (bc − d2) = 0 ⇒ λ = ±i
√

d2 − bc

This requires d2 − bc > 0 ⇒ bc < d2.
Actually, let me reconsider. For purely imaginary eigenvalues, we need the real part to be
exactly zero.

From λ = −(d−a)±
√

(d−a)2−4(bc−ad)
2 :

Real part = −(d−a)
2 = 0 ⇒ a = d

With a = d, the eigenvalues are:

λ = ±

√
−4(bc − d2)

2 = ±i
√

bc − d2

For this to be real (as ±i times a real number), we need bc − d2 > 0, or:
Conditions for oscillatory behavior:

a = d and bc > ad

Biologically: prey growth rate equals predator death rate, and the interaction terms domi-
nate the individual rates.
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